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PREFACE 



"YTT'ITHIN" the last thirty-five years Algebra has been 

V V steadily gaining ground and favor as an important 
branch of education, and it is now taught and studied in all 
the academies, seminaries, and best public schools in our 
country. While this fact is indicative of the onward progress 
of popular education, it also bears testimony to the value of 
the science as one eminently calculated to discipline the mind 
and develop the reasoning powers. 

Pupils now commence this study at an earlier age than 
formerly, and hence the necessity of a work elementary in its 
character, and adapted to the comprehension of the youthful 
mind. 

In the preparation of the following treatise the author has 
constantly kept in mind the existing condition of school and 
^ academic education, and has adapted the work to the most 
approved modem methods of teaching. ^ 

The author believes this treatise to be superior to other 
elementary works upon the same subject in the following par- 
ticulars : beauty of typography, the clear and concise operas 
tions and analyses of the rules and principles^ the great 
number of examples and their adaptation to tJie several subjects, 
and the progressive character of the ivorh, so necessary to the 
vigorous development of the intellect. 

Particular attention is invited to the articles on Fractions, 
Simple and Higher Equations, Powers and Roots, and the 
analyses of the rules and principles, as it is claimed that in 
them will be found much that is new and valuable. \. 



IV PREFACE. 

.The introductory chapter is adapted to give the pupil a 
correct comprehension of the utility of symbols, and of the 
identity and chain of connection between Arithmetic and 
Algebra, in which the simplicity of Mental Algebra and the 
spirit of the author^s University Algebra are so blended that 
the work cannot fail to be a most useful and popular one. 

While the author takes great pleasure in acknowledging his 
obligations to several thorough and practical teachers for 
valuable hints and suggestions, both in theory and applica- 
tion, contributed to this book, he desires to make special 
mention of the valuable services rendered by J. C. Porter, 
A. M., in the preparation of this work, whose acknowledged 
ability as a mathematical scholar, and his long and successful 
experience as a teacher, ought to afford a sufficient guarantee 
for its practical character, and adaptation to the purposes of 
teaching. 



NEW EDITION. 

Owing to the very large circulation of this book, and the 
plates from which it was printed becoming very much worn, 
the entire work has been newly electrotyped, in the latest and 
best style of typography, the algebraic composition being 
unsurpassed in this country. 

The text of the former editions has been preserved un- 
changed, page for page and word for word, except to correct 
positive errors. 

Twelve pages have been added at the end of the book, 
containing new matter which is sometimes used in the exam- 
ination of students preparatory to entering college. 

June, 1875. 
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ELEMENTAEY ALGEBEA. 



SECTION I. 

DEFrN"ITIO:N'S AND NOTATION. 

1. Quantity is anything that can be measured or com- 
pared ;' as distance, space, motion, time. 

3, Mathematics is the science which treats of the rela- 
tions of quantities. 

3. Algebra is that branch of mathematics in which the 
operations are indicated by signs or symbols, and the quan- 
tities are represented by letters. It is universal arithmetic. 

THE SIGNS. 

4. Addition is denoted by the perpendicular cross, +, 
csile^plus; thus, in 4 + 2 + 9, the sign indicates that 4, 2, 
and 9 are to be added. 

5. Subtraction is denoted by the horizontal Une, — , 
called minus ; thus, in 10 — 7, the sign indicates that 7, the 
number after it, is to be subtracted from 10, the number 
before it, f-^ 

6. Multiplication is denoted by the oblique cross, x ; > ^ 
thus, in 5 X 4, the sign indicates that 5 and 4 are to be mul-» ' 
tiplied together. "^--^ 

H* JDivision is denoted by a horizontal line, with a point 
above and one below, -r- ; thus, in 18 -^ 6, the sign indicates 

Define quantity. Mathematics. Algebra. Explain the sign of Addi. 
Hon. Of Subtraction. Multiplication. Division. 



8 ALGEBRAIC QUANTITIES. 

that 18, the number before it, is to be divided by 6, the num- 
ber after it. The horizontal line without the points becomes 
the sign of division when the dividend is written above and 

18 
the divisor below it ; thus, — indicates division, the same as 

18-4-6. 

8. Equality is denoted by two horizontal parallels, =, 
which represent the words, equal to ; thus, in 4 + 8 = 7 + 5, 
the parallels indicate the equality of the two sets of numbers 
compared ; and the expression is read, 4 plus 8 equals, or is 
equal to 7 plus 5. 

9. Inequality is denoted by the angle, >, the opening 
always being toward the larger number or quantity ; thus, in 
12 + 7 > 14, the sign, >, indicates that the sum of 12 and 7 
is greater than 14, and the whole expression is read, 12 plus 7 
is greater than 14. The expression 6 < 4 + 7 is read, 6 is less 
than 4 plus 7. 

10. A JParenthesiSf ( ), denotes that the several num- 
bers or quantities included within it are to be considered 
together, and subjected to the same operation; thus, 
(10 + 4) X 3 indicates that both 10 and 4, or their sum, is to 
be multiplied by 3 ; (10 — 4) x 3 indicates that the difference 
of 10 and 4 is to be multiplied by 3. 

!!• A Horizontal Vinculum, , placed over the 

numbers or quantities, is frequently used instead of the paren- 
thesis; thus, 4 + 2 +~3 X 7 is equivalent to (4 + 2 + 3) x 7. 

13. The Radical Sign, V, indicates that the root of 
the quantity placed under it is to be taken. 



1. 

2. 
3. 


MXAMPXES. 

4 + 7 — 6 = how many? 

36 — 5 — 20 + 1 = how many? 

78-6 , „ 
— — — = how many ? 


Ans, 5. 
Ans. 12. 

Ans, 3. 



Explain tlie sign of Equality. Inequality. Explain the use of the 
Parenthesis. Of the Vinculum. The Radical Sign. 



DEFINITIONS AND NOTATION. 9 

4. — ^^^ X 7 = how many ? Ans. 98. 

o 

72-2 6 X 18 , ^ . ,^ 

5. — s 1 T^ — = how many? Ans. 16. 

7 lo 

^ 36 - (8 X 2) 7 -f 21 , 5 . ^ 

6. ^ jj — = how many r ud7^5. 2. 

7. (4 + 6) X 12 = how many ? ^w«. 120. 

8. Show that (75 - 25) -r- 25 = 2. 

r. c^^. .1. 4. 100 + 30-70 . . 

9. Show that ^~ = 1. 

10. Show that (^^-y^ - 6) x 6 = 25. 

11. Show that (17 + 4 - 11) X 6 > 50. 

12. Showthat(?5!^^^-6)-.18<f 

13. Show that ^^ ^ ^5^ ^ ^ > (^^ - 12 + 10) x 5 - 67. 

. . oi. xu ^ 1674 - 1569 ^ /1765 - 1653\ ^ 

14. Show that ^ < y ^ 1 x 7. 



ALGEBRAIC QUANTITIES. 

13« The qnantities considered in Algehra are of two kinds, 
known and unknown. 

14. Known Quantities are those whose values are 
given ; they are represented by the first letters of the alpha- 
bet, as a, by c, d. 

15. Unknown Quantities are those whose values are 
to be determined ; they are represented by the final letters of 
the alphabet, as u, x, y, z. 

16. Literal Quantities are those which are expressed 
by letters. 

17. The multiplication of literal quantities is expressed by 
simply writing the factors together, without the sign x ; thus, 
2 times x is written 2x ; 3 times x is written 3x ; a times x is 
written ax ; and a times b times y is written aby ; and so on. 

Define known quantities. Unknown quantities. \A\jet»l <^^1B3c^i^^Afc'?^. 
How is the multiplication of literal quantities e^iptesaft^'l 
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18. A Coefficient is a number or quantity prefixed to . 
another quantity, to denote how many times the latter is taken ;|J[c 
thus, in 3a:, 3 is the coefficient of a;, and indicates that x is 
taken 3 times ; in oa:, a is the coefficient of x, and indicates 
that X is taken a times ; in ^ax, 3 may be regarded as the co- 
efficient of ax, or 3a as the coefficient of a; ; in 4 (a + a;), 4 is 
the coefficient of (a + a;). When no coefficient is written, the 
unit 1 is understood. 

19, An Exponent is a number written above, and to the 

right of a quantity, to denote how many times the quantity 

is used as a factor ; thus, the repetition of the same factor, as 

a; a: a:, may be written a;^, in which 3 is the exponent of x, and 

indicates that x is used 3 times as a factor. 

Note. — To enable the pupU to discriimnate between a coefficient and 
an exponent, tlie two may be contrasted, thus : 3aj indicates that x is 
multiplied by 3 ; ic* indicates that x is multiplied by itself till it is used 
3 times as a factor. Again, 3a; is an abbreviation of a; + ic + ic;jc'isan 
abbreviation of x x x x x, oi ot xxx, 

2tO. A Power of a quantity is the product of factors each 
of which is equal to that quantity ; thus, a^ is the second 
power of a, ov aa\ a^ the third power, or aaa; a* the fourth 
power, or aaaa. When no exponent is written, 1 is under- 
stood. 

31. A Boot is a factor repeated to form a power ; thus, in 
m^, m is the root which is repeated to form the power m'. 

23. An Equation is an expression of equality between two 
quantities ; thus, a; = 4 ; 5a; = 60 ; 3a: = a + 5, are equations. 

33. The First Member of an equation is the part on 
the left of the sign =. 

34. The Second Member of an equation is the part on 
the right of the sign =. 

To exercise the pupil in Algebraic Notation, and show him 
the use of symbols and algebraic forms, we introduce here, 
under strict classification, the following 

Define a Coefficient. An Exponent. A Power. A Root. An Equa- 
tion, and its members. 
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EXAMPLES FOR PRACTICE, 

35. 1. A man bought a coat and hat for 12 dollars, and 
the coat cost twice as much as the hat ; what was the price of 
each? 



Analysis. — The hat cost a certain 
number of dollars, which, when 
known, will determine the price of 
the coat. For brevity and distinct- 
ness, we represent the price of the 
hat by the letter x ; and as the coat 
cost 2 times as much, 2aj will repre- 
sent the price of the coat. Since 2x 
added to x gives 3a;, the coat and 
hat together cost 3aj. But by the conditions of the example, the coat 
and hat together cost 12 dollars ; hence, 3a; equals 12 dollars ; and a;, the 
price of the hat, must be J of 12 dollars, or 4 dollars ; and 2aj, the price 
of the ooat, must be 2 times 4 dollars, or 8 dollars. 



OPBRATION. 

Let X = price of the hat ; 
2x = price of the coat. 

3x = 12 dollars. 
x=z 4: dollars, hat ; 
2x = 8 dollars, coat. 



2. A man bought a saddle and bridle for 45 dollars ; the 
saddle cost 4 times as much as the bridle ; what was the price 
of each ? 



OPERATION. 

Let X = price of the bridle ; 
4a; = price of the saddle. 

6x = 45 dollars. 
x=: 9 dollars, bridle ; 
4:X = 36 dollars, saddle. 

bridle together cost 45 dollars ; hence, 
price of the bridle, must be J of 45 
price of the saddle, must be 4 times 9 



Analysis.— We represent the 

price of the bridle by the letter 

X ; and as the saddle cost 4 times 

as much as the bridle, 4aj will 

represent the price of the saddle. 

Since 4a; added to x gives 5a;, 

both saddle and bridle together 

cost 5a;. But by the conditions 

of the example, the saddle and 

, 5a; equals 45 dollars ; and x, the 

dollars, or 9 dollars ; and 4a;, the 

dollars, or 36 dollars. 



3. The greater of two numbers is 8 times the less, and their 
sum is 108 ; what are the numbers? 



12 ALGEBBAIO QUANTITIES. 

OPERATION. ANAiiYSis. — We represent tlie less num- 

Let a; = the less • ^^ ^^ ^ > *"^^ ®^ *^® greater is 8 times the 

Sx = the greater. ^^* ^* ^^^^ ^ represented by Sx, By 

2 1_ addition, we find that the sum of the two 

9x = 108. numbers is equal to 9a?. But by the condi- 

X — : 12, less : tions of the example, the sum of the two 

8a; = 9l6 ereater. ^^^ihers is equal to 108 ; hence, 9x is equal 

* to 108 ; and a;, the less number, must be J 

of 108, or 12 ; and 8a;, the greater number, must be 8 times 12, or 96. 

4. The greater of two numbers is 6 times the less, and their 
sum is 147 ; what are the numbers ? 

Ans. Less, 21 ; greater, 126. 

5. A and B together had $100, and B had 3 times as much 
money as A ; how many dollars had each ? 

Ans. A, $25 ; B, $75. 

6. A man divided 90 cents between two beggars, giving the 
second four times as much as the first ; what did he give to 
each ? A71S. First, 18 cents ; second, 72 cents. 

7. Two men, A and B, trade in company with a joint cap- 
ital of $900, of which B put in 5 times as much as A ; how 
much did each put in ? Ans. A, $150 ; B, $750. 

8. In a mixture of 720 bushels of grain there is three times 
as much com as wheat ; how many bushels of each ? 

j Wheat, 180 bu. 
^''^- (Corn, 540 bu. 

9. I expended $12570 in the purchase of a house and lot, 
and the house cost twice as much as the lot ; what did I give 
for each? (Lot, $4190. 

^' I House, $8380. 

10. A and B engage in trade with joint capital, of which B 

owns four times as much as A. They gain $7500 ; what is 

each man's share ? . ( A's share, $1500. 

Ans, ^ 



( A'i 
(B'l 



s share, $6000. 



26. 1. A man paid 24 dollars for a hat, vest, and coat. 
The vest cost twice as much as the hat, and the coat cost 
three times as much as the hat ; what was the price of each ? . 
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OPERATION. Analysis. — We represent the price 

Let X = price of the hat ; °' *^^ ^** ^^^ ^ ' «? *^^ ""^f* "^J 

- . . , , , twice as much as the nat, %x will 

2a: = pnce of the vest ; represent the price of the vest ; and 

3a: = price of the coat. as the coat cost three times as much 

g/j. _- 24 dollars. *® *^® ^*^*' ^^ ^''^^ represent the price 

4. hflf • ^^ *^® ^*^** ®^^^® *^® ®^"^ ®^ ^» ^^' 

' ' and 3a; is 6a;, the whole suit cost 6aj. 

2a: = 8, vest ; g^^ ^j^ ^he conditions of the example, 

3a: = 12^ coat. the whole suit cost 24 dollars ; hence, 

6a; equals 24 dollars ; and x, the price 
of the hat, must be ^ of 24 dollars, or 4 dollars ; and 2a;, the price of the 
vest, must be 2 times 4 dollars, or 8 dollars ; and 8a;, the price of the 
coat, must be 3 times 4 dollars, or 12 dollars. 



2. A purse of 108 dollars is divided among three men ; A 
takes a certain sum, B takes three times as much as A, and 
takes five times as much as A ; what is each man's share ? 

( A's, 112. 

Ans. \ B's, $36. 

( C's, 160. 

3. A man, dying, hequeathed $30,000 to his wife, son, and 
daughter. The will provided that the son should receive twice 
as much as the daughter, and the wife three times as much as 
the daughter ; what was the share of each ? 

{Daughter, $5,000. 
Son, $10,000. 

Wife, $15,000. 

4. Divide the number 91 into three such parts that the 
second shall be five times the first, and the third seven times 
the first. i First part, 7. 

Ans, \ Second part, 35. 
( Third part, 49. 

5. Divide the number 96 into four such parts that the second 

2 
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Am. 



shall be three times the first, the third five times the first, and 
the fourth seven times the first. f First, 6. 

Second, 18. 

Third, 30. 

Fourth, 42. 

6. A farmer purchased a certain number of oxen, three times 
as many cows, and ten times as many sheep. There were 112 
in all ; required the number of each kind. L Oxen, 8. 

Arts. \ Cows, 24. 
( Sheep, 80. 

7. A tax of 1936 is assessed upon four persons, according 
to the relative values of their property. B is worth three times 
as much as A, C four times as much as A, and D five times 



as much as A ; what is each man's tax? 



Ans. 



A's, $72. 
B's, $216. 
C's, $288. 
D's, $360. 



8. A man traveled a certain distance on Monday, twice as 
far on Tuesday, three times as far on Wednesday, and so on 
till Saturday. The whole week's journey was 504 miles ; what 
was the distance traveled on Monday? Ans. 24 miles. 



37, 1. Divide the number 72 into three such parts that the 
second part shall be twice the first, and the third part three 
times the second. 



OPEKATION. 

Let X = first part ; 
2x = second part ; 
. 6x = third part . 
9x = 72. 

a; = 8, first part ; 
2x = 16, second part ; 
6x = 48, third part 

6a;, the third part, is 6 times 8, or 



Analysis. — We represent the first 
part by a? ; as the second part is twice 
the first part, it will be 2a? ; and as the 
third part is three times the second 
part, it will be three times 2aj, or 6a;. 
The sum of all the parts, 6a; and 2a; 
and X, is 9a;, which must be equal to 
72, the whole number ; hence x, the 
first part, is J of 72, or 8 ; 2a;, the 
second part, is 2 times 8, or 16 ; and 
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2. Three gentlemen contributed $500 for a charitable object. 
A gave a certain sum, B gave three times as much as A, and 
gave twice as much as B ; what did each contribute ? 

( A, 150. 

Ans. \ B, 1150. 

( C, $300. 

3. An orchard contains four times as many cherry trees as 
pear trees, and twice as many peach trees as cherry trees ; the 
whole number of trees in the orchard is 156 ; what is the num- 
ber of each kind ? L Pear, 12. 

Ans. ^ Cherry, 48. 
( Peaoh, 96. 

4. Divide the number 147 into three such parts that the 
second part shall be five times the first, and the third part 
three times the second. ( First part, 7. 

Ans. < Second part, 35. 
(Third part, 105. 

5. A man performed a journey of 624 miles. He traveled 
twice as far by railroad as by stage, and five times as far by 
steamboat as by railroad ; how many miles did he travel by 
steamboat? Ans. 480 miles. 

6. A man canceled a debt of 1873 by paying a certain sum 
on Monday, twice that sum on Tuesday, three times Tuesday's 
payment on Wednesday, four times Wednesday's payment on 
Thursday, and so on till Saturday ; what sum was paid on 
Monday? Ans. $1. 

7. A merchant gained three times as much by his business 
the second year as the first, as much the third year as the 
second, and twice as much the fourth year as the third. His 
entire gain was 19750 ; what did he gain the fourth year ? 

Ans. $4500. 

38, 1. Divide the number 35 into three such parts that the 
second shall be four times the first, and the third one half the 
second. 
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OPERATION. 

X = first part ; 
4a; = second part ; 
%x =z third part. 
7x = 35. 

x= 5, first part ; 
4x = 20, second part ; 
2x = 10, third part 



Analysis. — ^We represent the first 
Let X = first part ; part by a; ; as the second part is 4 

times the first, it will be 4x ; and as 
the third part is one half the second 
it will be one half of 4^;, or 2x, 
The sum of all the parts, 2x and 4x 
and X, is 7aj, which must be equal to 
35, the whole number ; hence x, the 
first part, is | of 35, or 5 ; 4a;. the 
second part, is 4 times 5, or 20 ; and 
2a;, the third part, is 2 times 5, or 10. 

2. A, B, and C, together have 104 dollars, B has nine times 
as much as A, and C has one third as much as B ; what num- 
ber of dollars has each ? ( A, $8. 

Ans. \ B, $72. 
(C, $24. 

3. There are three trees which together bear 32 bushels of 
apples. The second bears twelve times as many as the first, 
and the third one fourth as many as the second ; how many 
bushels does the first bear ? Ans. 2 bushels. 

4. The sum of four numbers is 510. The second is six times 
the first, the third is three times the second, and the fourth is 
one half the third ; what is the fourth number? Ans, 135. 

5. Four men together are taxed 480 dollars. B's tax is 
four times A's, C's tax is six times B's, and D's tax is one 
eighth of C's ; what is C's tax? Ans. 1360. 

39, 1. John had a certain number of marbles, James had 

three times as many as John, and William had as many as both 

John and James ; they had 64 in all ; how many had each ? 

Analysis.— We let x represent 

Let X = John's number ; *^® ^^^^' ^^ ma,Th\e8 John had ; 

as James had three times as many, 



OPERATION. 

X = John's number ; 
dx = James's number ; 
Ax = William's number. 
8a: = 64. 

x= 8, John's ; 
3x = 24, James's ; 
4a; = 32, William's. 



3a; will represent his number ; and 
as William had as many as both 
John and James, x added to 3aJ, or 
4lX, will represent William's num- 
ber. 4x, and 3a;, and x, are 8a;, 
which represents the number they 
had in all ; but by the conditions of 
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the problem, they had 64 in all ; hence, Sx equals 64 ; and 2; is J of 64, 
or 8 ; 3a; is three times 8, or 24 ; and 4x is foar times 8, or 32. 

2. Divide the number 100 into three such parts, that the 
second part shall be four times the first, and the third part as 
much as the sum of the first and second. I First, 10. 

Ans. I Second, 40. 
( Third, 50. 

3. Divide the number 105 into three such parts, that the 
second part shall be four times the first, and the third part 
twice the sum of the first and second. ( First, 7. 

Ans A Second, 28. 
(Third, 70. 

4. Four men together contribute 15250 to build a parson- 
age. A gives a certain sum, B gives three times as much as 
A, C gives three times as much as A and B together, and D 
gives one third as much as B and C ; how much does A con- 
tribute? Ans. 8250. 

5. A man gave $324 for a horse, carriage, and harness. 
The horse cost five times as much as the harness, and the car- 
riage cost one half as much as both horse and harness ; what 
was the price of each^? I Harness, $36. 

Ans. < Horse, $180. 
( Carriage, $108. 

6. Divide the number 1008 into three such parts, that the 
second part shall be nine times the first, and the third part 
one fifth of the sum of the other two. i First, 84. 

Ans, < Second, 756. 
( Third, 168. 

7. What number is that, which being multiplied by 7, and 
the product added to the number, the sum, product, and given 
number will together be equal to 80 ? Ans. 5. 

8. A grocer has four kinds of weights. One of the second 
kind will balance two of the first, one of the third kind will 
balance two of the second, one of the fourth kind will balance 

2* B 
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two of the third, and one of each kind, placed together in the 
scales, will balance 15 pounds ; what are the denominations 
of these weights ? 

Ans, 1 pound, % pounds, 4 pounds, and 8 pounds. 

30. 1. There are three numbers, whose sum is 96. The 
second is four times the first, and the third is equal to the 
difference between the second and first ; what are the numbers? 

OPERATION. Analysis. — We represent the first by- 
Let X = first ; ^ ; since the second is 4 times the first, it 
^ -_ second • ^^^ ^ ^ ' *"°^ ^ *^® third is equal to the 

f I, • /I ' difference between the second and first, it 

6x — thira. ^^ ^ ^ minus x, or 3aj. The sum of aU 

8a; = 96 ; the numbers, 3a;, 4r, and x, is 8a;, which is 

a; = 12 first • equal to 96 ; hence a;, the first number, is \ 

A^ _ AQ RPPo^d • ^^ ^* ®^ ^^ ' ^' ^^® second, is 4 times 12, 

— *o^ ^, . """ ^ or 48 ; and 3a;, the third, is 3 times 12, or 36. 
3x = 36, third. 

2. The sum of three numbers is 108. The first multiplied 
by 7 will give the second, and three times the first taken from 
the second will leave the third ; what are the numbers ? 

Ans, First, 9 ; second, 63 ; third, 36. 

3. John has a certain number of marbles, James has five 
times as many as John, Henry has as many as twice John's 

. subtracted from James's, and Henry and John together have 
20 ; how many has each ? 

A71S, John, 5 ; James, 25 ; Henry, 15. 

4. Divide the number 3488 into three such parts, that the 
second part shall be five times the first, and the third part one 
half the difference of the first and second. 

Ans. First, 436 ; second, 2180 ; third, 872. 

5. The difference of two numbers is 12 times the less num- 
ber, and 5 times the less number subtracted from the greater 
is equal to 120 ; what are the numbers? 

. ( Less, 15. 
' ( Greater, 195. 



DEFII^-ITIONS AND I^-QT ATIO I?-. 



19 



31, 1. A bookseller being asked the value of two pencils, 
answered that the second cost twice as much as the first, and 
that his price mark, a, would represent the cost of the two ; 
what was the cost of each ? , 

Analysis. — We let x represent the 
cost of the first pencil, and, as the 
second cost twice as much, %x will 
he the co&i of the second. The cost 
of both is 2x added to x, which is 
3a;; but by the conditions of the 
example the cost of both was a ; 
hence %x equals a ; x, the cost of the 



OPERATION. 

Let X = cost of the first ; 
%x = cost of the second. 



3a; = a 
a; = ^, first; 

2a? = — , second, 
o 



fiist, is ^ of a, or - ; and 2a; is two 
o 

.. a 2a 
times -, or— . 



Note. — The expression - indicates the division of the number a by 3, 
and is read, a dwided by 3. 

2. If in the example above, the letter a represent 9 cents, 
how many cents is each pencil worth ? 

Ans, First, 3 cents ; second, 6 cents. 

3. A certain number, represented by the letter Cy is divided 
into two such parts that the greater is four times the less; 



what are the parts ? 



A71S, 



Less, 
Greater, 



5* 



/ 



4. Divide the number m into three such parts, that the 
second part shall be twice the first, and the third part three 



times the first. 



Ans. "< 



First, 

Second, 

Third, 



m 

6* 
2m 

6* 
Sm 
~6" 



5. Divide the number n into four such parts, that the second 
part shall be twice the first, the third part as much as the first 
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and second, and the fourth part as much as the first, second, 
and third. 

Ans. First, — ; second, — ; third, -| ; fourth, ^r^. 

6. B is three times as old as A, and C is four times as old 
as A J the sum of their ages is d ; what is the age of ? 

7. A cask which held b gallons was filled with a mixture of 
brandy and water, and there was ten times as much brandy as 
water ; how much was there of each ? 



Ans. . 



Water, — ; 
Brandy, -^. 



33, The following examples do not require for solution the 
use of equations ; they are given to exercise the pupil in 
algebraic notation, and embrace only given relations of known 
quantities. 

1. K the number of weeks in a year be represented by m, 
what will express the number of days ? 

Analysis. — There are 7 days in one week, and in m weeks there must 
be m times 7 days, or 7m days, the answer. 

2. A man labored b days at c dollars a day ; how much 
wages did he earn ? Am. be dollars. 

3. John had m marbles, which he sold for m cents apiece ; 
how many cents did he receive for them ? Ans. m^ cents. 

4. An orchard contains b rows, in each row are c trees, and 
each tree bears d bushels of apples ; how many bushels of 
apples does the orchard produce ? Ans. bed. 

5. The height of a rectangular box is h, the breadth is b, 
and the length is I ; what is its volume? A7is. Jibl 

6. John has m marbles, James has n times as many as John, 
and William has 7i times as many as James ; how many mar- 
bles has William ? A7is. mn\ 
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7. A prize was divided among three men. The first man 
received a dollars, the second man b dollars, and the third man 
c times as many dollars as the other two ; how many dollars 
did the third man receive ? Ans, {a + h)c. 

8. A man purchased three books. For the first he gave a 
dollars, for the second h times as many dollars as for the first, 
and for the third c times as many dollars as for the other two ; 
what did he give for the third ? Ans, {a + ah) c. 

9. A man started in business with a capital of c dollars. The 

first year he doubled his money, the second year he gained h 

times his first capital, the third year he lost d dollars, and 

dying, left his property to n children ; how much did each 

receive ? . 2c -^-hc — d 

Ans. . 

n 

10. Four men having joint partnership in a nursery, sold m 
rows with m trees in a row, at m cents apiece ; the trees were 
packed in h bunches, and delivered at an expense of h cents a 
bunch ; what did each man realize by the sale ? 

Ans. — - — . 
4 

33, To find the numerical value of an algebraic quantity, 

when the literal factors represent known nuinbers, we must 

substitute the given numbers for the letters, and perform upon 

them the operations indicated. 

T^^s 52 

1. What is the numerical value of — - — , when m = 40, 

and* = 8? 

OPERATION. ANAiiTSis. — By the con- 

^^^2 _ J2 ^ 40. X 40 — 8 X 8 _ ^^. ditions of the example, 

J — J — ^"^ m'^ is equal to 40 x 40, or 

1600; 6Ms equal to 8x8, 
or 64 ; and 1600, less 64, is 1536, which, divided by 4, gives 884, the 
answer. 

Find the numerical values of the following algebraic expres- 
sions, in each of which 

a = 12, c = 10, m = 8, n = 6. 
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2al> are terms of the second degree ; a', da% and 6abc are 
terms of the third degree. 

45, A Homogeneous Quantity is one whose terms 
are all of the same degree ; as, a:* — - ^a^y + xyz. 

AXIOMS, 

46, An Axiom is a self-evident truth. 

The principles of all algebraic operations are based upon 
the following axioms : 

1. If the same quantity or equal quantities be added to 
equal quantities, their sums will be equal. 

2. If the same quantity or equal quantities be subtracted 
from equal quantities, the remai?iders will be equal. 

3. If equal quantities be multiplied by the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same, or by equal 
quantities, the quotients will be equaL 

5. If the same quantity be both added to and subtracted 
from another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

7. Quantities which are respectively equal to any othei 
quantity are equal to each other. 

8. Like powers of equal quantities are equal. 

9. Like roots of equal quantities are equal. 

10. The whole of any quantity is greater than any of its 
parts. 

11. The whole of any quantity is equal to the sum of all ite 
parts. 

Define a Homogeneous Quantity. An Axiom. Repeat the Axioms 
given. 
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ADDITION. 

47. Addition is the process of uniting two or more 
quantities into one equivalent expression, called their sum. 

Since, in algebra, the quantities to be added may be either 
positive or negative, it is necessary to consider here more fully 
the nature of the signs + and — . Thus far they have been 
employed to indicate simply the opposite processes of addition 
and subtraction. They have, however, a wider significance, 
and indicate not only operations to be performed, but the 
quality, or relative character of the quantities to which they 
are applied. They may denote opposite directions in space, 
opposite effects in nature, or opposite results in business. 
Thus, if plus indicate direction north, minus will indicate 
direction south ; if plus indicate heat, minus will indicate 
cold ; and ilpltis indicate gain, minus will indicate loss. 

Case I. 

48. To add similar terms. 

1. A cooper made 7 barrels on Monday, 9 barrels on Tues- 
day, and 6 barrels on Wednesday ; how many barrels did he 
make in the three days ? 

ABITHMETICALLT. 

7 barrels. 
9 barrels. 
6 barrels. 



Ans. 22 barrels. 



Define Addition. Explain the nature of the signs .+ and — . What 
\b Case I ? Qive Analysis. • 

3 
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AL6EBRAICALLT. Ai^ALTSis. — We represent 1 barrel bj the letter 5; 
7J then 7b will represent 7 barrels, 9b will represent 

gz 9 barrels, and 66 will represent 6 barrels ; and since 

7 barrels, 9 barrels, and 6 barrels are 22 barrels, lb, 

9&, and 66 are 22b. 



6ft 
22b 



2. A mass of iron and wood is submerged in water by its 
own gravity. The iron tends to sink with a force of 201, and 
the wood buoys upward with a force of 16Z; what will the 
whole mass weigh while under water ? 

OPERATION. Analysis. — We indicate actual weight by the plus sign, 

I 201 *^^ *^® opposite force, or buoyancy, by the mintis sign. 

^nj Since the tendency to sink is greater by 41 than the ten- 

dency to rise, the mass has a weight of U ; hence, + 201 

+ 4Z and — 162 united are + 41, 

Note. — The answer, + 4^, in the above example, is called the alge- 
braic sum of the two forces, + 201 and — 16^, because it shows their 
united effect. 

3. A ship started at the equator and sailed the first day 16 
miles north, the second day 20 miles south, the third day 8 
miles north, and the fourth day 7 miles south ; how far from 
the equator, and in what latitude, was the ship at the end of 
the four days ? 

FIRST OPERATION. ANALTSia — We let m repre- 

4- 16m — 20m sent 1 mile ; and to distinguish 

I g^ 7^ the directions, we Indicate dis- 

■jr^^fn 4,im^ am ^^ distance south by the minus 

sign, writing the positive terms in one column and the negative terms 
in another column. The whole distance sailed north, is the sum of 16m 
and 8m, or 24m ; and the whole distance sailed south is the sum of 20m 
and 7?n, or 27m ; and, as 27 is 3 more than 24, the ship must be three 
miles south of the equator, expressed algebraically thus, — dm. 

Explain the difference between Arithmetical and Algebraic Addition, 
as shown in example 3. 



+ 16m 


— 20m 


+ 8j» 


- 7to 
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SECOND OPERATION. ANALYSIS. — In the second operation we write 
all the tenns in one column, since they are simi- 
lar. The sum of +16971 and +Qm is +24m ; and 
the sum of — 20w and —Tin is — 27w; and 
+ 24m — 27m equals — 3m, the algebraic sum of 
the quantities in the column. 
— dm 

Note. — There is a distinction between arithmetical and algebraic addi- 
tion. In the above example, had the question been, how far the ship 
sailed, the answer would be 16+20 + 8 + 7 = 51 miles, or 51m, which is 
the arithmetical sum of the distances sailed. But the real question is, 
what distance, north or south, did the ship ma^from the point of starting ; 
and the answer is 3 miles south, or — 3m, which is the algebraic sum of 
the distances sailed. Hence, adding, in algebra, does not always aug- 
ment. Positive and negative quantities represent things opposite in 
kind or quality, and, if similar in denomination, are added or united, by 
a^ppa/rent subtraetion. 

From these examples and illustrations we deriye the fol- 
lowing 

EuLE. — I. When the signs are alike, add the coefficients, 
and prefix the sum with its proper sign to the common literal 
part. 

II. When the signs are unlike, find the sum of the positive 
and of the negative coefficients separately, and prefix Jhe differ- 
ence of the two sums with the sign of the greater, to the common 
litercU part. 

BXAMTZE8 FOB JPBACTICE, 



(4.) 


(5.) (6.) 


(7.) 


(8.) 


3a 


2m* — Six 


— U%c 


+ Tcrfs 


9a 


6m» — 5bx 


— 5aV)c 


+ ZccP 


5a 


5m* — 46a! 


—\2aV)c 


+ 2ccP 


12a 


10»t» — 2bx 


— a%c 


+ ccP 


a 


6m' — 7&r 


—14a>be 


+ QccP 


2a 


7m.» - bx 


— 2d>bc 


+ 4c<^ 


32a 


^^'Hi *- —221X 


'■ gr--^^^^'^ 



Give the rule for the algebraic addition of similar terms* 
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(9.) (10.) (11.) (12.) (13.) 

— 5a +3aa^ + 8a^ — 5a» + 3jy 
+ 4a +4ew;» — 6a;» —10a' + 9Sy 
+ 6a - 8aa? — 16a;» + lOa' — lOjy 

— 3a -^eax^ + Sa^ + 14a2 — 19J8y» 
+ a 4-5ag^ + 2a;» + 6a^ — _2^ 
+ 3a — 2aa:« — 8a;» + ISa' — 19Sy 

(14.) (16.) (16.) (17.) 

6m 2mn — 26a2Jc UHs^ 

— 7J8rf 4m» 36a2Jc — 26^ 
iPd -^12mn — 72e^A(? 12«» 

— 3W 16mn 48a^^g — 14g« 
/ .^ / VJ /^ ^ 

18. What is the sum of 6m, 7m, 11m, m, and 12;« ? 

-^1«5. 36wi. 

19. What is the sum of 4a, 7a, 6a, and 10a? Ans. 27a. 

20. What is the sum of — 6(?, 10(?, —28^8, and — c^ ? 

Atis. — 24c». 

21. What is the sum of — 126hc, — 168Jc, and 2bc ? 

Am. — 291&C 

22. What is the sum of Zxy, — 4a:y, 10a:y, and — Ixy ? 

Ans. 2xy, 

23. What is the sum of ^d^ic, Za%c, — ^a^bc, — 2a^c, 
6a^bc, and — 16a^o? Ans. — Sa^bc. 

24. Add 6m% — 2m% — l[m% and 28m^. 

Ans. 24m%:. 

25. Add Wy% - 15a;8yS + 12a:8y', - ea^y^, and a^^; 

In the same manner similar quantities, of whatever kind, 
may be added by taking the algebraic sum of their coefficients. 
The pupil will observe that, since 2 times any number what- 



• ADDITION. 29 

ever, added to three times the same number, ai*e 5 times that 
number, so the sum of 2 (a 4- h) and 3 (a + S) is 5 (a + b). 

(26.) (27.) (28.) (29.) 

4(c-a:) {x+y) -4(2a-5) 4(a:-y+3) 

^{c^x) -3(a:+y) -7 (2a-*) 7(a;-y + 3) 

10 [c-^x) 20(a;+y) 8(2a— *) — 12(a;— y+3) 

21(c— ic) 18(a;+y) — 3(2a— S) — (a;— y+3) 

(30.) (31.) (32.) 

da{a + b) 7(6a: + y — i?)a 4(6y + S) 

7a (a + J) — 8 (6a; + y — zf — 3 (6y + J) 

— 5a (a + S) — 2 (6a? + y — ;2)2 7 (6y + ^») 

3a (g + ^>) 3 (6^ + y — ;g)^ — 2 (6y + h) 

33. wkfc is tW sum of 3 (2; — m), 6 (2? — w), i^' li{z — w), 

— 14 (2; — m)y and 10 (2; — m) ? ^W5. — 8 (2; •— tw). 

34. What is the sum of — 4(a + 2S)2, 5 (a + 2S)», 

— 12 (a + 2S)2, and 20 (a + 2J)2? ^1^5. 9 (a + 2*)^. 

35. What is the sum of {x + 1), 5 (a: + 1), 3 (a? + 1), and 

— 8(a? + l)? Ans. (a? + l). 

Case IL 
49. To add polynomials. 

It is eyident that dissimilar terms may be added by writing 
them one after another, connected by their proper signs ; but, 
if in the same polynomial, or in the different polynomials to be 
added, there be similar terms, these may be united by Case I, 
and 9 reduced expression obtained ; and it is immaterial in 
what order the terms are written in the sum, since the whole 
is equal to the sum of all its parts, in whatever order the parts 
are taken (Ax. 11). 

1. Add 3a + 2hc, 4a — 7Sc + rn, and a^--2a-^ die. 

What is Case II? 
3* 
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50. The Unit of Addition is the quantity whose co- 
efficients are added ; thus, in the example, dx—4x+7x = 6x, 
the unit of addition ia x; for the result, 6x, was obtained by 
uniting the coefficients of x into one number. Dissimilar 
terms may often be added, by making some common letter or 
letters the unit of addition. 

1. What is the sum of ax, bx, and ex? 

, OPERATION. Analysis. — We make the common letter, a?, the 

dX xmit of addition ; thus a times x, b times x, and c 

z times X must be equal to x multiplied by the sum 

of a, b, and c ; and since a, b, and c are dissimilar, 

we indicate their addition, enclose the sum in a 

Sum. (a + b^c)x parenthesis, and write it as the coefficient of a?, and 
thus obtain the sum of the given quantities. 
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(3.) (3.) (4.) 

ax bt/^ ^ay 

2cx daf — 2atf 



{a -{-20 + 4:d) X (b + da + 7)f (5a — c) y 

5. What is the sum of ex, 2cx, and 6x, when x is the unit 
of addition ? Ans, {3c + 6) x. 

6. What is the sum of am% — bm^, + cm% when m^ is the 
unit of addition ? Ans, (a— b + c) m^. 

7. What is the sum of {a + b)x and (a + c) x, when x is 
the unit of addition ? Ans. (2a + } + c) x. 

8. What is the sum of 3a;, bx, and (a + J) x, when x is the 
unit of addition ? Ans, (a + 2S + 3) x, 

9. What is the sum of ^axy, — axy, and + cxy, when xy 
is the unit of addition ? Ans. (3a + c) xy. 

Define the Unit of Addition. 
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SUBTRACTION. 

61. Subtraction is the process of finding the difference 
between two quantities. 

Case I. 
52. To find the difference of similar terms. 

1. A and B travel north from the same point ; the distance 
A travels is 7m, and the distance B travels is 4m ; how much 
farther north is A than B ? 

OPERATION. 

Minuend, 7m ANALYSIS. — ^A must be as much farther north 

Subtrahend, 4m ^^ »» ^s A's distance, 7m, exceeds B's dis- 

— tance, Am ; and 77?i — 4m = 8m, the answer. 
Difference, 3m 

2. A and B start from the same point ; A travels north a 
distance of Inty and B travels south a distance of 4m ; how 
mnch farther north is A than B ? 

OPERATION. Analysis. — To express the distances 

Minuend, + 7m algebraically, we indicate the different 

SubtraheLd. -4»t directions by oppodte rigna ; north by 

— — — plus, south by minua. Since A traveled 

Difference, + 11m ^^ north, whUe B traveled 4m south, A 

must be 11m farther north than B, and to indicate his direction from B 

we must use the plus sign, thus + 11 w. 

The expression, + 11m, in the last example, is called the 
algebraic difference of + 7m and — 4m, because it denotes 
their distance asunder. To subtract, in algebra, is not in all 
cases to diminish. A positive and a negative quantity are in 
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opposite circumstances, or counted in opposite directions; 
hence the difference^ or space between them, is their apparent 
sum. If we demand the difference of latitude between a place 
7 degrees north and one 4 degrees south, the answer is 7 + 4 
= 11 degrees, an operation which appears like addition. 

From these two examples, we learn that a, positive term is 
subtracted by changing its sign to minus, and a negative term 
is subtracted by changing its sign to plus. 

This principle is further illustrated by the example below, 
in which it is plain that the remainders in the lower line must 
increase by 2 throughout, since the numbers to be subtracted 
decrease by 2 throughout; hence, to obtain the true result, 
the sign of — 2 and •— 4 must be changed to +. 

3. Prom 16 16 16 16 16 
Take _1 _^ _^ — 2 — 4 
Remainder, 12 14 16 18 20 

4. From + 7a subtract + 12a. 

OPERATION. Analysis. — We change the sign of the 

Minuend, -f- 7a subtrahend as in the other examples ; then 

subteahend, + 12a *^® ^^^^ of - 12a and + 7a is - 6a, the 

algebraic difference. 

Difference, — 6 a 

5. Prom 15a 10a 6a Analysis.— Since 
Take 6a 6a 6a 6a *^® minuends de- 

' Difference, To^ 5r~0 =^5^ crease by 5a toward 

the nght, and the 
subtrahends are all equal, the remainders must decrease by 5a, and the 
last remainder is 'therefore — 5a. 

We cannot, numerically, take a greater quantity from a 
less, nor any quantity from zero, for no quantity can be less 
than nothing. Hence, in the last two examples, the answer. 

How is a positive term subtracted ? How a negative term ? What is 
understood bj a minus quantity? 
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— 6a, is not 6a less than nothing, but 6a applied in the oppo- 
site direction to + 6a. To subtract a quantity algebraically, 
is to change the direction in which it is reckoned or applied. 
Thus, we see that by a change of sign, we can find the alge- 
braic difference between any two quantities whatever. 

Prom these examples and illustrations we deriye the fol- 
lowing 

EuLB. — Change the sign of the subtrahend, or conceive it to 
be changed, and unite the terms as in addition. 



mxam:pjle8 fob jpbacticb. 



Prom 

Take 
Eem. 

Prom 
Take 
Bern. 

14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 



(6.) 

+ 4a 
+ a 
+ 3a 

(10.) 
— 16^^(? 

-lyyg 

+ If'c 



(7.) 
+ 6a^ 
--2ay^ 

(11.) 
+ Idmd 
+ 16md 
— 2md 



(8.) 
-lOJc 
~ 7bc 
— 3bc 

(12.) 
+ 27A2 



+ 28^2 



(9.) 
+ 4mh 
+ Um^z 

— 12mh 

(13.) 

— h^ 
+ 27h^ 

— 2S¥ 



From IWy subtract — 4a^y. Ans. 21a^y. 

Prom abed subtract — abed. Ans. 2abcd. 

From 26gm subtract 2Sgm. Atis. — 3gm. 

From — X^Vh^ subtract ^^tM. Ans. — 20&2ar». 

From — llsq^ subtract — 12sq\ Ans. sq\ 

From 30xy subtract AQxy. Ans. — IQxy, 

From 16mn^ subtract — 26mnK Ans. lOOmn^. 

From — 76mn^ subtract — 26mn\ Ans. — 6QmnK 

From — \%pqr subtract — Vlpqr. Ans. ~-pqr. 

From l^boi^y subtract 17Sa%. . Ans. — Zboo^y. 

From 6{a + b) subtract 2{a + b). Ans. 3 (a + }). 



How may the algebraic difference of any two q)3L»3i\^v^ \» Vsvsss^\ 
Qive the role for the subtraction of simWat texma. 
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26. From 7a (c — m) subtract — 6a (c — m). 

Ans. 12a {c — m). 

26. From ^ 11 (a^ — y) subtract — 5 (a;^ — y). 

^7W. — 6(iB? — y). 

27. From 12 (m — n) subtract — 12 (w — n). 

Ans. 24 (m — w). 

28. Subtract Ua^fz from — da^fz. Ans. — ISic^ySj?. 

29. Subtract — IbUm^q from — 16^*^^. Ans. l^lmhiq. 

30. Subtract 172a2Sc from IbOdJ^bc Ans. — 2U^c. 

31. Subtract 7 (a?^ — y^ — i^^) from 12 (a?^ — y^ _ -^2). 

^ws. 5 (a^ — y2 _ 2;2). 

32. Subtract 12a* (j9 — q) from 16aS (j[? — q). 

Ans. dab {p — q). 

33. Subtract ^^(c — 1) from — 2m^ (^ — 1). 

.4^5. — 3w8(c — 1). 

Case II. 
53. To find the difference of polynomials. 

I. From a subtract J — c. 

OPERATION. Analysis.— We first subtract b from a, and ob- 

Minuend, a t«^ for * result, a — & ; but our true subtrahend 

Subtrahend, J-(? ^ ^^* 6, but & - c ; and, as we have subtracted a 

quantity too great by c, our remainder must be 

Difference, a — b + C too small by c ; we therefore add c to the first re- 
sult, and obtain the true remainder, a—b + c. 

By this example, we have in a more general manner estab- 
lished the principle, that the sign of a term to be subtracted 
must be changed. Hence the following 

EuLE. — ^I. Write the subtrahend underneath the minuend, 
placing similar terms in the same column. 

II. Change the signs of the terms of the subtrahend, or con- 
ceive them to be changed. 

What is Case 11^ QWe Aiia\ys\a. "RoAa. 
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III. Unite similar terms as in addition, and bring down all 
the remaining terms with their proper signs. 
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(2.) (3.) (4.) 

From 4a + 2x--3c Sax + 2y a + b 

Take g 4- 4a; — 6g xy — 21/ a — b 

Eem. da — 2X'\- 3c dax •— ary + 4y 2b 

(5.) (6.) (7.) 

From 2a^''Sx + y^ 7a-|-2 — 5c i^ + iy 

Take — ay^ — 4a; + a — g + 2 + c Ix — jy 

Eem. 3a^ + X + y^ — a Sa — 6c y 

(8.) (9.) 

From Sx^''Sxy + 2f+ c ab + cd-- m^ 

Take o^ — 6xy + 3y^ — 2c ab — cd — 2m^ 

Eem. 7a;^ + 3a;y— y^ + 3c 2cd -^ m^ 



From 
Take 
Eem. 



(10.) (11.) 

3a;^ •— 2xy + 21a+ c dax — Hby + 4ab 

— a;^ + 3a;y — 4g + 4c — ga; — lOby + 2fl& 



12. From Sxy — 20 subtract — a;y + 12. ^wa 9a;y— 32. 

13. From 7a^ + a subtract ddh^ — 2a. ^ws. 4a^ + Sa. 

14. From — 8a; — 2y + 3 subtract 10a; — 3y + 4. 

Ans. — 18a; + y — 1. 

15. From 6f-^2y-~5 subtract — 8y8 — 5y + 12. 

^w«. Uy^ + 3y — 17. 

16. From Hm^ ^4ab — c subtract 2m^ + 3c — 8ai — 5. 

Ans. 5m^ + 4ab — 4c + s. 

17. From a + 2x take a — a;. Au^* ^x. 
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18. From 4a + 4i take b + a. Ans. Sa + 3b. 

19. From 4a — 4J take 3a + 5b. Ans. a — 9b. 

20. From Ida^V + 11a - So* + 65, take 7a - 6cfi + 6J - 
10am .An8.23a^i^ + ^a. 

21. From 3a + J + c — d — 10, take c + 2a — rf. 

-4w«. a + 6 — 10. 

22. From 3a + J + c — rf — 10, take & — 19 + 3a. 

Ans. c — ^ + 9. 

23. From 2aJ + J* — 4c + St? — J, take Sc^ — c+l^. 

Ans. 2ab — 3c + bc — 3a» — S. 

24. From a^ + ZV^c + aV — abc^ take {» + aS^ — aSc. 

^W5. a» + 35^^ — ja. 

25. From ba^ — 3&r + c, take Zah/ + 2&r + A 

-4ws. 20^ — bbx — (? + c 

26. From 4^^ — w + 2ca; — y^, take ^ — 3m^ — m + ca:. 

-4n5. 7^3 + cx'^ 2^. 

Note.— The minus sign before a i>arentliesis indicates that the whole 
quantity enclosed is to be subtracted. 

27. What is the value of da^ — (3a — a; + 5) ? 

Ans. 3a2 — 3a + a; — J. 

28. What is the yalue of 40a;y — (30a:y — 2J8 + 3(? — 4d) ? 

Ans. lOxy + 26* — 3(j + 4rf. 

29. What is the value of a^ — a — (4a — y — 3a« — 1)? 

Ans. 4a^ — 6a + y ^ 1. 

30. What is the value of Iw? + 2bc — {dm^ — bc-'X)? 

Ans. 4w3 + Sbc + x. 

31. What is the value ofa + J — m— (m — a — J)? 

Ans. 2a + 25 — 2m. 

64. The difference between two dissimilar quantities may 
often be conveniently expressed in a single term, by making 
some common letter or letters the unit of subtraction. 

Explain the unit of subtraction. 
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1. From ax subtract ix. 

OFEBATION. ANALYBI& — It is evident that I times 

Minuend, (tX ^ taken from a times x most leave a 

Subtrahend, bx °^^« ^ *^®^ *' ^^^^ ^ expressed 

' — thus, (a — b) X, 

Bemainder, {a — b)x 

BXAMPZB8 FOB JPBACTICB. 





(2.) 


(3.) 


(4.) 


(5.) 


From 


2am 


mf 


aacy 


cx 


Take 


cm 


nf 


— cxy . 


X 



Eem. (2a — c) m {m — n) y^ (a + c) xy (c — 1) a? 

6. From 2aJa^ take lax?. Ans. {2ab — be) a?. 

7. From 4xy take mxz. Ans. (4y — mz) x. 

8. From ax+ bx + cx take x+ax+bx. Ans. {c — l)a:. 

9. From 3a« — Sy take 2a^ — cy. -4/w. a^ + (c — J) y. 

10. From5aa»*+20aa;8^_26m take daca^+12aa?f-'20m. 

Ans. 2a7? {cx + 4^) •— bm. 

11. From (2a + J + c) « take (a + b) x. Ans. {a + c) x. 

12. From (3a + c) xy take 2aa?y + cxy. Ans. axy. 

13. From ay + 2by — cy take ay + cy. 

Ans. {2b — 2c)y. 

14. From mz take W2? — 62?. Ans. (m — n + 6) 2;. 

15. From 5a%c — 2a? take 3a; + 6aa;. 

Ans. (Sa^ — 6a — 5) a;. 

16. From — 3c^ (m^ — 1) take 7(? (m^ — 1). 

^/w. — 10c2(m2 — 1). 

17. What is the value of dcy — a^y-- {my — 2ar^y + 2cy) ? 

-4w5. (c + a:^ — m) y. 

18. What is the value of 3m — 5? — y — (2^; — y — 3m) ? 
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MULTIPLICATION. 

55. Multiplication is the process of taking one quan- 
tity as many times as there are units in another. 

Case L 

56. When both factors are monomials. 

1. Multiply 4a by 3J. 

OPERATION. Analtsis. — Since it is immaterial in what 

MaltipUcand, 4u order the factors are taken in multiplication, 

M 3ft ^® ™*y proceed thus: 8 times 4 are 12; 

* b times a are a& ; and 12 times ab are 12ab, the 

Product, 12ab entire product. 

2. Multiply a* by a*. 

OPERATION. Analtbis. — Since a* is equal to aaa, and a' 

Multiplicand, cfi ^ equal to <M, their product must be ctacuia, 

Mnlf U a^ which is equal to a* ; the exponent, 5, maybe 

* — found by adding the two given exponents. 
Product, cfi 8 and 2. 

3. Multiply 3aJ2 by 4J«. 

OPERATION. 

Multiplicand, 3a5^ ANALT8I8.-4 times 8a are 12a ; and 6» 

Mnitiniier 4^^ timoB 6* are 6* ; hence the entire product is 

^ ' — 12a times 6», or 12a6». 
Product, 12aJ* 

57. In the examples given above, all the quantities are 
understood to be positive. It is necessary, however, to investi- 
gate the law of sigfis when one or both the factors are negative 
In arithmetic, multiplication is restricted to the simple idea of 

Define Multiplication. YTh&t \a C«fii^ U 
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repeating a number. In algebra, quantities have two qualities, 
and are QitYi&r positive or negative j and multiplication has the 
double province of repeating by additions, and repeating by 
subtractions, as indicated by the signs of the multiplier. 
Hence, the full signification of a multiplier, when analyzed, 
is as follows : 

I. The plus sign of a multiplier shows that the multipli- 
cand is to be added to zero. 

II. The minus sign of a multiplier shows that the multi- 
plicand is to be subtracted from zero; and 

III. The value of the multiplier shows how many times the 
multiplicand is to be taken by either process. 

To exhibit the law which governs the sign of a product, 
according to these principles, we present four examples, as 
follows : 

1. Multiply a by S. 

OFBBATiON. ANALYSIS. — The plvs Sign of the multiplier indicates 

jL. a that the multiplicand, + a, is to be added to zero b times, 

, X giving +a+a+a, &c ; hence the result will be positive, 

or +ab, 

+ ab 

2. Multiply — a by — J. 

OPERATION. Analysis. — ^The mimis sign of the multiplier indicates 

a that the multiplicand, — a, is to be tvbtracted from zero 

J h times, which will change its sign, giving +a+a+a, 

&c. ; hence the result will be p(?«^M?«, or +a6. 

+ ab 

3. Multiply fl by — J. 

OPERATION. Analysis. — The minus sign of the multiplier indicates 
JL. d that the multiplicand, + a, is to be subtracted from zero h 
i times, which will change its sign, giving —a — a — a, 

&c ; hence the result will be negative, or — ab, 

— ab 

Explain the difference between Arithmetical and Algebraic multiplica- 
tion. How do the signs + and — before a multiplier affect the product? 
The value of a multiplier shows what ? 

4* 
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4. Multiply — a by J. 

OPERATION. ANALY8i8.~The plus Sign of the multiplier indicates 

— a that the multiplicand, — a, is to be added to zero b times, 
, r which only repeats the letter, giving -- a — a-^a, &c. ; 

hence the resiUt will be negative, or — ab, 

— ab 

Comparing the four examples, we observe that like sigiis 
produce plus; and unlike, minus. 

From the foregoing examples and illustrations we derive 
the following 

EuLE. — I. Multiply the coefficients of the two terms together 
for the coefficient of the product 

II. Write all the letters of both terms for the literal party 
giving each letter an exponent equal to the sum of its exponents 
in the two terms. 

III. If the signs of the two terms are alike, make the product 
plus J if unlike, make it minus. 

Note 1. — ^The value of the product will be the same in whatever order 
the factors are written. Most algebraists prefer to arrange letters in 
alphabetical order. 
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6. Multiply dx by Ha. 




Ans. 21ax. 


6. Multiply 4y by 3aJ. 




Ans. 12dby. 


7. Multiply 15 J6- by 10a:. 




Ans. IbObcx. 


8. Multiply 6aa: by 12Jy. 




Ans. 72abxy. 


9. Multiply ll[cd by 3m. 




Ans. blcdm. 


10. Multiply 4pq by 7xy. 




Ans. 2Spqxy. * 


11. Multiply 12am by 6bcd. 




Ans. eOabcdm. 


12. Multiply 25pqr by dxyz. 




Ans. 'ibpqrxyz. 


13. What is the product of (^ 


bya«? 


Ans. a\ 


14. What is the product of xl^ 


bya^? 


Ans. x^\ 


15. What is the product of y' by y'? 


Ans. y^^. 



If the factors have like signs, what must be the sign of the product? 
If unlike, what ? Give the rule for multipUcation of monomialB. 
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16. What is the product of rn^ by m^ ? Ans. m^. 

17. What is the product ofbh^hjbh^? Arts. ¥afi. 

18. What is the product of a^m^ by am^ ? Ans. ahn\ 

19. Multiply 4m by — 3ad. Ans. — 12a^c. 

20. Multiply Oa^c by — 4ay. u4w5. — 36a^cy. 

21. Multiply — 2a;y by — 2xy. Ans. 4a^^. 

22. Multiply — Hay by dxy. Ans. — 21aa;yl 

23. Multiply 2l3^y by — 3a;y. ^715. — 63a^f. 

24. Multiply — 5a% by 4aJ'ml -4»5. 20a»Jm8. 

25. Multiply — 7m^ by lOAnh. Ans. — TOc^m^;?. 

26. Multiply 17a^y^ by 2a:3^. ^^^ 3ia^i^. 

27. Multiply 14^5^2^ by _ 3J«c«m. u4/w. — 4StaV(?d!^m. 

28. What is the value of 3a x 4J x 2c? u4n5. 24aic. 

29. What is the value of 7m^ x 4am x 2my ? 

Ans. b^am^. 

30. What is the value ot a^ x a^ x a^? Ans. a^. 

31. What is the value of — la^b x %aV x dab ? 

Ans. — 42a*i*. 

32. What is the value of — 6ahn x dal^c x 2bcW? 

Ans. — dOcfib^Arfi. 

33. Multiply 3 (a: + y) by 2. Ans. e{x + y). 

34. Multiply a(a? + m) by i. Ans. ab{o^ + m). 

35. Multiply (a + my by c. Ans. c (a 4- my. 

36. Multiply {a + J)« by {a + by. Ans. {a + by. 

37. Multiply 3a {m — ny by — a (m — w)». 

• Ans. ^Sa^{m*-ny. 

38. Multiply 4m (a« — y8)« by — 2am {a? — y8). 

u4w5. — 8am2 (a:2 _ y2)4. 

Note. — ^When quantities have literal exponents, powers of the same 
letter or quantity are multiplied by indicating the addition of the 
exponents. 

39. Multiply aT by a^ Ans. a'"+*. 

40. Multiply (f by c. Ans. (f+\ 

How are quantities with literal exponents multl^U^^^ 
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41. Multiply {a — h)' by {a — by. Ans. {a — J)«+l 

42. Multiply a"* (^ + qy by ^^(^ + gr)« 

Case II. 
58. When one factor is a polynomial. 

1. Multiply 4ft + 6aa — be by 3a. 

OPERATION. Analysis — Since the whole multiplicand is 

4ft + 6a^ be to be taken 8a times, we must multiply each 

o^ of its terms by 3a ; thus, 3a times 4& is 12ab ; 

3a times 5a* is 15a^ ; 3a times — 6c is — Sabc ; 

12ab + 15a^ — dabc and we have for the entire product, 12a6+ 16a' 
— ^abc. Hence the 

Rule. — Multiply each term of the polynomial by the multi- 
plier, and write the partial products connected by their proper 
signs. 

MXAMPJLB8 FOB PBACTICB. 



(2.) 
5a — dc 
2a 


(3.) 
3ac — 4J 
-3a 


(4.) 
2o' — 3c + 5 
le 


10a' — eac 

(5.) 
12a; — 2ac 
4a 


— 9a»c + 12aJ 

(6). 
15c — 76 

- 2a 


2a'bc — U<? + Uc 

(7.) 
4iF — J + 3ad 
2aJ 


(8.) 
ixy 


(9.) 

103?— Zf 

— 4a« 


(10.) 
3a« — 2«» — 6J 
2aa^ 









Give Case n. Analysis. Rule. 
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11. Multiply 3S — 2c by 5bc. Ans. 15b^c — lOSA 

12. Multiply 4a;y — 9 by 6x. Ans. 24ta^y — 54a:. 

13. Multiply a2 — 2a; + 1 by 4a?». 

Ans. 4aV — 8a;8 + 4a?». 

14. Multiply lla8Jc8 — 13a;y by 3ax. 

Ans. ZZc^lch> — Z^ao^y. 

15. Multiply 42c2 _ i by — 4. Ans. — 168^2 + 4. 

16. Multiply — dOa^My + 13 by — ba\ 

Ans. UOa^Wy-^ma\ 

17. Multiply 2J — 7a - 3 by .4a J. 

Ans. 8a52 — 28a25 — 12aS. 

18. Multiply a + 3 J — 2c by — 3aJ. 

Ans, — 3a2i — 9a&2 + 6aJc. 

19. Multiply 13a« — ja^ by — 4c. ^W5. — 52a2c + 4Jf^(?. 

20. Multiply 13ary — 3 J by — %b7?, 

Ans. — 325a;8y + 75&a?». 

Case III. 
59. When both factors are polynomials. 

1. Multiply 2a + 36 by a + J. 

OPERATION. Analysis.— To multiply hya+h, 

Maltiplicand, 2a + ^^ ^^ must take the multiplicand a 

Multiplier, a + J plus h times, which is done by mul- 

Prodnct by a, 2a2 + 3aJ tiplying by a and & separately, and 

Product by 6, -f 2aJ + 36^ adding the partial products. Hence 

Entire Product, 2a2 + 5aS + 3*^ *^e 

BuLE. — Multiply all the terms of the multiplicand by each 
term of the multiplier, and add the partial products. 

Give Case III. Analysis. Rule. 
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XXAUPLBa JFOB BBACTICB, 

(2.) (3.) 

Multiply %a +bc Zz ^by 

By a — c a? — 2y 

2a^ ^bac 3a^— bxy 

^2a€'-5(? ■- 6xf/ + 10y» 

Product, 2a« + 3ac — 5c» 3a^ — llary + 10y» 



(4.) 
Multiply 6a; — 2« 

By 3g —5c? 



Product, ISax — 6a« — 30cfo; + lOdz 

(5.) 
Multiply a + J + c 
By x + y +z 

Product, ax + bx + ex + ay + by + cy + az + bz + cz 

6. Multiply 3a2 — 2aJ — *« by 2a — 4J. 

^7W. 6a« — 16a3S + 6aJ2 + 4J8. 

7. Multiply oi^ — xy + i/^hyx + y. Ans. a* + y®. 

8. Multiply 3a + 4{? by 2a — 6c. 

^7W. 6a» — 7a(? — 20A 

9. Multiply a^ + ay — t/^hj a — y. 

Ans. c? — 2ay2 + y®. 

10. Multiply a^ + ay + y2 by a — y. -4w5. cfi — j^. 

11. Multiply a2 — ay + y2 by a + y. -4ws. a? + j^. 

12. Multiply a8 + a^y + ay» + y8 by a — y. 

Ans. a^^y^. 

13. Multiply ya — y + 1 by y + 1. Ans. y® + 1. 

14. Multiply x^ + y^hj a^-^y^. Ans. o^ — y*. 

15. Multiply a'^ — 3a + 8 by a + 3. Ans. a^—a-^- 24. 

16. Multiply Z>* + Wr» + a:* by J2 — a?». ^tw. J« — a;«. 

17. Multiply a8 + 2S by 2a? — 4d. ^m5. 2a* — 852. 
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i'' 



18. Multiply a:« + a;* + a:?bya:? — 1. Ans. a^ — ar». 

19. Multiply m + nhj 9m — 9n. Ans. 9m^ — 9n^. 

20. Multiply 2a?» + a;y — 2f by dx + 3y. 

21. Multiply m^ — 3m — 7 by m — 2. 

-4n5. m^ — Sm* — m + 14. 

22. Multiply a* — 2a8c + ^^(? — Sac^ + 16c* by a + 2c. . 

23. Multiply a:» — 3a?» + 3a? — 9 by a; + 3. 

u4w5. a;* — 6a:2_27. 

24. Multiply m* — w^ + m^ — m + 1 by m + 1. 

Ans. rr^ + 1. 

25. Multiply wi* + m^ + m^ + m + 1 by wi — 1. 

26. Multiply 2a^ + 5a(^ — 2c8 by 2c? — Sac^ + 2(?. 

Ans. 4a« — 25aV + 20ac» — 4A 

Note. — The product of two or more poljuomials may be indicated by 
inclosing each in a parenthesis, and writing them in succession ; such 
an expression is said to be eocpanded, when the multiplication has been 
actually performed. 

27. Expand {a + h) {a + c). Ans. dJ^ + ab + ac + be. 

28. Expand {x + Sy) {a^ — y). 

Ans. a? + da^y — a;y — 3yl 

29. Expand (m^ + 2c) {rri^ — 5c). 

30. Expand (a + J — c) (a — J + c). 

Ans. a2 — 5^ + 2Sc — <?. 

31. Expand (a — c — 1) (a + 1). 

Ans. a^ — ac "-c — 1. 

Case IV. 

60. To square a binomial. 

K a polynomial be multiplied by itself, the product is the 
square of the polynomial. A binomial quantity is easily 

How may multiplication of polynomials be indicated ? When are such 
expressions expanded? Give Case IV. 
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squared without the formal process of multiplying, as will be 
seen by the analyses of the two following examples. 

1. What is the square ota + b. 

OPERATION. 

a + b Analysis.— Multiplying a + b hy a + l 

r, i If by the common method, we obtain for the 

result, a*, which is the square of a ; + 2ab, 

a^ + ab which is twice the product of a and 6 ; and 

-f- a J + ^ 6*, which is the square of &. 



a^+2ab + V^ 



2. What is the square of « — ^ ? 



OPERATION. 

d If Analysis. — Multiplying in the nsual 

^ 1 way, we obtain for the result a*, which is 

the square of a ; — 2ab, which is twice the 

a^ — ab product of a and — b ; and &*, which is the 

— ab + ^ square of 6. Hence the 

Rule. — Write the square of the first term, twice the product 
of the two terms, and the square of the second term. 

Note. — ^The product of the two terms will be minus, when one of 
them is minus. 



EXAMPLES EOE PEACTIC E. 

3. Square a + c. Ans. a^ + 2ac + <?. 

4. Square jp + q. Ans. p^ + 2pq + q\ 

5. Square m — n, Ans. m^ — 2mn + n\ 

6. Square x — y. A7is. o^ — %xy + ^. 

7. Square A ^ B. Ans. A^ + 2AB + &. 

8. Square A — C. Ans. A^^2A0+ C^ 

9. Square da — 2x. Ans. 9a^ — 12ax + ^. 

Give analysis. Rule. 
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10. Expand {m + z) {m + z). Ans. m^ + ^mz + s^. 

11. Expand (2a — c) {2a — c). Ans. 4e;^ — 4ac + A 

12. Expand (5a; — 3) (5a: — 3). Ans. 26a^ — 30a; + 9. 

13. Expand (4a + ix) (4a + ix). 

Ans. 16a2 + 4aa; + ^a^. 
Note. — The square of a binomial may be indicated by an exponent. 

14. Expand (m + cy. Ans. w? + 2cm + c^. 

15. Expand (2c — Zdf. Ans. ^ — 12cd + 9d^, 

16. Expand {a^ — xf. Ans. a;* — 2a;» 4 a«. 

17. Expand (a — 1)2. Ans. a^ — 2a + 1. 

18. Expand {ah^ — aa^y. Ans. (M — 2a3a;8 + ^2^^, 

19. Expand \y^ — 20) (j^ — 20). Ans. y^ — 40^ + 400. 

20. Expand {x^ — y») (a;"* — ^"). 

-4/i5. ar*"* — 2a;'^^ + y^. 

21. Expand (c"* — 1) ((f* — 1). u4^5. c^^ — 2c^ + 1. 



Case V. 

61. To find the product of the sum and difference 
of ti?FO quantities. 

The sum of two quantities multiplied by their difference 
gives a result still' more simple than the square of a binomial. 

1. Multiply a + J by a — J. 

OPERATION. Analysis.— We are required to mul- 

Sum, a + i tip^y the mm of a and &, by the differ- 

Difference, a — J ^^^ ®^ ^ ^^ ^- Multiplying by the 

usual process, we find in adding the 

a + ao partial products, that + ab and — ab 

— ab — y reduce to zero, and the product is 

Product • a^ 1^ a* — &**, or the difference of tJie squares 

of a and b. But since a and b may 
represent any two quantities whatever, the form of this product embodies 
a general truth. Hence 

Give Case V. Analysis. 
5 P 
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EuLE. — From (he square of the greater quantity, suitract 
the square of the less. 

Note.— The term or quantity having the minoB sign in the difference, 
is sapposed to be the less. 



BXAUPLBS FOB JPBACTICB. 

2. What is the product otm + nhYm — n? 

Ans. m^ — n'. 

3. What is the product ota + chja — c? 

Ans. 0? — c^. 

4. What is the product of ^ + ^ by ^ — jB? 

Ans. A^^E^. 

5. What is the product of 2m + 2n by 2m — 2w ? 

Ans. 4m* — 4n^. 

6. What is the product of x + y hj x^y? 

Ans. a^^ t/^. 

7. What is the product of 3x + dy by 3x — 3y? 

Ans. 9a^ — 9y\ 

8. What is the product of7a + b\)j7a--b? 

Ans. 49a2 — ja. 

9. What is the product of 1 + 10a by 1 — 10a? 

Ans. 1 — 100a*. 

10. Expand (1 — c^) (1 + (T). Ans. 1 ^ c^. 

11. Expand (1 -f- 2x) (1 — 2x). Ans. 1 — ^. 

12. Expand (a + ^x) (a — ix). Ans. a* — ^a^. 

13. Expand {x + y + z) {x + y — z). 

Ans. {x + yY — A 

14. Expand (1 + m — c) (1 — m — c). 

Ans. 1 — (m — c)\ 

15. Multiply {a + l) + {x + y) by (a + J) - (« + y). 

Ans. (a + by — {x + yf. 

Note. — To simplify example 15, let V = a-¥h, and Q = a? + y, then 
the product required wiU he (P + Q) (P — Q) = P« — Q». 

Oive Rule. 
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16. What is the product ot a + 2xy x a — 2xy x 5b? 

Ans. ba% — 20bx^y\ 

17. What is the product of (2^"*+3^(7*) {^A'^^-'dB^O') ? 

Ans. 4^2« _ ^E^o^, 



63. By applying the principles established in the last two 
articles, much labor may often be saved when it is required to 
find the product of three or more binomials. 

1. What is the value of {x + 3) (a; + 3) {x + 3) when 
expanded ? 

OFEBATiON. ANALYSIS.— We are able at 

/>y8 4- 6a; 4- 9 ^^^ *° ^^^^ *^® product of 

the first two factors, {x + 3), 

^ + ^ (x + 3), which is a^ + 6aj + 9 

a;8 + 6a?* + 9a; (60) ; and multiplying by 

3^^ 4- 18a; + 27 ^ + 3, the other factor, we ob- 

— tain a;5 + 9aJ» + 27a5 + 27, the 

Product, ^ + ^7? + 27x + 27 final product. 



2. Expand {a + 5) (a — b) {a — c). 

OPERATION. Analysis. — We ex- 

(a + 5) (a — S) = a^ — ja pand by the rule (61), 



a — c 



Product, a^ — aff^ — a^c + i^c a — c. 



3. Expand (a; — c) (a; — d) (a; + c) {x + d). 



{a + 6) (a — 6), and then 
multiply the result by- 



OPERATION. Analysis.— We write a? — c^, 

^ ^ the product of the first and third 

^ ^ factors ; and under this x^ — d^, 

^ ^ the product of the second and 

^^(^^ dh^ + c2(P fourth factors ; then we multiply 

these two products together, and 



obtain the product of the four factors. 
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Note. — In obtaining the continued product of several factors, the 
pupil should use judgment in selecting and combining the factors, so as 
to enable him as far as possible to write out the results mentally. 



BXAMJPIiEa FOM JPJRAVTICB. 

4. Expand c{m — n){m + n). Ans. cm^ —- cn\ 

5. Expand (3a — h) (3a — I) x. 

Ans. ^c?x — %dbx + ^. 

6. Expand (2m — c) {2m + c) (4^^ + c^). 

Ans, 16wi* — c*. 

7. Expand {a + c) {a + d) {a — c) {a — d). 

Ans. cfi^c?(?^c^cP + c^cP. 

8. Expand (1 + c) {1 + c) (1 - c) {1 + (?). 

Ans. 1 + c — c* — <?. 

9. Expand (a? — 4) (a; — 5) {x + 4) (a; + 5). , 

Ans. 7^ — 41a;« + 400. 

10. Expand (3a: — m) (a?» + nfi) (3a: — w). 

Ans. 9a;* — ^o^i + l^^o^m^ — ^x'nfi + mK 

11. Expand (2a + 3a;) (2a + 3a;) 9. 

Ans. 36a» + lOSoa; + Sla;^. 

12. Expand (Tcd^ + ^fz) {7cd^ — ^z). 

Ans. 49c2d*— 16y8i?3. 

13. Expand {x + 1) (a; + 1) (x — 2). 

Ans. a;'* — 3aj — 2. 

14. Expand {m — 2) (m — 2) (m + 1). 

Ans. vrfi — Zifrfi + 4. 

15. Expand (mi« + 1) (m^ + 1) (m* + 1) (m^ + l) (m + 1) 
(wi — 1). Ans. m® — L 
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DI VISLON. 

63. Division is the process of finding how many times 
one quantity is contained in another. It is the converse at 
multiplication, the dividend answering to the product, and 
the divisor and quotient to the multiplier and multiplicand. 

Case I. 

64. When both dividend and divisor are monomials. 

1. Divide 6ab by 2a. 

OPERATION. Analysis.— Since division 

6ab -T- 2a = db is the converse of multipli- 

cation, we must seek for a 
quantity, which multiplied by 2a, the divisor, will produce Qab, the 
dividend. This quantity is 86, and is found by inspection, or by dividing 
6, the coefficient of the dividend, by 2, the coefficient of the divisor, and 
dropping the factor a, common to both dividend and divisor. 

2. Divide a:* by a;®. 

OPERATION. Analysis.— Since the divi- 

ofi -^ a^ = a^ sor multiplied by the quo- 

tient will produce the divi- 
dend, the exponent of the quotient must be such as, when added to the 
exponent of the divisor, will be equal to that of the dividend. Hence, 
we subtract 2, the exponent of the divisor, from 5, the exponent of the 
dividend, and obtain 8, the exponent of the quotient. 

Note. — ^To muUi^y one power by another of the same letter, we add 
exponents ; to ditiae one power by another of the same letter, wc subtract 
the exponent of the divisor from that of the dividend. 

3. Divide ahn^s^ by m^s^. 

OPERATION. Analysis. — ^The exponent 

dhri^^ -r- 1t?^ = oNp^ ^^ ^ ^^ *^® quotient is 2 ; the 

exponent of wi is 5 — 2 = 3 ; 
and the exponent of « is 3 — 3 = ; this signifies that z is taken no times 
in the quotient, and is therefore canceled. 

Define Division. Show its relation to Multiplk»tioru 
5* 



54 EKTIBE QUAKTITIES. 

65. In the foregoing examples, no signs being expressed, 
both dividend and divisor are understood to be positive. To 
ascertain what sign the quotient should have when one or both 
the terms of division have the minus sign, we have only to 
observe what sign must be given to the quotient, in order that 
the product of the quotient and divisor shall have the same 
sign as the dividend, according to the law of signs in multi- 
plication. 

To exhibit the law which governs the sign of the quotient, 
we present four examples. 

1. + od -T- (+ a) = + J because + a x {+ b) := + ab. 

2. — aS -h (— a) = + J " — a X (+ S) = — ab. 

3. + ^ -T- (— a) = — ft " — a X (— J) = + fl*. 

4. — aJ -1- (+ a) = — J " + a X (— S) = — a5. 

From these examples, taken in order, we make the follow- 
ing inferences : 

1st. + divided by + gives + ) t, • ^i 

2d. - divided by - lives + f '''' ^^^ ''^ P^°^^^ +' 

3d. + divided by — gives — ) ti . -, 

4^7 ji' 'ji ji X. , ' for, unlike signs produce—. 

4:th. — divided by + gives — ) ° ^ 

66. These principles may be deduced from the nature of 
the signs themselves, by taking another view of division. 

Division, considered in its most elementary sense, is not 
merely the converse of multiplication ; it is a short process of 
finding how many times one quantity can be subtracted from 
another of the same kind. When the subtraction is possible^ 
and diminishes the numeral value of the minuen^^ and brings 
it nearer to zero, the operation is realy and must be marked 
plus. When the subtraction is not possible without going 
farther from zero, we must take the converse operation, and 
the converse operation we must mark minus. 

Give analyses of the law which governs the signs of the quotient. 
Give the law. 
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Thus, divide 18a by Qa. Here, it is proposed to find how 
many times 6a can be subtracted from 18a ; and as we can 
actually subtract it 3 times, the quotient must be + 3. 

Divide — 18a by — 6a. Here, again, the subtraction can 
actually be performed, and the number of times is 3 ; hence 
the quotient is + 3. 

Divide — 18a by 6a. Here, subtraction will not reduce the 
dividend to zero ; but addition will, and must be performed 3 
times ; but the operation is the converse of the one proposed, 
and therefore must be marked by the converse sign to pliis, 
that is — 3. 

Again, divide 18a by — 6a. Here, if we subtract — 6a it 
will not reduce 18a ; but the converse operation will ; there- 
fore the quotient must be minus, that is, — 3. 

From all these illustrations we derive the following : 

BuLE. — ^I. Divide the coefficient of the dividend by the co- 
efficient of the divisor, for the coefficient of the quotient.. 

II. Write the letters of the dividend in the quotient, giving 
to each an exponent equal to the excess of its exponent in the 
dividend over that in the divisor, and suppress ail letters whose 
exponents become zero. 

III. If the signs of the terms are alike, make the quotient 
plus ; if unlike, make it minus. 

Note.— If the dividend does not exactly contain the divisor, the division 
may be indicated by writing the dividend above a horizontal line, and 
the divisor below, in the fonn of a fraction ; and the result thus obtained 
may be simplified by canceling all the factors common to the two terms ; 

thus, 4a«6«c -+- 6a«6*c« = ^^^ = ^. But this process is essentiaUy a 

case of redaction of fractions ; we shall therefore omit all examples of 
this class tiU the section on fractions is reached. 

BXAM:pi:.Ba jfob pbacticb. 

1. Divide 16aS by 4a. Ans. 4&. 

2. Divide 21acd by 7c. Ans. dad. 

3. Divide aV^c by ac. Ans. V^. 

Bole for division of monomials. 
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4. Divide Qabc by 2c. Ans. Sad. 

5. Divide aa^ by aa^. Ans. x. 

6. Divide 3mafi by mx. Ans. dofi. 

7. Divide 210(^6 by 7cb. Ans. 30A 

8. Divide 42a;y by xy. Ans. 42. 

9. Divide — 21ac by — 7a. Ans. 3c. 

10. Divide — 12xy by 3y. ^W5. — 4a. 

11. Divide 72aJc by — Sc. Ans. — 9aJ. 

12. Divide 2cfi by a*. Ans. 2a\ 

13. Divide — a^ by a^. ^w«. — a. 

14. Divide 16a;8 ^y ^x. Ans. 4a^. 

15. Divide 15ax}^ by — 3fly. ^w«. — 6xj^. 

16. Divide ISalt- by — 6ax. Ans. 3aK 

17. Divide Qacdxy^ by 2adxy^. Ans. 3c. 

18. Divide 12a2a?» by — Sah:. Ans. ~ 4x. 

19. Divide 15fly2 by — 3ay. Ans. — 5y. 

20. Divide 45 {a — xf by 15 (a — x)\ Ans. 3 (a — a:). 
Note. — In this example^ consider (a -t a;) as one quantity. 

21. Divide 45^^ by 15^. Ans. 3y. 

Note.— Examples 20 and 31 are exactly alike, if we conceive (a — x) 
equal to y, 

22. Divide i^ by i?. Ans. A 

23. Divide {x — yY by {x — y)\ Ans. {x — y)\ 

Note.— Observe tliat examples 22 and 23 are essentially alike. 

24. Divide {a + 5)* by (a + h). Ans. {a + tf. 

25. Divide a?"* by x\ Ans. a?**^. 

26. Divide 6^ by oc. Ans. 2(f^\ 

27. Divide {a — cY by {a — cy. Ans. {a — c)'^\ 

28. Divide 10 {a — c) by 5 (a — c). -4/w. 2. 

29. Divide Qa^ {a + mY by 2a {a + m). 

Ans. 3a {a + m)\ 

30. Divide 52m2c (1 — x^Y by 13mc (1 — x^Y- ^^^- 4w. 

31. Divide 81aV (4m — qY by 27^ (4m -- g)*. 

Ans. 3a*(4m — f). 
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Case II. 
67. To divide a polynomial by a monomial. 

I. Divide 12a^ — Wc + Zahn by ^aK 

OPERATION. Analysis.— The whole dividend is 

3a^ ) 12a5 — Qa^c + ^ahn divided by 3a^ by dividing each of 
~: I ; its terms by 3a». 

Hence the 

EuLE. — Divide each term of the dividend separately y ancT 
connect the quotients by their proper signs. 

EXAMPLES FOM BBACTICE. 

2. Divide Ibah — l^ax by 3a. Ans. bh — 4a:. 

3. Divide — 25a^ + Ibaa? by — box. Ans. ba — 3a;. 

4. Divide lOaJ + Ibac by 5a. Ans. 2b + Sc. 

5. Divide 30aa; — 54a; by 6x. Ans. ba — 9. 

6. Divide. 8a;8 + 12a; by ^x^. Ans. 2x + 3ari. 

7. Divide Sbcd + 12bcx - Wc by 3bc. 

Ans. (Z + 4a; — 35. 

8. Divide 7aa; + 7ay — Had by — 7a. 

Ans. —x^y + d. 

9. Divide 3aa;8 + 6a;8 + 3aa; — 15a; by 3a;. 

Ans. asfi + 2x + a — b. 
10. Divide da¥c + I2alfix — 3aW by 3a&8. 

Ans. be + ^Vx — aj*. 

II. Divide 2ba%x — lba^c:o^ + ba%CQ? by — 5a8a;. 

Ans. — 5J + 3ca; — obex. 

12. Divide 20aW + IbaW + 10a% + 5a by ba\ 

Ans. 4S8 + 3*2 + 2S + ar\ 

13. Divide 21a + 355 - 14 by - 7. 

Am. 2 — 3a — 55. 

Give Case II. Analysis. Bole. 
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14. Divide — l^c^hc + 9flca?» — QaJ^c by — 3ac 

Arts. 4aJ — 3a:3 + 2S8. 

15. Divide 6 (a + a;) + 9 (a: + y) by 3. 

Ans. 2,{a + x) + ^{x + y). 

16. Divide 12 {a + x) -'dc{a + x) + d{a + x) by (a+a;). 

^W5. 12 — 3c + £?. 

17. Divide {a + cY — (a + cy by (a + c). 

Ans. {a + c) — {a + cy. 

18. Divide 12 (a — J) + 6c(a — J) + 2 (a — J) by (a — b). 

Ans. 12 + 6c + 2. 
m 19. Divide (m+w)a:8+ (^ + 7j)a2 ^ (m + w)^^ by (m+w). 

-4/15. a:3 + 0? + c3. 

20. Divide (a + J)^ + 2 (a + b) by (a + 5). 

Ans. a + b + 2. 

Note. — When a parenthesis has the unit 1 for both coefficient and 
exponent, and is connected with the other parts of the algebraic expres- 
sion by + or — , it may be omitted ; thus, (a +6) + 2, is the same as 
a + h + 2, But when a parenthesis having the minus sign before it is 
dropped, the signs of the quantities inclosed must all be changed (53) ; 
thus, a^ — (a — x\ is the same as a^ — a + x, 

21. Divide 2a {a + c) + {a + cf by {a + c)^ 

Ans. da + c. 

22. Divide 5c (3m — 2c) — (3m — 2cY by (3m — 2c). 

Ans. He — dm. 

23. Divide (1 — a;) — (1 — xy by (1 — x). Ans. x. 

Case IH 

68. To divide one polynomial by another. 

Since the dividend is always the product of the divisor by 
the quotient sought, the highest power of any letter of the 
dividend must be the product of the highest powers of the same 
letter in the divisor and quotient ; and the inferior powers of 
this letter in the dividend must be the products of inferior 
powers in divisor and quotient. Hence the terms of both 

Give Case IIL 
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divisor and dividend mtist be arranged in the order of the 
powers of one of the' letters. 



1. Divide 2a* + ^aW + %a^l — UV + 4i* by a2+2aS+4J2. 

a« + 2a6 + 4&«, Divisor. 



OPERATION. 

Dividend. 2a* + 2a»& + 6fl«6» - M)^ + 4&* 

2g* + 4ag& + 8a*y 
iBtKem. - 2a"6 - 3a«6« - 6a&3 



2a^'-2ab + y, Qaotient. 



2dRem. a«6« + 2aZ>« + 4&* 

Analysis.— We arrange the terms of botli divisor and dividend accord- 
ing to the powers of a, so that in the dividend the exponents of this 
letter, taken in their order, are 4, 3, 2, 1 ; and in the divisor, 2, 1. Now, 
according to the principle jnst stated, the first term of the dividend, thus 
arranged, most be equal to the first term of the divisor multiplied by 
that term of the quotient having the highest power of a ; we therefore 
divide 2a*, the first term of the dividend, by a*, the first term of the 
divisor, and obtain 2a* for the first of the quotient. We next multiply 
the wTide divisor by this term of the quotient, and subtract the product 
from the dividend, bringing down as many terms as are necessary for a 
new dividend. We then divide — 2a'&, the first term of the remainder, 
by a*, the first term of the divisor, and obtain — 2ab for the second 
term of the quotient. We next multiply the w?u>le divisor by this term 
of the quotient, and subtract the product from the second dividend, and 
obtain a second remainder, to which we annex another term of the divi- 
dend for another dividend. Dividing a^ft*, the first term of this dividend, 
by a', the first term of the divisor, we obtain &*, another term of the quo- 
tient. Lastly, multiplying the whole divisor by this term of the quotient, 
and subtracting the product from the last dividend, we have no remain- 
der, and the work is finished. 

From this example we derive the following 

BuLE. — I. Arrange both divisor and dividend with reference 
to the powers of one of the Utters. 

II. Divide the first term of the dividend by the first term of 
the divisor, and write the result in the quotient. 

Give analysis. Rule for the division of polynomlfilft. 
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in. Multiply the whole divisor by the quotient thus found, 
and subtract the product f rani the dividend. 

IV. Arrange the remainder for a new dividend, with which 
proceed as before, till the first term of the divisor is no longer 
contained in the first term of the remainder. 

V. Write thefiruil remainder, if there be any, over the divi- 
sor in the form of a fraction, and the entire result vnU be the 
quotient sought. 

EXAMlPIiES FOB rBACTICB. 

2. Divide a^ + 2ax + x^ hy a + x. Ans. a + x. 

3. Divide a»— ^ahf + ^af — fhja — y. 

Ans. c? — 2ay + ^. 

4. Divide a^ + haV) + haJ^ + &» by a + J. 

Ans. a^ 4- 4aJ + V. 
6. Divide 7^ — ^^z + sfi hj x — z. 

Ans. a^--2xz--2sl^ —. 

x — z 

6. Divide a^ + 2dn) + 2aJ2 + js by c? ^ ab -^r J^. 

Ans. a + b. 

7. Divide a:* - 9a:» + 27a: - 27 by x-d. 

Ans. a^ — 6a; + 9. 

8. Divide 6x^ — 96 by 6a: — 12. 

Ans. a:* + 2a:8 + 4a; + 8. 

9. Divide 6a* + 9a^ — 15a by 3a^ — 3a. 

Ans. 2a2 + 2a +6. 

10. Divide 25a:5 _ a;8 _ 2a?5 — 8a; by oa:* — 4a:. 

Ans. 6a:8 + 4ar^ + 3a: + 2. 

11. Divide 18a8 — 8J2 by 6a + 4J. Ans. da — 2b. 

12. Divide 2a:8 _ i^^ ^ 26x — 16 by a: — 8. 

Ans. 2a?5 — 3a; + 2. 

13. Divide ^ + 1 by y + 1. Ans. y^—y^ + y^—y+1. 

14. Divide y^ — 1 by y — 1. 

Ans. y^ + y^ + f + y^ + y + 1. 

15. Divide a:^ — a^ by a: — a. Ans. x + a. 
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16. Divide 6^8 — 3a»S — 2a + J by 3a« — 1. 

Ans. 2a — J. 

17. Divide f— dyh? + 3y^ --Qfihy f^dfx+Sya^^af^. 

Ans. f + ^fx + ^yx^ + t^. 

18. Divide 64:a*S« — 2baW by Sa^js ^ 5^j4, 

Ans. Sa^b^—5abK 

19. Divide 2a* — 2a:* by a — a;. 

Ans. 2a8 + 2a2a; + 2aa?^ + 2a^. 

20. Divide (a — a;)« by (a — xf. Ans. (a — xy. 

21. Divide a^ — 3a^ + 3aa:8 — a:* by a — a:. 

A71S. a* — 2aa; + a^. 

22. Divide a* + 1 by a + 1. Ans. a* — • a^ + a^ — a + 1. 

23. Divide S« — 1 by * — 1. 

Ans. l/i + b^ + b^ + p + b + l. 

24. Divide 48a» — 92a2a; — 40aa:8 + 100a? by 3a — 5x. 

Ans. 16a3 ^^x — 20a?5. 

25. Divide 4d* — 9tP4-6rf-l by^d2 + 3d-.l. 

Ans. 2cP'-dd+ 1. 

26. Divide 6a* + 4a^ — 9a2a;8 — 3aa? + 2a:* by 2a2 + 2aa; 
- Q^. Ans. 3a2 — oa; — 2x^. 

27. Divide 3a* — Sa^J^ + 3a^(? + 5J* — SV^c^ by a^ — ja. 

^W5. 3a2 — 552 + 3c8. 

28. Divide 2a? + Hxy + 6y3 by a: + 2y. J/w. 2a; + 3^^. 

29. Divide 2wa; 4- 3wa; + lOmn + 15n^ by a; + 6n. 

Ans. 2m + dn. 

30. Divide d* — Sd^c— 10(? by cP — 6c. Ans. eP + 2c. 

31. Divide m^ — (? + 2c« — ^^ by ^^ ^ ^ _ ^g, 

-4n5. //I — c + i?. 

32. Divide y* + 32^? by y + 2;?. 

^/w. y* — 2/« + ^fs? — 8yi8? + 16^2*. 

33. Divide 12 (a + J)3 + 3 (a + 5)2 by 3 (a + b). 

An^. 4 (a + J)2 + a + J. 

34. Divide 3c (m — bcf — (m — 5c)3 by (m — bcf. 

Ans. Sc — m. 
6 
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GENERAL PRINCIPLES OP DIVISION. 

69. The value of a quotient in division depends upon the 
relative values of the dividend and divisor ; and the sign of 
the quotient depends upon the signs of the dividend and 
divisor. Hence any change in the value or the sign of either 
dividend or divisor must produce a change in the value or the 
sign of the quotient ; though Certain changes may be made in 
both dividend and divisor, at the same time, that will not 
affect the quotient. The laws that govern these changes are 
called General Principles of Division. 

CHANGE OF VALUE. 

70. It will be necessary to examine only those changes of 
value produced by multiplying and dividing the dividend and 
divisor. 

Let us take abed f oj a dividend, and ab for a divisor ; the 
quotient will be cd, and the operations performed upon divi- 
dend and divisor will affect this quotient as follows : 

Dividend. Divisor. Quotient. 

abed -i- ab = cd 



j Multiplying the dividend by e 
\ multiplies the quotient by e. 

j Dividing the dividend by d di- 
( vides the quotient by d. 

j Multiplying the divisor by c di- 
( vides the quotient by c, 

j Dividing the divisor by b mul- 
( tiplies the quotient by b, 

5. abode - aie = cd \ Multiplying both terms by e 

{ , does not alter the quotient, 

j Dividing both terms by a does 
( not alter the quotient 



1. abcde -^ ab ^ cde 

2. abc -^ ab = c 

3. abed -7- dbc =: d 

4. abed -T- a :=: bed 



6. bed -=- S = ed 



What determines the value of a quotient in division? 
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In these six operations, the factors employed to operate 
with are literal quantities, and may represent any numbers 
whatever ; hence the results are general truths ; they may be 
stated as follows : 

Pein. I. Multiplying the dividend multiplies the quotient^ 
and dividing the dividend divides the quotient. (1 and 2.) 

Prin. II. Multiplying the divisor divides the quotient, and 
dividing the divisor multiplies the quotient, (3 and 4.) 

Pein. III. Multiplying or dividing both dividend and divi- 
sor by the same quantity does not alter the qtwtient. (5 and 6.) 

TS. These three principles may be embraced in one 

GENEEAL LAW. 

A change in the dividend produces a like change in the 
quotient; but a change in the ^xiBor produces an opposite 
change in the quotient. 

CHANGE OP SIGN. 

73. To investigate the relative changes of signs in division, 
let it be remembered that when the divisor and dividend have 
like signs, the quotient is plus, and when they have unlike 
^signs, the quotient is minusi Then 

1st. Suppose the divisor and dividend have like signs ; if 
either of the signs be changed, they will become unlike, and 
the sign of the quotient will be changed from plus to minus. 

2d. Suppose the divisor and dividend have unlike signs ; if 
either of the signs be changed, tltey will become alike, and 
the sign of the quotient will be changed from minus to plus. 

dd. Suppose again that the divisor and dividend have like 
signs ; if both signs be changed at once, they will still be alike, 
and the sign of the quotient will remain plus. 

Explain the principles which govern changes of value of the quotient 
in division. Repeat Principle I. Prin. II. Prin. III. The general law. 
Explain the principles which govern changes of signs of divisor and 
quotient. 
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Uh. Suppose again that the divisor and dividend have unlike 
signs ; if both signs be changed at once^ they will still be un- 
like, and the sign of the quotient will remain minus. 

These results may be embraced in two principles, as follows : 

Prin. I. Changing the sign of either dividend or divisor, 
changes the sign of the quotient. 

Prin. II. CJianging the signs of both dividend and divisor, 
does not alter the sign of the quotient. 

Note. — If the dividond or divisor is a polynomial, its entire value is 
changed by changing the signs of aU its terms. 



EXACT DIVISION. 

73. An JESxact Division is one in which the quotient 
has no fractional part. 

74. From the rule for division (66) it is evident that the 
exact division of one monomial by another will be impossi- 
ble :— 

1st. When the coefficient of the divisor is not exactly coii- 
tained in the coefficient of the dividend. 

2d. When a literal factor has a greater exponent in the divi- 
sor than in the dividend. 

M. When a literal factor of the divisor is not found in the 
dividend. 

75. It is also evident (68) that the division of one poly- 
nomial by another wiU be ftnpossible : 

1st, When the first term of the divisor arranged with refer- 
ence to any one of its letters is not exactly contained in the first 
term of the dividend arranged with reference to the same letter. 

Repeat Prin. I. Prin. II. Define an exact divisor. Explain under 
what circumstances and why the exact division of one monomial by an- 
other is impossible. Under what circumstances and why is one poly- 
nomial not an exact divisor of another? 
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2cL When a remainder occurs, having no term which mil 
exactly contain the first term of the divisor. 

TG. In all cases where exact division is impossible, the quo- 
tient may be indicated by writing the dividend above a hori- 
zontal line, and the divisor below, according to definition (7). 



RECIPROCALS, ZERO POWERS, AND NEGATIVE ]BXPONENTS. 

77. The Reciprocal of a quantity is 1 divided by that 
quantity ; thus - is the reciprocal of a ; ^ is the recipro- 
cal otx — y, 

78. If, in the division of powers, we conform strictly to 
the rule of subtracting the exponent of the divisor from the 
exponent of the dividend, then, in the case of equal powers, 
the exponent of the quotient will be 0, and in cases where the 
divisor is the higher power, the exponent of the quotient wiU 
become negative. 

79. To explain the import of a cipher when used as an 
exponent, we observe that the quotient of any quantity 
divided by itself is 1 ; consequently, when the divisor and 
dividend are like powers of the same quantity, we may have 
two expressions for the quotient ; thus 





a 
a 


= ai-i 


= aP, 


or 


a __ 

a ~~ 


1; 






— — (ffni—m 


= aP, 


or 




= 1. 


Therefore, 


(Ax. 


7), 


aP = 


1. 







In the cases previously stated how may the quotient be written? 
Define the reciprocal of a quantity. In Division when will the exponent 
of the quotient be 0? When negative? Explain why. What ie the 
value of any quantity whose exponent is ? Why ? 

6* E 



66 ENTIRE QUANTITIES. 

But a may represent any quantity whatever. Hence, 

Any quantity having a cipher for an exponent is eqtial to 
unity. 

Note.— When a quantity with a cipher for an exponent is 9l factor in 
an algebraic expression, it may be suppressed without affecting the value 
of the expression ; yet it is frequently retained in order to indicate the 
process by which the result was obtained. 

80. To show the signification of negative exponents, let us 
divide a* by a^ by taking the difference of the exponents; 
thus, a5 -f- a^ = a«"^ = a-2. 

But the value of the quotient will not be altered if we divide 
both dividend and divisor by c^ (70, III) ; thus, 

a5^aT= 1-^^3 = 1 

These quotients being equal, we have 

This principle may also be illustrated as follows. Since the 
zero power of any factor is 1, we may have 



_=aP-2 ^a-\ or -, = -,; hence, ^"^ =-«; 



d^ . flP 1 , 1 

— = flO-"* = a'^^j^or -z = -= ; hence, a"** = — . 



From these illustrations we deduce the following inference : 

Any quantity having a negative exponent is eqvul to the 
reciprocal of that quantity with an equal positive exponent. 

What do negative exponents signify t What relation do they bear to 
reciprocals ? 
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FAOTOEING. 

81, The Factors of a quantity are those quantities which, 
being multiplied together, will produce the given quantity. 

83. A Composite Quantity is one that may be pro- 
duced by the multiplication of two or more factors. A com- 
posite quantity is exactly divisible by any of its factors. 

83. A Prime Quantity is one that cannot be produced 
by the multiplication of two or more factors, and is divisible 
only by itself and unity. 

Several quantities axe prime to each other when they have no 
common fector, or when no quantity except unity will divide 
each of them. 

Case I. 

84. To factor a monomial. 

The prime fectors of a purely algebraic quantity, consisting 
of a single term, are visible to the eye ; and this is one of the 
principal advantages of an algebraic expression. Algebraic 
quantities are factored by inspection or by trial, the same as 
numbers in arithmetic. 

1. What are the prime factors of QaWc^ 

OPERATION. 

/c A €» Analysis. — The prime factors of 6 are 2 and 

a =^a X a X a g. the exponents show that a is taken 3 times 

i^ =z b X b as a factor in the given term, b twice, and e 

c z= c ^^<^ » ^^'^ QaVj^e = 2x daaabbc. Hence, 

2 X daaabbc • 

EuLE. — Resolve the numeral coefficient into its prime factors, 
and write each letter as many times as there are units in its 
exponent. 

Define factors. A composite quantity. A pilme quantity. Quantities 
prime to each other. What is Case I ? Give analysis. Rule. 
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EXAMri,Ea JFOB PBACTICJB. 

2. Eesolve lOa:^ into its prime factors. 

Am. 2 X bxxyyy. 

3. Resolve 15in'c* into its prime factors. 

4. Resolve 24pV into its prime factors. 

Ans, 2x2x2xdppppzz. 

5. Resolve IbaWctP into its prime factors. 

6. Resolve 2Qmh^yz into its prime factors. 

Ans. 2xl3mfnmmxxyz. 

Case II. 

85. To resolve a polynomial into two flEtctorSy a 
monomial and a polynomial. 

Polynomials may be factored by inspection under certain 
conditions. If the terms have a common factor, the quantity 
may be separated into two factors, a monomial and a poly- 
nomial. 

1. Resolve 2ax — 2am + 6az into its factors. 

Analysis.— Since 2a is a factor common to all the terms, we divide 
by this factor, and obtain for a quotient, x — m-^Zz, which is the other 
factor of the given quantity ; or, 2ax — 2af» + Qm = 2a(aj — m + 82). 
Hence, 

Rule. — Divide by the greatest factor common to ail the termsy 
inclose the quotient in a parenthesis^ and write the divisor as 
the coefficient. 

EXAMBItES FOE BEACTICE. 

2. Find the factors of ax + hx. Ans. x{a + 5). 

3. ^ind the factors of x + ax. Ans. a; (1 + a). 

4. Resolve am + an + ax into its factors. 

Ans. a{m + n + x). 

5. Resolve h(^ — • hex — hey into its factors. 

Ans- hc{c — X — y). 

What is Case II ? Give analysis. Rule. 
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6. Eesolve 4^ — %xy into its factors. 

Ans. 2x {2x — 3y). 

7. Factor aJ^S^ — a^c — 2a^d. Ans. a^ ( js _ ^ _ 2t/). 

8. Factor ^mh — 4my + %<hn. 

Ans. m {3mz — 4y + 2<^). 

9. Factor 12c*&c8 — ISc^a:* — eeftc^y. 

^7^5. Sc^x^ (4c2^ — 6«r — 2y). 

10. Factor ex — dcxz + cx^. Ans. ex (1 — • 3« + x). 

Note. — ^It may happen that a portion of a polynomial can be factored 
when there is no factor common to all the terms. 

11. Factor o^ + ^bx-^ Qbc. Ans. a?^ + U{x — dc). 

12. Factor a^ + ma + nib. Ans. c?n + wi (a + S). 

13. Factor oa:* + Zdha ^bofi -\- Wx. 



. \ax{x -\-Z(i) -\'bx{x -^r 3S) ; or, 

14. Factor a* + aV) + a*^ + js. 

ja(a2 + aS + 52) + j8. or, 
^^*- U3 + J(a2 4.aJ + J2). 

15. Factor o?^ -^^ ofi^ -^^ o^z -^^ xz\ 

{a^z^ {x + z) +. xz {x + z)\ or, 
{a^z^ + a;^;) (a; + 5;) ; or, 
xz{xz + l)(ir +2;). 

16. Factor ax + ay + bx + by. 

Ans i^(^ + 2^) + *(^' + y)5 o^> 
\{a + b){x + y). 



Case III. 

86. To resolve a trinomial into two equal binomial 
factors. 

A tiinomial may be resolved into two binomial factors when 
two of its terms are perfect squares and positive, and the other 

What is Case III? 
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term is twice the product of their square roots^ and either 
positiTe or negatiTe. 

1. Factor a^ + 2ac + (?. 

Analysis. — a^ Is the square of a, ^ Is the square of e, and 2ac is twice 
the product of a and e ; and since a*+2ac+^ is the sum of the squares 
of a and e plus twice their product, it must be the square of a +6 (60) ; 
or a'+2a<j+6' = (a+e){a+e). Hence, 

Rule. — Connect the square roots of the two squares by the 
sign of the other term, and write the result tvnce as a factor. 



BXAMPIiES I'OM PBACTXCJB. 

2. Eesolye a^ + 2ax + ofi into its factors. 

Ans. {a + x){a + x). 

3. Eesolye a^ — 2ax + a^ into its factors. 

Ans. {a — «) (a — x). 

4. Besolve A^ — 2AB + B^ into its factors. 

Ans. {A ^B){A^ B). 

5. Eesolye P^ + 2PQ + (^ into its factors. 

Ans. {P+Q){P+Q). 

6. Eesolye Ga^ + 12db + 4*^ into its factors. 

Ans. (3a + 2i) (3fl + %b). 

7. Eesolye 4m' — 4w + 1 into its factors. 

Ans. (2m — 1) (2m — 1). 

8. Eesolye ^ — 4dcd + (P into its factors. 

Ans. {2c ^ d) {2e -- d). 

9. Fa<5tor 9m^ + 12m + 4. Ans. (3m + 2) (3m + 2). 

10. Factor 1 — 122; + 362;'. Ans. (1 — ez) (1 — 62;). 

11. Factor a^c^ — 20^ + 1. Ans. {ac — 1) (ac — 1. 

12. Factor ic* + 2aofi + ah?. Ans. {a? + ax) (a? +'ax). 

13. Factor ^ — 2fz^ + A Ans. {f — 2^) (/ — sf). 

Gtive analysis. Rule. 
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Case IV. 

87. To resolve a binomial into two binomial factors. 

A binomial may be resolyed into two binomial factors^ when 
both of its terms are perfect squares^ and have contrary signs. 

I. Factor c^-^V. 

Analysis. — c? is the square of a, 6^ is the square of h ; and Ednce 
a' — &^ is the difference of the squares of a and &, it must be equal to the 
product of the sum and difference of a and h (CH) ; or a?— 6* = (a + 6) (a— 6). 
Hence, 

EuLE. — WrUe the sum and difference of the square roots of 
the two given terms, as two binomial factors. 

HXAMBLBS rOB PBACTICB. 

2. Factor a^^y^. Ans. {x + y) (a; — y). 

3. Factor m^ — n\ Ans. {m + n) (m — n). 

4. Factor f^4:S?. Ans. (y + %z) {y — 2z). 

5. Factor 4a» — W. Ans. {2a + 3 J) (2a — 3 J). ^ 

6. Factor 25c^ — 1. Ans. {6c + 1) {5c — 1). 

7. Factor dQc^cP — 16m\ 

Ans. {6(?d + 4m») {Q(?d — 4m8). 

8. Factor 9a^(^ — 1. Ans. {dad^x + 1) (3ac^ — 1). 

9. Factor a^s? — ahf^. Ans. {az + ay) {az — ay). 
10. Factor a* — c*. Ans. {a^ + (?) {a + c) {a — c). 

II. Factor a:* — y*. Ans. {a? + f){x + y) {x — y). 

12. Factor ofi — sfi. 

Ans. {x^ + s^){a? + ^) {x + z){x^ z). . 

13. Factor m?^ — (?^. 

Ans. {m^ + (?) (m* + c*) (m« + (?){m + c) {m — c). 

14. Factor c« — 1. 

Ans. (ci«+l) {(?+l) (c*+l) {(?+!) {c+1) (c-1). 

15. Factor a^c — c. -4iw. c (a + 1) (a — 1). 

16. Factor a^(? — A ^W5. c^ (a + 1) (a — 1). 

17. Factor a?y^!? — a?y. ^w«- ^V^ {^ + 1) (^ — !)• 

What is Case IV? Give analysis. Rule. 
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18. Factor a:* — a;. 

Ans. x{a!^+l){ix? + 1) {x + 1) (a? - 1). 

19. Factor nffi^m\ 

Ans. m* (m« + 1) (m + 1) {rn — 1). 

GREATEST COMMON DIVISOR 

88. A Common Divisor of two or more quantities is 
a quantity that will exactly divide each of them. 

89. The Greatest Common Divisor of two or more 
quantities is the greatest quantity that will exactly diyide 
each of them. 

90. It is evident that if two or more quantities be divided 
by their greatest common divisor, the quotients will be yriiM 
to each other. 



1. What is the greatest 


common 


divisor of iaWcd, 48a*j2<Ac, 


and 12a»J2«P ? 












OFJSRATION. 




UWccl = 


2» 


X a» 


X S» X c 


X d 


4:MV>(?X = 3 X 


2* 


X a« 


X i« X c* 


X X 


12a8*«c# = 3 X 


2« 


X a» 


X J* X c 


X <P 



^Wc = 22 X a2 X 62 X c 

Akalysib. — We resolve the quantities into their component factors, 
and write all the powers of each factor in the same column. By 
inspection we perceive that all the quantities contain at least the second 
power of 2, and we write 2* underneath as a factor of the greatest com- 
mon divisor sought ; all the quantities contain at least the second power 
of a, and we write a* underneath ; aU the quantities contain at least the 
second power of h and the first power of c, and we write these factors 
underneath ; and, since these are all the common factors, their product, 
Aa^h\ must be the greatest common divisor of the given quantities. 

2. What is the greatest common divisor of da<? {pc^ — c*), 
anda2e;.^2 — a^cs? 

Define a common divisor. The greatest common divisor. Give 
analysis of Example 1. 
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OPERATION. 

3ac^ (a:* — c*) = 3 X a x (? x {a^ + (^) x (x + c) x (x^c) 
a^c^ — a^(^ = c? X c X {x + c) x {x^c) 

06- (a:2 — c2) = a X c X {x + c) x (x^c) 

Analtsis. — Resolving the quantities into factors as before, we readily 
*^rceive that the only common factors are a, c, (x -f c\ and (x — c)\ and 
the product of these factors, cbc{^ — c^), must therefore be the greatest 
common divisor sought. 

From these examples we deduce the following 

BuLE. — ^L Resolve the given quantities into f actor Sy and 
write all the powers of each factor in the same column. 

II. Multiply together the lowest powers of all the common 
factors, and the product mil ie the greatest common divisor 
sought. 

EXAMPI.Ea FOB JPBACTICB. 

3. What is the greatest common divisor of 4aV, and 
lOaic?? Ans. %afi. 

4. What is the greatest common divisor of 3afe^, and 
VlalTHt Ans. dabaf^. 

5. What is the greatest common divisor of ^a^ihfis^, and 
Sah^s^? Ans. ^a^A 

6. What is the greatest common divisor of ^m^y^, 
12m^7fiy and IGa^wV? Ans. 4mV. 

7. What is the greatest common divisor of Qa^(?d^y 
Ucflc^^, 9a^(^d^, and %^^c^dm ? Ans. Sa^c^d. 

8. Find the greatest common divisor of a^ — ^, and a^ — 
2ab + l^. Ans. a^b. 

9. Find the greatest common divisor of a^ — c^, and 
a^ + 2ac + (?. Ans. a + c. 

10. Find the greatest common divisor of m^ — 27n, and 
2mn^ — 4:n\ Ans. m — 2. 

Of Example 2. Rule. 
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11. Find the greatest common divisor of aa:* — a^, arrH— 
aw?yy and ah? — %ah^y + a^i^. A718. a (a; — y). 

12. Find the greatest common divisor of IQa^ — c?, and 
16a2 — Sac + (?. Arts. 4a — c 

13. Find the greatest common divisor of Sa^^— 9a'c — 
ISchnZy and I^c — 3Jc* — 6Je?mi8. Ans. J — 3c — . Gwi^;. 

LEAST COMMON MULTIPLE. 

91. A Multiple of a quantity is another quantity exactly 
divisible by it. 

Note. — If a quantity be mitUipUed by any factor, the result is properly 
called a miUtiple of that quantity, and this is the real sifi^fication of the 
word multiple. But the product is always dkmble by the multiplicand; 
hence the definition as given above. 

93. A Common Multiple of two or more quantities is 
one which is exactly divisible by each of them. 

93. The Least Common Multiple of two or more 
quantities is the least quantity exactly divisible by each of 
them. 

94, It is evident that one quantity, to be divisible by seve- 
ral other quantities^ must contain all the factors in each of 
the given quantities. 

1. What is the least common multiple of Sah^, and 12a^Wr? 

OPERATION. 

Sah?y = 2^ X a^ X a? X y 

24ca^lMy =2^x2^xa^xx^xyxl^ 
Analysis. — We resolve the given quantities into their component 
factors, and write the powers of each factor in the same colunm. The 
different prime factors are 3, 2, a, x, y, and h ; and the least common 
multiple must contain not only each of these, but the highest power of 
each that is contained in the given quantities, otherwise it will not con- 
Define a Multiple. A common multiple. The least common multiple. 
When one quantity is a common multiple of several others, what must 
it contain ? Give analysis of Example 1. 
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tain all the factors of the given quantities. By inspecting the powers of 
each, the highest are the let power of 3, 3d power of 2, 3d power of a, 
2d power of x, 1st power of y, and 3d power of b ; and their product is 
24a^bh^y, the least common multiple required. Hence the 

EuLE. — ^I. Resolve the given quantities into factors, and 
write all the powers of each factor in the same column, 

II. Multiply together the highest powers of all the factors^ 
and the product will he the least common multiple sought. 



JEXJLM:ri.JES JPOJB PBACTICJE, 

2. Find the least common multiple of Sal^c, baV^Cy dbd^y 
and IbaWc. Ans. IbaWcd^. 

3. Find the least common multiple of Qxy, ^t^z, ^7?y% 
and (x^z, Ans. ISx^yh. 

4. Find the least common multiple of 2mn, 3mV, 6mz^, 
and ^mnz. Ans. 12m^nsi^. 

5. Eequired the least common multiple of 27a, 15b, Oab, 
and da\ Ans. 135a^. 

6. Find the least common multiple of {a^ — a^), 4 (a — x), 
and {a + x). Ans. 4 {a^ — ofi), 

7. Eequired th6 least common multiple of a^ {a — x), and 
02^ (a2 — a^). Ans. ah^ {a^ — a?^). 

8. Eequired the least common multiple ota?^{x^ y), a^^ 
and \%a;xy\ Ans. \%(jMy^ (x — y). 

9. Eequired the least common multiple of lOaV (a — S), 
IhT? (a + V), and 12 (a^ — W). Ans. ma^T^ (a^ — W). 

10. What is the least common multiple of m* — 1, tw^ — 
2wi + 1, and m^ + 2m + 1 ? Ans. m^-~m^ ^m^-\- 1. 

11. What is the least common multiple of ^—y\ ^y—x'f, 
and ^y + a;^? Ans. o^y — x]^, 

12. What is the least common multiple of rr? — 4, zm—'^z, 
and 171^ + 2m ? Ans. zm^ — ^m. 

Qive Rule. 
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FEAOTION'S. 

95. The word Fraction relates to a certain mode or form 
of mdicating division ; and fractional forms have precisely the 
same signification in Algebra as in Arithmetic. 

96. A Fraction is a quotient expressed by writing the 
dividend above a horizontal line^ and the divisor below ; thus, 

^ is a fraction^ and is read, a divided by b. 

97. The Denominator of a fraction is the quantity 
below the line, or the divisor. 

98. The Numerator of a fraction is the quantity above 
the line, or the dividend. 

99. Since a quantity is divided by dividing any one of its 

factors, we have t = — r — = ^ x a ; hence, a fraction is 

equal to the reciprocal of its denominator multiplied by its 
numerator. 

100. An Entire Quantity is an algebraic expression 
which has no fractional part ; as, 3a, or a; — 3y®. 

101. A Mixed Quantity is one which has both entire 

and fractional parts ; as, a + -, m 



l-J- 



SIGNS. 



103. Each term in the numerator and denominator of a 
fraction has its own particular sign, distinct from the real sign 

of the fraction. Thus, in the fraction, — -^ — — — ^, the signs 

Try — xy^ 

Define a fraction. A denominator. A numerator. A fraction is 
equal to the reciprocal of what ? Define an entire quantity. A mixed 
quantity. 
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of a part of the tenns only are expressed. If no sign is pre- 
fixed to the first term of a numerator or denominator, the 
plus sign is understood. 

103. The Apparent Sign of a fraction is the sign 
written before the diyiding line, to indicate whether the frac- 

2j8 .— n/X 

tion is to be added or subtracted : thus, in m H , 

the apparent sign of the firaction is plus, and indicates that 
the fraction is to be added to m. 

104. The Heal Sign of a fraction is the sign of its 
numerical value, when reduced to a monomial, and shows 
whether the fraction is essentially a positive or a negative 

quantity; thus, in the last fraction, , let a; = 2, and 

.^ ,, rK«— aa; 4—12x2 —20 ^ ^ 

a == 12 : then = — r- — = — — = —2. Hence, 

' a^x 12 — 2 10 

the real sign of this fraction is minus, though its apparent 

sign is plus. 

GENEEAL PKINCIPLES OF FKACTIONS. 

105. Since fractions indicate division, all changes in the 
numerator and denominator of a fraction will affect the value 
and sign of that fraction according to the laws of division ; 
and we have only to modify the language of the General 
Principles of Division (70), by substituting the words numer- 
ator, denominator, ajii fraction, for the words dividend, divi- 
sor, and quotient, and we shall express the laws governing the 
changes in the value and sign of a fraction. 

CHANGE OP VALUE. 

Pbin. I. Multiplying the numerator multiplies the fraction, 
and dividing the numerator divides the fraction. 

Define the apparent sign of a fraction. The real sign. Fractions 
always indicate what? Adapt the general principles of Division to frac- 
tions. Repeat the principles that govern change of value. 

7* 
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Prin. II. MulHplying the denominator divides the fraction, 
and dividing the denominator multiplies the fraction, 

Prin. III. Multiplying or dividing both numerator and 
denominator by the same quantity does not alter the value of the 
fraction, 

106. These three principles may be embodied in one 

GENERAL LAW. 

A change in the numerator produces a like change in the 
value of the fraction; but a change in the denominator joro- 
duces an opposite change in the value of the fraction, 

CHANGE OF SIGN. 

107. Prin. I. Changing the sign of either numerator or 
denominatory changes the real sign of the fraction. 

Prin. II. Changing the signs of both numerator and de- 
nominator at the same time, does not alter the real sign of the 
fraction, 

Prin. III. Changing the apparent sign of the fraction 
cha7iges the real sign, 

REDUCTION. 

108. The Redtiction of a quantity is the operation of 
changing its form without altering its value. 

Case I. 

109. To reduce a fraction to its lowest terms. 

A fraction is in its lowest terms when its nnmerator and 
denominator are prime to each other. 

1. Reduce ,^., », „ to its lowest terms. 

Apply the general law. The principles that govern change of signs. 
Define Reduction. What is Case I? 



EBDUCTION. 79 

OPERATION. Analysis. — If we divide both namer- 

1 Xnt^ 9W **®' ^^^ denominator of this fraction by 

=:: the same number, its value will not be 

%Wh(^ dac changed (105, UI) ; and if we divide 

by the greatest common divisor, the 

quotients will be prime to each other (90), and consequently the frac- 

tion will be in its lowest terms. By inspection we find 7abc to be the 

greatest common divisor ; and dividing both terms by this quantity, we 

have -zr—, the answer* 
dac 

2. Keduce — » ^ to its lowest terms. 

OFEBATION. 

ah: -{- aa>^ _ ax{a-\- x) __ ax 
c^-^oc^ '~ {a^x){a + x)'~ a — x' 

Analysis. — We first resolve the numerator and denominator into their 
prime factors, and then cancel the common factor {a + x), and we have 

. the answer. 



From these examples we deduce the following 

EuLE. — Divide both numerator and denominator by their 
greatest common divisor. Or, 

Resolve the numerator and denominator into their prime 
factors, and cancel all those that are common. 



JEXAMTZJES FOB PBACTIC E. 

3. Eeduce r— -^ to its lowest terms. Ans. ^r- 

ISab 00 

4. Eeduce ^ — ^ to its lowest terms. Jns. —^. 

Give analyses. Rule. 
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6. Eeduce ^^^| to its lowest terms. Am, 



29^ 

6. Eeduce -o^^-ns — ;:-t- w> its lowest terms. 

17a3— 21a5 
12a*S — 3 

7. Eeduce ttt—. — r to its lowest terms. 

3 (a + a;) 

8. Eeduce —t — tt to its lowest terms. Ans. 



a4 - J4 -^ ^-^ *-"-"•' *-^"*°- ^"^' a;8 + J2- 

/|%8 1 X 1 

9. Eeduce to its lowest terms. Ans. . 

^y + y y 

10. Eeduce i — 7- to its lowest terms. 

acx + abx 

. c + ex 
Ans. — - — =. 
«M? + ao 

11. Divide a^ + a^/ by a^y + axf. Am. ^. 

2 

12. Divide 4a + 4 J by 2a^ — 28». Am. v. 



13. Divide n» — 2^^ fey 7j2 _ 4^^ + 4, ^,^5. 

14. Eeduce ^^"^^^^ to its lowest terms. 

flr — ar* 

15. Eeduce ^ . ,, — ^ to its lowest terms. 

16. Eeduce ^^-^ '-r- to its lowest terms. 

(x^ — a^ 

17. Eeduce — ^ ^ to its lowest terms. 



n 



l2 



71 — ; 
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Case II. 

110. To reduce a fraction to an entire or mixed 
quantity. 

1. Reduce — ^^— to a mixed quantity. 

OFEBATION. ANALYSIS. — Since the value of the 

ab -{- X X fraction is the quotient of the numer- 

7 ^^ ^ "^ * ^^^ divided by the denominator, we 

perform the division indicated, and 

obtain a for the entire part of the quotient, and + t for the fractional part. 
Hence, the 

Rule.— I. Divide the numerator ly the denominator as far 
as possible, for the entire part. 

II. Write the remainder over the denominator, and annex 
the fraction thus found to the entire part, with its proper sign. 

Note. — If any term be found in the numerator, whose lUeraZ part is 
exactly divisible by some term in the denominator, and having a greater 
coefficient than this term of the denominator, the reduction will be pos- 
sible ; otherwise, it will be impossible. 



BXAXPXiES FOB PBACTICJE. 

2. Reduce -^ and to mixed quantities. 









Ans. 2| and a-\ . 

a , 


3. 


Reduce 


6ai/ + ab '\- X 

y 


to a mixed quantity. 

. ^ , ab + X 
Ans. 5a H ■ — . 


4. 


Reduce 


7— to an entire quantity. 

Ans. 2a + 2b. 






Give Case n. 


Analysis. Rule. 
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15^8 2x 

5. Keduce ^-^ — to a mixed quantity. 



5a* 



2x 
Ans. da — -z-^. 



G. Eeduce — — to a mixed quantity. 

Ans. a + S H — . 
a 

7. Keduce ^ to a mixed quantity. 

Ans. Ba + 1 —^. 
4a 

8. Keduce ^ — ^^^ to a mixed quantity. 

Ans. 5c H — s — • 
2x 

9. Keduce — ^ — ^ to a mixed quantity. 

^ + y , X 

Ans. X + y -\ ; — . 

^ X -{-y 

10. Reduce ^— ^ to a mixed quantity. 



dcd 



Ans. - , 2c 



II. Keduce — 5-7 — to a mixed quantity. 

Case III. 

III. To reduce any fraction to the form of an entire 
quantity. 

It is evident that if an algebraic quantity be in the form of 
a fraction, and the fraction in its lowest terms, it will not re- 
duce to an entire quantity by the last case. But the principle 
of negative exponents enables us to express the value of any 
fraction whatever in the form of an entire quantity, 

1. Keduce -^ to the form of an entire quantity. 
Give Case III. 
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OPERATION. Analysis.— It has been 

a 1 shown that a fraction is 

— = aX-^ = aXC-^ = acr^ ©qual to the product of 

its numerator into the re- 
^ - ciprocal of its denomina- 

tor ; or -g = a X -j (l>9). But -^ = c"* (80) ; whence the expression 

becomes a x (r* = aer^. 

Prom this example we deduce the following 

EuLE. — Reduce the fraction to its lowest terms, and then 
multiply the numerator by the denominator with the sign of its 
exponent changed. 

EXAMPI^ES JFOB PBACTICX!, 

Reduce the following fractions to the form of entire quan- 
tities : 



2. 


«8* 




Ans. c^bc~\ 


3. 


»»2 




Ans. iv?a-^lr*c-\ 


4. 


3o« 




Am. 3x2-»a»i-V-i. 


5. 


aaficm*' 




Ans. ax-^.n'-'-. 


6. 


x — y 
x + y 




Ans. {x — y){x -J- ?/) -. 


7. 




Ans. {a + c) {a — r) '. 


8. 




mH 


Ans. mz (a — t7i) •. 


a^m — 


%am^ + wi«' 


9. 


a* — %a?i? + !* 


Ans. (a«-«?)(a^ + 28)-ia;«. 



Give analysis. Rule. 
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112. Since a factor with a positiye exponent may be trans- 
ferred from the denominator to the numerator if its exponent 
is made negative, a factor with a negative exponent may be 
transferred if its exponent is made positive. Hence we haye 
this general conclusion : 

A factor may he transferred from either term of a fraction 
io the other y if the sign of its exponent is changed. 

^SXAMPLXSa FOB rBACTICJB. 

€?h 

1. Eeduce ^^ to the form of an entire quantity. 

Ans. c?M. 

2. Reduce _^^ to the form of an entire quantity. 

^ Ans. Z7^yhn\ 

c (a -~~ 771 1 

3. Eeduce 7-^^ r-^ to the form of an entire quantity. 

{a + 7n)-^ . ;. %. 

^ ' Ans. c(c^^ m^). 

a^c^ 

4. Eeduce , ^ _^ to the form of an entire quantity. 

Ans. al^(?. 

5. Eeduce — ^ to positive exponents. Ava. --g. 

6. Eeduce — ^ ^ — to positive exponents. 

^ + y . m 

Ans. 



Eeduce the following fractions to forms having only known 
quantities in the numerators and unknown quantities in the 
denominators. 

7. ^5~. Ans. -.15-. 

8. — ^— Ans. -3-. 
cW Ans "^ 

How may a factor be transferred from one term of a fraction to the 
other? 
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Case IV. 
113. To reduce a mixed quantity to a fraction. 

1. Beduce ^ to a fraction. 

US 

2. Beduce a + t to a fraction. 



OPERATION. Analysis.— It is evident that a = 

« + | = ^ |. But ^ = «&xl, (99);.lB0 

- = X X -; and ab times - added to 



X times v is equal Xo ab -{■ x times t, or (a6 + «) x -, wMcli is equal to 

O 

— ^—, the answer. 



The algebraic operation is exactly like the arithmetical, and 
governed by the same principle. Hence, the 

BuLE. — Multiply the entire part by the denominator of the 
fraction; add the numerator if the sign of the fraction be 
plus, and subtract it if the sign be minus, and write the result 
over the denominator, 

XSXAMPZB8 FOB, PJtACTICJB. 

3. Beduce 74- and aa? + - to fractions. 

Ans. -M- and ^^ . 

^ c 

4. Beduce 3 — J and a^ to fractions. 

Ans. i and ^"" . 

1 ft 

6. Beduce y — 1 + ■=■ — - to a fractional form. 

y + 1 

Give Case IV. Analysis. Bule. 
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6. Reduce x + y -\ ; — to the form of a fraction. 

X + y 



Am. ^ + ^»y + »' + « 



x + y 
7. Reduce 4 + 2a; + - to a fraction. 



c 



8. Reduce hx — to a fraction. Ans. 



9. Reduce 3a — 9 ^^^^r- to a fraction. 

a-h3 3 

Arts, 



a + Z 



10. 



_ , . 2ax + «* . ^_ . . J. {x + ay 
Reduce x -\ to a fraction. Ans. ~ 



X X 



11. Reduce a + h -{ — ^ to a fraction. 



'' + * ^n.. (« + ^)\+^ 



a + i 
12. Reduce a + x -{ to a fraction. Ans, 



a—x a—x 

13. Reduce a to a fraction. Ans. "" 



a — x a — x 

Case V. 
114. To reduce fractions to a common denominator. 

1. Reduce -, -, and -» to a common denominator. 

OPERATION. Analysis. — We multiply both terms of each f rac- 

a ayz tion by the product of the denominators of the otjiers ; 

X ^^ XVZ *^** ^' *^® terms of the first by yz, the terms of the 

h xhz second by a», and the terms of the third by xy. This 

- = — process cannot alter the values of the fractions (105, 

y xyz jj j^^ j^^ .^ ^^g^ reduce them to a common denomina- 

C __ xyc tor, because each new denominator is necessarily the 

Z xyz product of all the given denominators. Hence, the 

What is Case V ? Give analysis. 
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EuLE. — Multiply each numerator hy the prodv-ct of all the 

de^iominators except its own^for the new numerators; and all 

the denominators togetlier for a common denominator. 

Note. — Mixed quantities must first be reduced to fractions, and entire 
quantities to fractional forms by writing 1 for a denominator. 



EXAMPZE8 FOM PBA.CTICE. 

2. Reduce ^r-? *?-> a^d d, to a common denominator. 

. 9^ 4a^ , ^d^ 

3. Reduce — ^ — , and — , to a common denominator. 

m^ mx c 

acmx h(?m^ , mh^ 
Ans. — = — , — ^— , and 



m^c^ mhx^ mh^c 

4. Reduce -:, -^. and a H ^, to a common denominator. 

4 3^ a 

. 9a 8flw; , 12a2 + 24ic 

Ans. -^r-, r^r-, and z-^r . 

12a 12a 12a 

5. Reduce -, — ; — -, and -5— — =, to a common de- 

. . ^ — y ^ -Vy ^ + ir 

nominator. 

a{7^-^xf+a^ + f) m{^+xf-x^y-f) z{a?-f) 

6. Reduce , :, and t, to a common denominator. 

X a — c 

Ans. j-^, (, 7—7 r, and ■=—) {. 

ox {a-' c) ox (a — c) hx{a — c) 

Case VI. 

115. To reduce firactions to their least common de- 
nominator. 

Since a fraction can be reduced to higher terms only by 

multiplication, each of the higher denominators it may have 

i — — . f ■ ■ ■ — — — 

Give Rule. Repeat Case VI. 
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must be some multiple of the giyen denominator. Hence, a 
common denominator for two or more fractions must be a 
common multiple of their denominators, and the ^^o^^common 
denominator must be the lec^t common multiple. 

I. Eeduce -vs and -^ to their least common denominator. 

OPERATION. 

a*^ -7- a^ = a ; and c xm = ac 
aW -i-a^=:b ; and m x b := bm, 
c _^ ac , m _^bm 

^"■^^ ^""^^ 

. Analysis. — We find by inspection that a*6* is the least common mul- 
tiple of the given denominators ; it is, therefore, the least denominator 
to which the fractions can be reduced. To ascertain what factor will 
reduce esuch denominator to a'&', we divide this term bj each denominft- 
tor, and obtain a and b. Since the given denominators must be multi- 
plied by a and b respectively to reduce them to the required denominator, 
the corresponding numerators must also be multiplied by these factors 
for the new numerators ; and we have c x a, or ac, for the first numer- 
ator, and m X b, OT bm, for the second numerator, and -^~r and -^=^, the 
answer. Hence the following 

EuLE. — I. Find the least common multiple of all the denomr 
inatorsfor the least common denominator. 

II. Divide this comrnon denominator by each of the given 
denominators, and multiply each numerator by the correspond- 
ing quotient. The products will be the new numerators. 

Before commencing the operation, each fraction must be in its lowest 

terms. 

EXAMPLES FOB PBACTICB. 

Eeduce the following fractions and mixed quantities to their 
least common denominator. 

^ m X z . T^cdm acdx , aT^z 

Give analysis. Rule. 
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m c+m ^ d , mhc dbc+dbm , acd 
3. -5, y and -^. Ans. -5^, 57 , and -r-,-. 

a + h a — h , ^ 

. 4dico!^ + 4:bco!^ 6ah — 6abc , Sertr 



^ c — d X , . ac — adlx , a^Jm 

6. a + -J —J and ar. Ans. — ^—^ — , — , and — ^. 

y ajy^ jry ' xy' xy 

tu a b J, c 

7. j — ; — -, and 



x — y'x + y' x^^y^ 



Ans '^^^ + y) ^(^-y) and ^ 






ar — r a:8 — r a:*-l 

0* + a:8 + a:» + a; a* + a?* , a:< 



Ans. 



STzrp ^^d ^^ 



a:* — 1 ' x^—l' a* — 1 



a— J , a—b 
and 



ac a{a + b) 

a2 — ^ . cia — b) 
Ans. — 7 — --T^ and —^7 — --fr. 
ac (a + J) ac (a + b) 



10. -m 5x- and 



, ae? , «J (1 + wi) 



8* 



FEACTIOKS, 



ADDITION. 

116. We have seen (50), that entire quantities may be 
added when they have a common factor, to serve as the unit 
of addition. In like manner, fractions may be added when 
they have a common unit ; and since the fractional unit is tlio 
reciprocal of the denominator, fractions to be added must 
have a common denominator. 

CL C 

1. What is the sum of t and ■=■ ? 





OPERATION. Analysis. — The fractions have a common 

- I c_ a-\-c ^t,l. In?1 



^ 1 ^ a -{- C ^jjjj^^ _ jjj _ ^Yua unit is taken a times, and 

3, in tl 
a + c 



in ^ it is taken c times ; hence, in the smn 





of the fractions, it must be taken a plus c times, expressed 

2. What is the sum of t, t-> and t— ? 
on . om 



OPERATION. 

a __ amn 

b ~~ hnn 

c __ cm 
bn "~ hmn 

d __ dn 
bm ~~ bmn 
ainn cm . dn _ amn + cm + dn 



Analysis.— We first reduce 

Fractions reduced *^® given fractions to their 

to a common de- least common denominator, 

nominator. and then add as in the first 

example. 



bm7i bmn bmn "" Jmw 

From these examples we derive the following 

EuLE. — I. Reduce the fractions to their least common de- 
nominator. 

II. Add the numerators, and write the result over the com- 
mon denominator. 

What is a fractional unit ? Give analysis of Addition of Fractions. Rule. 
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Notes. — 1. When there are mixed quantities, the entire quantities 
and the fractions may be added separately ; or the mixed quantities may 
be reduced to fractions and added. 

2. A fractional result should be reduced to its lowest terms. 



BXAMPZBa BOM PMACTICB. 

3. Wnat IS the sum of ^^ and — zrj— ? A718. ^^ — . 

00 Ao 00 

4. What is the sum of -, — , and ^? Ans. ?LZlj~yi^ 

tf xy' X xy 

5. What IS the sum of t and — ■ — ? Ans, — -^ — - — . 

DC be 

OS OS X oc 

6. What is the sum of ^, 5, and j? Ans, x + zr^. 

IVT171.X-X1. -a;--2 -. ^x^ . 19a: — 14 

7. What IS the sum of — - — and — ? Ans. — ^ . 

8. What is the sum of — — r and 7? Ans, 



a + b a — b' ' a^—lr^' 

9. Add -4- to —^—. A71S. 5^'. 

x + y x-^y x^ — y^ 

10. Add —^z — to —=; — . Ans. — ^ — . 

11. Add -— — , -z , and -— — . Ans, -z . 

1 -^ a l — a 1 + a 1 — a 

, ,, a a ^ 5b , 16a8 + 15^ 

12. Add ^, 3j, and ^. Ans. — j^^j— • 

^o A :i^ 6aJ — 3Sa — 12ac + lebc , da — U 

^^- ^^^ mc "^^ -W- 

. 2a -^b 
Ans. — 5 — . 
4c 
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14. Add 2xy 3x + -=-, and x + -pr* -4w«. 6x + -—- . 

y 45 

15. Add 5x H — ^^ and 4a; H ^^^. 

o do; 

. ^ Sa;^ — 4a; — 9 

-4w«. 9a; H — . 

15a; 

16. Add 7 rr-p — --^ and — -^. Ang. r. 

17. Add — ^-, — ^ — , and . Ans. 0. 

a^ 6c ac 

18. Add and . Ans. . 

oa; a; a 

19. Add i+^, ^^^, and 1. Ans. ^^'^ t^ + ^ . 

y dy oa 3ay 

20. Add — —T to — —T. Ans. \ ' » ^ 

21. Add T> — j—f and =-3 . 

b cd bed 

acd — 4 J« + flS 

Ans. 7-3 . 

bed 

22. Find the sum of — --r and 7. Ans. -5 r^. 

23. Find the sum of and -^ — 5. Ans. —. =, 

a; -f y x^ — y^ a?* — ^ 

24. Find the sum of -^ and -^-^ — 5. Ans. = ,. 

1— a* l.+ a2 1 — a^ 

25. Find the sum of - + t and 1 — \-^-\ Ans. 1. 

a b \ db / 
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SUBTEAOTIOKT. 

117. We have seen (64), that one entire quantity may be 
subtracted from another, when they have a common factor to 
serve as the unit of subtraction. In like manner, one fraction 
may be subtracted from another when they have the same 
fractional unit, or a common denominator. 

I. From T subtract t. 



OPBRATioisr. Analysis. — ^The fractionB have a com- 

^ f — ^ ^ mon unit, -. In -, this unit is taken a 

h h" h c 

times, and in - it is taken c times ; hence, 



in the difference of the fractions, it is taken a minus c times, expressed 
a — e 

From this example we derive the following 

EuLE. — I. Reduce the fractions to their least common de- 
nominator. 

II. Subtract the numerator of the subtrahend from the nu- 
merator of the minuend, and write the result over the common 
denominator. 

Note. — Mixed- quantities must be reduced to fractions before sub- 
tracting ; and fractional results should be reduced to their lowest terms. 



EXAMP LE8 FOM PRACTICE. 

2. From -^ take — ^ — . 

21a; — 4a; + 2 17a; + 2 



Ans, 



6 ""6 



Under what circumstances can one fraction be subtracted from an- 
other? Give analysis. Rule. 
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3. From take 



x—y x+y 

OPERATION. 

1 1_ _ x + y _ x^y _ 2y 

x — y X + y ^ — y^ a^ — y* a? — y*' 

4. From ^ take -^. -4w«. —. 

6 1 41 

^ _ 2aa: , , 6ax . llax 

5. From -5- take -^5-. Ans. ^— . 

6. From 7 take -5 — r. Ans. 



a + 1 08 — a + 1' '1+0*' 

7. From ^ take ^. Ans. —^^-. 

8. From -r- take ;r-« -4^« — rs • 

4a; 3a 12aa; 

^T. Ixi2 3— a; 

9. From 7 take — --7. -4;^. -5 — -. 

a; — 1 a; + 1 a;* — 1 

10. From 2a — 2a; H — "^^-^ take 2a — 4a; + "^ 



Ans. 2x + 



X 



ax 



^^ _ 2a + J,, 3a— J . 12b — a 

11. From — r^ — take — ;^ — . Ans. — ;r^^ — . 

6c 7c 35c 

^^ ^ 5a; + l^, 21a; + 3 . 127a; + 17 

12. From — ^— take 7^—. Ans. ~ — 

74 28 

13. From ?^? take ^. Ans. ^^. 

2a da 6a* 

i X 17 1 + a2 , , 1 — a2 . 4aa 

14. From -— ^ — -„ take r— — 5. Ans. j. 

1 — a* 1 + a^ 1 — a* 

15. From x + ^^ take :|-±^. 

Ans. X — ^ ^ ^ . 
«^ — y* 
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-i/.Ti fl^ — Jj.1 2b — 4a 
16. From --x — take 



2c 5d ' 

bad — bhd — 4:Jc + 8ac 



lOcd 

17. From \ ' ^ take — —5-. jiw5. ^ , . 

a^^j^ a + b a—b 

18. From take ^-- 

19. From 6a H ^^r — take 4a H — 



a + 3 



-4/15. 2a + 

20. What is the value of ^-±-S ^? 

a^ — l^ a-^b ^ 

Ans. 



a+b 

21. What is the value of ~^ - \^^J 

1 — a?J 1+x^ 4^ 

22. What is the value of ^5^— ? - ^^^^ ? 



23. What is the value of ^— + ^^^ ~ --^? 

be ac ab 2 

a 

24. What is the value of ^ + y - ^? 

25. From "" take 



n n — l 

2 1 

26. From -^ take 



1 _ a;2 --^^ 1 — a;- 
27. From 7 ^, r take 



Ans. 


2lx 
40' 


. 1 - 


-2w 


1^^- ,,2 


— w 


. 1 

1 + X 



(a — . J) (ic — a) (a — S) (a; — J)' 



. x + c 

{x — a) (x — by 
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MULTIPLICATION, 

Case I. 
118. To multiply a fraction by an entire quantity. 

a 



1. Multiply T by c. 



Analysis.— A fraction may be multiplied bj 
OPERATION. multiplying its numerator (105, I) ; we there- 

^ ^ - ^^ fore multiply the numerator, a, by c, and obtain 

A — ~h 

for the required product, j-. 

2. Multiply — by a;. 

Analysis. — A fraction may be multiplied by 
OPERATION. dividing its denominator (105, II) ; we there- 

^ ^ fore divide the denominator, ay, by «, and obtain 

y y ioT the required product, — . Hence, 

Multiplying a fraction consists in multiplying its numeror 
tor, or dividing its denominator. 



EXAMl^JLES FOB PBA.CTICB. 



3. Multiply -^ by 7W. 

4. Multiply ' -^ by ax. 

C — Ut 

5. Multiply -^ by cd. 

6. Multiply ^ by 7. 

7. Multiply by a + a?. 

ac 

8. Multiply j^^-ji^ by a; + y. 



-4w5. 


cm 


Ans. ^ 


Ans. 


mz 

c ' 


Ans. 


ix 
8 ' 


in. «*- 


-a« 


lW5. 

X- 


-1 • 


Ans. 





What is Case I ? Qive analysis. Deduction. 
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cd 
9. Multiply ^g _ 3 by m — y. 


Ans. — ; — . 
m^-y 


10. Multiply ^5^ by iB8 + 1. 


A ^ 



119. It is usually adyantageous to indicate the multiplica- 
tion^ and apply cancellation before obtaining the actual 
product. 

1. Multiply - by a:. 
on 

OPEBATiON. Analysis.— Having indicated the multi- 

plication, we cancel the coi 
from both numerator and d 
we have a for the product. 



fi ^ ^ plication, we cancel the common factor, x, 
= a from both numerator and denominator, and 



2. Multiply 5— by 6/w. 

OFEBATioiir. Analysis. — ^Having indicated the multi- 

C X 6m ^ plication, we cancel 3w, and obtain 3c for 

gj^^ = ^0 the product. Hence 

I. A fraction is multiplied by its own denominator by 
simply suppressing the denominator. 

II. If a fraction be multiplied by its own denominator, or 
by any multiple of that denominator, the product will be an 
entire quantity. 

EXAMPIsES VOM BMA.CTICB. 

3. Multiply - by y. Ans. x. 

4. Multiply --T- by 6J. Ans. Sax. 

00 

cd? 

5. Multiply by a^x. Ans. cd?, 

a •^~ X 

When mi^ cancellation be applied in multiplication? Give first 
deduction. Second. 
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6. Multiply — by 3a«. Ana. 6tM. 

• 7. Multiply ^^^^ by 20. Am. 6a -2j. 

8. Multiply ^^ by 896. Ans. a -a. 

9. Multiply 3__^ by a + a;. Ans. 



a — ic 



Op 

10. Multiply -^ by a« - 1. Jn«. 3c (a: + 1). 

11. Multiply 5^ by a2-2ai + J^. Ans. d^^V. 



Case II. 

120. To multiply an entire or a fractional quantity 
by a fraction. 

1. Multiply a by -. 
c 

FIB6T OPERATION. ANALYSIS.— It is evident thai ths 

T X ^ product of two quantities is the sune^ 

ax-=-xa = — wliichever be taken as tlie multiplier; 

c c c ^. 

consequently a multiplied by - li 

c 

equal to - multiplied by a ; and, according to Case I, - multiplied by « 



Analysis.— We first reduce the multi- 
plier, - , to an entire form, 6tr* by (111). 
c 

Then a multiplied by 6c-* gives dbtr\ 

ab 

which is equal to — , (112), as before. 

c 



Give Case IL Analyses. 



is equal to — . 
c 




SECOND OPERATION. 


b _ 
C " 


-^Ic-^ 




h 

a X - = 

c 


- dbc-^ - 


c 
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2. Multiply | by A 



OFEBATIOK. 



X m xm 

Analysis.— By (HI), - is equal to aar\ and — is equal to em-^ ; and 
oar* multiplied by em-^ gives aexr^trr^ which is equal to — (112). 

By inspecting this result we perceive that the numerator, ac, is the 
product of the given numerators, and the denominator, xm, is the 
product of the given denominators. Hence, the 

BuLE. — ^I. Reduce entire and mixed quantities to fractional 
forms. 

II. Multiply the numerators together for a new numerator, 
and the denominators, for a new denominator, canceling all 
factors common to the numerator and denominator of the indi* 
cated product. 



BXJLMPZBa JPOJt PMAOTICE. 

8. Multiply g by ^. Ans. ^. 

4. Multiply I by |. Ans. ^. 

6. Multiply ^ by g. Ans. |. 



6. Multiply — ~ — by — . Ans. — ^ — - — -. 

IV -MT IX- 1 a—i 26x — 25 ^ 1 x xu 

7. Multiply — ^, ^g_y , and ^—j together. 



OFEBATIOK. 

a—h 25 {x — 1) 



{a + b){a'-'b) '^ a; — 1 "" a + ^ 



Give analysis. Bule. 
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A17ALY8IS. — ^We resolve the quantities into oonveident facton 
indieaU the multiplication. Since 5, a — 5, and s — 1, are factors 
mon to the numerator and denominator of the indicated piodu< 

suppress or cancel them, and obtain for the result. 



a + 6' 

8. Multiply ^-^ 5L^, and ^^ together. 

Ans* 

9. Multiply y by y Ans. 4 

10. Multiply -g- by -j-. Ans. o 

11. Multiply — by — ^ ^* ^^^ ^< 

12. Multiply -| by -|. Am. ! 

13. Multiply -, — , ^ together. Ans. - 
14 Multiply ^ by 3^. Ane. : 
16. Multiply -^^ by -. Ans. -g- 

16. What is the product of — , -^, and - ? ^nS. i; 

17. What is the product of 31— — into '^J~, — ? 

Ans ^-^' 
^"*- 15J» + 5 

18. Multiply 5 + ^ by -. J««. ''^ + ' 



o • X a; 



19. Multiply -^ by -j-^^. ^««. ^-^-^ 
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20. Multiply — s by — ; — . Am. ^ '—. 

21. Multiply — 11^- — . — and . Ans. a. 

X -^ \ X 1 

22. Multiply 3a, 7^ , and r together. 

^"*' 2(a + S)- 

oo ir IX- , 3a? — 6a; . 7a . 3aa; — 5a 

23. Multiply -3^ by ^^f— g^. ^««. -^^jg-. 

«.. « li.- 1 3a? , 15x — 30 . 9a; 

24. Multiply 5^-3^ by ^^— . Ans. ^. 

25. Multiply -|- by g-r. Ans. 1. 

26. Multiply -^ by ^-^^. Ans. ^^-^. 

27. Multiply ^ by 5^'. ^n.. 1. 

28. Multiply ^ by ^ ^/... ^^. 



29. What IS the value of ^ ^^ ' x - — - x j- -r^? 

2a a — X (a — xy 

Ans. 3Sc 
80. What U the yalue of |±|; x ^jl? 



a+i 
x + y 
9* 



I 
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DIVISION. 

Case X 
121* To dlTide a fraction by an entire quantity. 

1. Divide -v^ by a^ 

Analysis.~A fraction may be divided by dividing 

OPKBATiON. j^g numerator (105, 1) ; we tlierefore divide tlie given 

5[£ _j_ ^ ^ numerator, ax, by x, and obtain for the required quo- 

* ' ~* tient,f. 



2. Divide — by a. 

c 

Analysis. — A fraction may be divided by multiplying 

OPERATION. j^jg denominator (105, II) ; we therefore multiply the 

^ _^ ^ ___ ^ denominator, e, by a, and obtain for the required quo- 

C ' CCC ., . m „ 

tient, — . Hence, 

Dividing a fraction consists in dividing its numerator or 
multiplying its denominator, 

BXAMPZBa TOJt rBACTIOB, 

3. Divide —y- by 3aa^ Ans. ^ 

4. Divide ^^- by SS^. Ans. p.. 

5. Divide ~ by 2m. Ans. ,^"", . 

mz '^ 2mh 

6. Divide by y. Ans. 



7. Divide — -r- by a + 1. Ans. "~ . 

cd ^ ^ cd 

8. Divide -5 7 by a^ + 4. ^»& -^ — . 

fl2 — 4 -^ a* — 16 

What is Case I ? Give analyses. Deduction. 



DlVISIOlir. 103 



Case II. 

123* To dlTide an entire or a fractional quantity by 
a fraction. 

1. Divide m by -. 
on 

OPERATION. Analysis.— We first reduce 

? — ftrg-^ *^© divisor, -, to an entire form, 



X 

a . m mx 



aarK Then m divided by aar^ is 
— r, wQicn IS equal to — 



2. Divide t by ^. 



OPERATION. 



b ' d-"^ '"^-cd-^-bc 

a c 

Analysis. — =• is equal to dbr^, and - is equal to cd-^ ; and a6-* divided 

by cdr^ is -=:t, which is equal to -j- (112). By inspecting this result, 
cd oc 

we perceive that the numerator, ad, is the numerator of the dividend 

multiplied by the denominator of 

^■»^^-»~^ -U 1.L.L..- . »»-^«.> the divisor : and the denominator. 

SECOND OPERATION. ***Tiovj. , «.**«. w*xw ^vu^/xuux»vvrx , 

, ^ 6c, is the denominator of the divi- 

— -!---:=-- x- = T-« dend multiplied by the numerator 

b ' a C oc of the divisor. The same result 

can be more readily obtained by in- 
verting the divisor, as in the second operation, and then multiplying the 
upper and the lower terms together. Hence, the following 

RxjLB. — I. Reduce entire and mixed quantities to fractional 
forms. 

II. Invert the terms of the divisor, and proceed as in multi- 
plication. 

What is Case II ? Give analyses. Rule. 
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EXAMPZES JFOB PRACTICE. 

3. DiTide -i by -. Am. zi . 

1 — a "^ 5 1 — fl 



4. Divide -7 by -^. 



7. Divide m + - by -1. 
y ^ d 



ab '^ db 3y 

-, ^. ., 4«2 , 8«J . am 

6. Divide i^ by ;^°^ J«.. 2*%t£). 

? by i Ans. ll^y+i). 

8. Divide a H — by -5. Ans. » + -. 

9. DiTido ?^^J by -^. Ans. ,f +^ . 

a^ — ofi '' a — x a^ •\- ax + ^ 

10. Divide r by — 77^ — . Ans. -^rrr j-. 

6 ^ 2b 10a; — 4 

^. ., 9a^_3a. , a« ^ 9a; — 3 

11. Divide r by -3-. -^/w. . 

6 -^ 6 X 

-io T^• -J 6^ — 7 , a; + l . 18a; — 21 

12. Divide — by — ^ — . ^?«5. --^ — ;— . 

a; — 1 ^ 3 a;* — 1 

13. Divide — =— by -r. -4?w. 12fl. 

5 -^ 15 

14. Divide — ^ by . , Ans. -f. 

5 ^ 4y 5i 

15. Divide -^ ^7 "g"- -^^^- a"' 

16. Divide T^ by y. -47W. . . 

17. Divide by ^. -4?w. r. 

a; — 1 •'2 a; — 1 

-i« -r.- -J a;^ — 2a;y + ^, « — V ^ cx—cy 

18. Divide / ^ by , ^ . -4w«. ^. 
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19. Divide ^ ~^ by ^-^* ^^' ^^ — ^^ 

20. Divide ^ by ||. ^m y|. 

o^ T%- • J ^ — * V Sac . a; — J 

21. Divide -g^ by -^. Ans. -^. 

23. Divide 1 + - by 1 — i. Ans. — %. 

24 Dmde (^^ + j-^) by -^j-^,. J»«. ^-^ 

25. Divide g + ^) by (j + f-l). ^««. ^. 

123. The division of one fraction by another, or of one 
mixed quantity by another, may be indicated in the form of a 
complex fraction, and the result reduced to a simple fraction. 

1. Divide a + - by a; + ^. 
c ^ z 

OPERATION. Analysis.— We indicate the division by writing 

^ the dividend above a horizontal line, and the 

a H — , divisor below. Then, since the denominator of 

r= i — a fraction will disappear when the fraction is 

X 4-- ^^ "*" ^^ multiplied by any multiple of its denominator 
Z (119, II), we multiply both numerator and de- 

nominator of the complex fraction by en, the 
least common multiple of the denominators of the fractional parts, and 

obtain the simple fraction, ^^-^ — . Hence, to idmplify a complex 
fraction, ««^ + ^ 

Multiply both numerator and denominator by the least com- 
mon multiple of the denominators of the fractional parts. 

Explain the process of redudng a complex to a simple fraction. Give 
dedactiLoxL 
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BXAMrZBa BOB BBACTICB. 

2. Seduce ^f to a simple fraction. Ans. f}. 

3. Reduce to a simple fraction. 



* — -J J adn + dm 

^ Ana. -Tj--- . 

ban — en 



^ + T 4a 

4. Reduce — 7 — to a simple fraction. Ans. ^rr-. 

60 

"Z" ' ^ €L -4- 4c 

5. Reduce to a simple fraction. Ans. ^ ^ . 

6. Reduce j- to a simple fraction. Ans. 



a + i- ^ ac + 1 



e 



7. Simplify the fraction — . Ans. 



1 ^ ^ n + m 



n 



8. Simplify the fraction 






a (ir — a? + 1) 
^^ + -^ - 10ca;+a— i 



9. Simplify the fraction -^. -4/w. tt; — -^- 7. 



m« 



10. Simplify the fraction ^^' Jtw. ~. 

G* — X 

11. Reduce ^^\ to a simple fraction. Ans. ^C/ "^x > 

All ^ Wc+1) 
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SECTION 11. 

EQUATIOE^S. 

134. An JEquation is an expression of equality between 
two quantities ; thus, a = 4, 5a; = 60, Zx=,a + h, are 
equations. 

The First Mewiber of an equation is the quantity on 
the left of the sign of equality ; and 

The Second Member is the quantity on the right of 
the sign ; thus, in the equation, a + ^ = 7a; -— y, the quan- 
tity, a + J, is the first member of the equation, and the 
quantity, tx — y, is the second member. 

125. An Arithmetical Equation is one which ex- 
presses the equality of numbers or sets of numbers; as 
10 = 10; 4 + 3 = 6 + 1. 

136. An Algebraic Equation is one which contains 
one or more literal quantities ; as, 3a; = 12 ; c(a + h)=^d. 
Algebraic equations serve to express the relations between 
known and unknown quantities, and to determine the values 
of the unknown quantities by comparing them with some 
that are known. 

137. A Numeral Equation is one in which all the 
known quantities are expressed by numbers ; as, 3a;+2a;=25. 

138. A Literal Equation is one in which some or all 
the known quantities are expressed by letters ; as, a? + dcx=m ; 
ay + a?=z 91. 

139. An Identical Equation is one in which the two 

Define an equation. The members. An aritlunetical equation. An 
algebraic equation. A numeral equation. A literal equation. An iden- 
tical equation. 
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members are the same, or capable of being reduced to the same 

expression by performing the operations indicated* Thus, 

. 2x — l =2x — l) . , . . , , . 

f are identical equations. 
,oz + ox=zox ) 

130. The Degree of an equation is denoted by the high- 
est exponent of the unknown quantity in the equation. Thus, 

X "^ n, ) 

' _ f are equations of the first degree. 
X -p ox — C / 

« f^ 21 ^ }• are equations of the second degree. 
n9 , _ f are equations of the third degree, &c. 

2/ -J- uX — C / 

131. A Simple equation is an equation of the first degree. 

132. A Quadratic equation is an equation of the second 
degree. 

133. A Cubic equation is an equation of the third degree. 

TEANSFORMATION OP EQUATIONS. 

134. The Transformation of an equation is the pro- 
cess of changing its form without destroying the equality of 
its members. 

Since an equation is only an expression of equality between 
two quantities, all the changes that can be made in the mem- 
bers of an equation, by which their values are altered without 
destroying their equality, are embraced in the axioms (46), 
and may be stated as follows : 

I. The same or equal qtiantities may be added to both memr 
bers (Ax. 1). 

II. The same or equal quantities mxiy be subtracted from 
both members (Ax. 2). 

III. Both members may be multiplied by the same or equal 
quantities (Ax. 3). 

Define the decree of an equation. A simple equation. A quadratic 
equation. A cubic equation. What is the transformation of an equa- 
tion ? State the principles upon which aU transformations are based. 
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IV. Both members may be divided by the same or equal 
qimntities (Ax. 4). 

V. Both members may be raised, by involution, to the same 
power (Ax. 8). 

VI. Both members m^y be reduced, by evolution, to the same 
root (Ax. 9). 

Note. — As the principal object in transforming an equation is to find 
the value of the unknown quantity, we present here only these cases 
necessary to the solution of Simple Equations. 

Case I. 

135* To transpose any term of an equation. 

Transposition is the process of changing a term from 
one member of an equation to the other, without destroying 
the equality. 

1. In a? + a = J, transpose a to the second member. 

OFEBATiON. ANALYSIS. — Since the equality 

2j I ^ «_ A of til© members is not destroyed 

~ by taking the same quantity from 

Subtract, a — a both (134, II), we subtract a from 

X=zb — a eacb member, and obtain for a re- 

suit, aj = 6 — a. 

Or, x + a^b rj^^ g^me result may be ob- 

X^b — a tained by dropping + a from the 

first member, and writing — a in 
the second member, as in the second operation. 

2. In 5 = a; — c, transpose c to the first member. 

OPERATION. Analysis.— We add e to both 

b :=X — C members of the equation (134, 1), 

^^ C = C *"^^ obtain b -\- e = x. The same 

: result may be obtained by drop- 

b + C^=X ping — c from the second member 

Qj. b :=X C ^^^ writing + c in the first mem- 

^ X . her. V 
b + c = X 

What is the object of transformation ? What is Case I ? Transposi* 
tion? Give analyses. 

10 
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It will bo seen that in each of these examples, the term 
transposed disappears from the member in which it is giv^ 
and reappears in the other member with the opposite sign. 
Hence the following 

Rule. — Drop the term to he transposed from the member in 
which it stands, and write it in the other member with its sign 
changed. 

BXAMPZBa FOJB ritJLCTICB. 

In the following equations transpose the unknown terms to 
the first member^ and the known terms to the second. 

d. Zx + m^i. Ans. 3a: = J — wi. 

4. 4a; = 2a? + cd. Ans. 4a; — 2x = cd. 

5. 3ni + 12a; -— c = a; + rf. 

Ans. 12a; — x=zd — dm +c 

6. — 6(^d + ax=. — ix — m. 

Ans. ax + hx — b(?d — m. 

7. ^acx — 3d« = aH - dhc. 

Ans, 4mx + dh: = a^d + 3(P. 

8. a + i — a; — c^ = 2c— fee. 

Ans. bx-—x = 2c — a — b + <?. 

9. a^ — cdz^b + a^ — ax. 

Ans. a^ — ahs + ax^b + cd. 

10. ab — ccc = bed — g. Ans, — a;c = bed — g — db. 

11. mzzzax — dcx + m\ Ans. 3cx — ax = m^-'m. 

12. = aJ — 3ca; — 2aa; — c. 

Ans. 3cx + 2aa; znab — c. 

Case IL 

136. To clear an equation of firactions. 

We haye seen (119, II), that if a fraction be multiplied by 
any multiple of its denominator, the product will be an entire 

Give Rule. Case IL 
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quantity. Hence it follows, that if several fractions be multi- 
plied by a common multiple of their denominators, all the 
products will be entire quantities. 

Sx X 

1. Transform — + - = 3 into an equation having no frac- 
tional terms. 

OPERATION. Analysis. — We multiply every tenn of the 

3/^. ^ equation by 12, the least common multiple of 

-J- + ^ = 3 the denominators, canceling each denominator 

as we proceed ; thus, 4 is contained in 12, 

9x -\- 2x = 36 3 times, and 3 times 3a; is 9a; ; 6 is contained in 

12 twice, and 2 times a; is 2a; ; and passing to the 

second member, 12 times 3 is 36. Hence, the 

EuLE. — Multiply all the terms of the equation ly the least 
common multiple of the denominators^ reducing each fractional 
term to an entire quantity by cancellation. 

Notes. — 1. If a fraction have the minus sign before it, change aU the 
signs of the numerator, when the denominator disappears. 

2. The pupil will readily see that an equation may also be cleared of 
fractions by multiplying each term by the product of all the denomi- 
nators. 

JEXAMrLBS FOB PBACTICB. 

Clear the following equations of their fractions : 



2. 


1 + y = 11. Ans. 3a? + 8a; = 132. 


3. 


bx X 

-g- — J = fl. Ans. 10a; — 3a; = 12a. 


4. 


XX 2x . 
-+-^-:=3a^m. 




Ans. 6a; + 2a; — 2a; = 30a — 10m. 


5. 


X X — 3 a 


^ 2 — (*• Ans, ox — oa; 4- lo — ^a. 


6. 


i "^ i ■*■ I ~ 12' ^^** 6a; + 3a; + 4a; = 10. 



Give analysis. Rule. 
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8. 
9. 

10. 
11. 
12. 

13. 
14. 

15. 

16. 
17. 



+ a — U = 



x — a — d 



2x 



SIMPLE EQUATIONS. 
X + a 



Ans. 2a! + 10a — 140 = &x + 5a. 
= J. Ans. 16 — a; + o + J = 2. 



3+7-14 2 ' 

Am. 14a; — 56 + 12a; = 16 — 21a; + 63. 

U A 



X 



a + h 

X 



+ c = m. Ans, X + ac + bc = am + bm. 

X 



= 4. 



a + b a — b 

Ans. ax^bX'-' ax — te = 4 (a' — V). 

X X 1 



+ 



Ans. ax — bx + ax + bx = 'L 

1 + 1 + 1 + 1 = 77. 



= 20. 



3a; a; — 1 5 
14 21 

3a; 5a; 8a; + 12 

2 3 "^ 7 



^w«. 30a; + 20a; + 15a; + 12a; = 4620. 



Ans. 9a; — 2a; + 30 = 840. 



1^ 



Ans. 63a; — 70a; + 4:8a; + 72 = 3. 

^^- 3a"" 2aJ + a^"^ ''• 

Ans. Aabx — 3aa; + 3a + 18J = Qa% (1 — x). 



19. 
20. 



= 2. 



yi ^TT — ^T*f* 



Ans. 12 — 3a; — 12m = 4a;. 
Ans. 9a; — 103 = 54. 
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SOLUTION OP SIMPLE EQUATIONS. 

137. The Solution of an JEqtiation is the process of 
finding the value of the unknown quantity. 

To soWe an equation, we must so transform it that the un- 
known quantity shall stand alone, and constitute one member ; 
the other member will then be the value of the unknown 
quantity. 

138. The yalue of the unknown quantity is said to be 
verified^ when, being substituted for the unknown quantity, 
the two members of the equation prove to be equaL When 
this occurs, the equation is said to be satisfied. 

139. The unknown quantity of an equation may be united 
to known quantities in fotur different ways ; by addition, by 
subtraction, by multiplication, and by division ; and further 
by various combinations of these four ways, as shown by the 
following equations, both numeral and literal : 

KunBAL. LlTKBAIi. 

1st By addition, . . iu4-6 = 10 x + a = b. 
2d. By subtraction, . a; — 8 = 12 x — c — d. 
3d. By multiplication, 20a; = 80 axz=ze. 

X X 

4th. By division, . . 7 = 1^ ^ = 5^ + ^• 

6th. a:+6 — 8 + 4 = 10 + 2 — 3, a; + a — J + c = d+c, 
&c., are equations in which the unknown is connected with 
known quantities, both by addition and subtraction. 

6th. 2a; + ^ = 21, ax + %=c, bxq equations in which 

O 

the unknown is connected with known quantities, by both 
multiplication and division. 

What is the solution of an equation ? In what does it consist ? The 
term, verified, is used to denote what? The term, satisfied, what? 
When and how«4s an equation solved bj addition? By subtraction? 
Multiplication? Division? 

10* H 
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Equations often occur, in solving problems, in which all of 
these operations are combined. 

140. When the unknown quantity is united to known 
quantities by addition or subtraction, it may be disunited^ as 
we have seen, by transposition; which, in case of plus ov posi- 
tive terms, is equivalent to a process of subtraction, and in 
case of minus or negative terms, to a process of addition. 

When the unknown quantity is united to others by division^ 
it may be disunited by multiplication j and when united by 
multiplication, it may be disunited by division. 



1. In the equation, 4x = 20, what is the value otx? 



OFEBATION. 

4a; = 20 

ic= 5 

VERIFICATION. 
4 X 5 = 20 

20 = 20 



Analysis. — Dividing both members of the 
equation by 4 (134, IV), we obtain a? = 5. To 
verify *^ value of x, we multiply it by 4, the 
coefficient of a; in the given equation, and obtaui 
20 = 20, in which the members are equal ; the 
value is therefore verified, and the equation 
satisfied. 



OS {K 

Given a; + ^ -— 5 = 7, to find the value of x. 



OPERATION, 
a? + f - I = •? • • • (1). 

10a? + 2a; — 5a? = 70 . . . (2), 

7a; = 70 . . . (3), 

a; = 10 . . . (4), 

VERIFICATION. 

^^ 10 10 ^ ,^. 
10+y-y= 7... (5), 

10 + 2 - 5 = 7 . . . (6), 
7 = 7 . . . (7). 



Analysis.— We clear the given 
equation of fractions, and obtain 
equation (2); uniting similar terms 
we have (3) ; and dividing both 
members by 7 we obtain x = 10. 

To ver^/y this value of x, we 
write the value, 10, instead of x, 
in the given equation, and obtain 
(6) for a result ; performing the 
operations indicated, we have (6) ; 
and collecting the terms in the 
first member, we have 7 = 7; and 
the value of x is verified, and the 
equation is satisfied. 
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3. . Solve the equation, — = J — a;. 

OPERATION. Analysis.— We first clear 

ax , V *^6 equation of fractions, and 

~ = ^ ^ K^/y obtain (2) ; transposing — ex, 

„nr — hP /vr (9\ ^® ^^® ^^^ ' factoring with 

ax — OC'-CX {^4.)y reference to x, we have (4) ; 

ax + CX^hc (3), andlastly, dividing both mem- 

{a + c)x=.hc (4), bers of (4) by a + c, the co- 

J^ efficient of a;, we have for the 

""^aTi ^^^' valueofo.,-^. 

a + c 

YEBIFICATION. To verify this value, we 

a be be substitute it for x in the given 

Q ^ a -\- c ^ * — a ■\- C * * * ^^^' equation, and obtain (6) ; per- 
- forming the operations indi- 

^^ -_ ^^ . . , (7), cated, we have (7), in which 

a + C a + C the two members are identi- 

cal ; and the value obtained 
for X is verified, and the equation is satisfied. 

From these examples we deduce the following 

EuLE. To solve an equation : — I. Clear the equation of 
fractions, and perform ail the operations indicated, 

II. Transpose the unknown terms to the first member of the 
eqtcation, and the known terms to the second member, and 
reduce each member to its simplest form, factoring, when neces- 
sary, with reference to the unknottm quantity. 

III. Divide both members by the coefficient of the unknown 
quantity, and the second member will be the value required. 

To verify the result: — Substitute the value found for the 
unknown quantity in the given equation, and perform the 
operations indicated. If the result is an identical equation, 
the value is verified. 

The three steps in the solution of a simple equation, con- 
Give the Rule for solving an equation. For verifying the result 
The steps in a solution. 



1 
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taining but one unknown quantity^ may be briefly stated as 
follows : 

1st. Clear of fractions. 

2d. Transpose and unite terms* 

3d. Divide. 

Notes. — 1. It is often advantageons to transpose and reduce, in part, 
before clearing of fractions. "^^^ 

2. In the last step, when the coefficient of the unknown quantity is 
negative, dividing will give a positive result in the first member. 



BXAMPLES POB PBACTICM, 

4. Given 5a; + 22 — 2a; = 31, to find x. Am. a; = 3. 

6. Given 4a; + 20 — 6 = 34, to find x. Am. a; = 5. 

6. Given 3a; + 12 + 7a; = 102, to find x. Am. a; = 9. 

7. Given 10a; — 6a; + 14 = 62, to find x. Am. x = 12. 

8. Given 5a; — 10 = 3a; + 12, to find x. Am. x = 11. 

9. Given 3a; — 20 = — a; — 4, to find x. Am. a; = 4. 

10. Given 4a; + 45 = 7a; — 30, to find x. Am. x = 25. 

11. Given a; — 1 = 4a; — 91, to find x. Am. x = 30. 

12. Given 3 (a; + 1) + 4 (a; + 2) = 6 (a; + 3), to find x. 

Am. a? = 7. 
Note. — First perform the multiplications indicated, and then reduce. 

13. Given 5 (a; + 1) + 6 (a; + 2) = 6 (a; + 7), to find x. • 

Arts, a; = 5. 

14. Given 7 (a; + 3) — 4 (3a; - 16) = 45, to find x. 

Am. a? = 8. 

15. Given ax + bx=zam + Jm, to find x. 

OPERATION Analysis. — We factor both 

ax + bx =am + bm ...(1), members of the given ^uatlon 

, . , . ) [ and obtam (2) ; and dividing by 

{a+b)x={a +J)m...(2), « + 5, the coefficient of «, we 

a; = m . . . (3). obtain x = m, the answer. 
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16. Given ac — a? = Jc — J, to find x. Ans. « = J. 

17. Given ax + dx^a — c, to find x. Ans. x = 



18. Given ax + 171 = ex + n, tofinda;. Ans. x = 

to findi 
Ans. X 



a+d' 
n — m 



19. Given cw? — Ja? = c + eto — fw, to find x. 

c — m 



3x 

■ 4 ' 


= - + - + 


1.. 


,.(2), 


6x: 
X: 


=4a;+a: + 
= 8 


8:, 


• . (3), 
..(4). 



20. Given ^ + 16 =| + | + 17, to find a;. 

OPERATION. 

3a; XX Analysis.— We first drop 

— +16 = ^+g + 17... (1), 16 from both members of the 

equation, and obtain (2). 
Then, clearing of fractions, 
transposing and reducing, we 
have x = %, the answer. 



X X 

21. Given - — 3 + 5 = 5 — 3, to find x. Ans. a; = 6. 

22. Given ? — | + 2 = 3, to find x. Ans. x = 12. 

23. Given - + | — | = _ to find x. Ans. a; = 2. 

5a; 1 11 7fr 

24. Given-^ + i=::^ + g,tofinda;. Ans. x^i%. 

25. Given- + ^^ + 2J=:3J, tofinda:. 

. %ab + 5a 

Ans. --S— . 

2 + a 

26. Given ^ + 2^ + 11 = | + 17, to find x. 

Ans. X = 10. 

27. Given ^-^-^x '\-\xz=, 39, to find the value of x. 
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OFEBATION. Akaltbis. — We multiply 

XXX V both members by 12, the least 

2*^ 3 "^ 4 ^^^ ' /' common multiple of the de- 

/» . . . o o/^ io /o\ nominatops, indicating the 

6* + 4a! + 3a; = 39 X 13 . . . (2), ^p,„ti„„ 5^ ^j^^ second mem- 

13a; — 39 X 12 . . . (3), ^er, and obtain (2) ; reducing, 

X=i 3 X 12 . . . (4), we have (8) ; we next divide 

or, X = 36 (5). ^7 18» observing, inthesecond 

member, that a quantity may 
be divided by dividing any one of its factors, and obtain (4) ; whence, 
fl; = 36. 

28. Given ix + ^x + ^x + ixz=: 77, to find x. 

Ans. a; = 60. 

29. In ia; + la; + ia? = 130, find x. Ans. x = 120. 

30. Given ^a; + fc + ^a; = 90, to find x. Ana. x = 120. 

31. Given ^y + ^y + ^y = 82, to find y. Ans. y = 84 

32. Given 5a; + |a; + ^a; = 34, to find x. Ans. a; = 6. 

^^ r^' 3a; a; — 1 ^ 20a; + 13 , ^ , 

33. Given -. jr— = 6a; ~- — y to find x. 

4 2 4 

YIBffr OPERATION. 

3a; a; — 1 ^ 20a; + 13 ,^. 

"4 2~ = ^^ 4— ••••(!)> 

3a; _ 2a; + 2 = 24a; — 20a; -. 13 . . . (2), 

— 3a; = — 15 ^ (3), 

a; = 5 (4). 

Analysis.— We multiply by 4 to clear of fractions. The first term 
multiplied by 4 gives Sx ; the product of the second term by 4 is 2iB— 2 ; 
but since the fraction has the minus sign before it, this quantity must be 
subtracted, which is done by changing the signs of the terms, thus, 
— 2a; + 2. The product of the first term in the second member by 4 is 
24r ; the product of the second term, or fraction, in the second member, 
by 4 is 20a; + 13, which being suhtractedf as ii^icated by the sign before 
the fraction, becomes — 2(te — 18. Reducing, we obtain a; = 5. 
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Note. — Yonne: operators are liable to the mistake of omitting to change 
the signs of all me terms, when a fraction having the minus sign before 
it, and a polynomial numerator, is reduced to an entire quantity. This 
error may be avoided by the method which appears below. 



SECOND OPERATION. 

Sx X"-! ^ 20a; + 13 


.(1), 
,.(2), 

.(3), 
.(4), 
• (5). 


4 2 ^^ 4 • ■ 
3a? , 20a; + 13 ^ . a? — 1 
4+ 4 ^^^ 1 2 •••' 
3a; + 20a; + 13 = 24a; + 2a; — 2. . . 

— 3a; = — 15 • • • 

x = 5 



Analysis. — ^We first transpose the fractions having the minus sign, 
and obtain (2), in which the fractions are positive ; then clearing of 
fractions and reducing, we have a; = 5 as before. 

o^^- a; — 3 9 « + 4:.^, 

34. Given x ^ = x ^> to ^^ a;. 

Am. X = 2. 

35. Given ?-±^- ^^ + 2 = a;-^^, to find x. 

Arts, a; = 7. 

36. Given^^~^^Vi^ = l, tofinda;. An8.x = ^. 

37. Given|-?^=-| + y,tofinda;. 

Ans. X = 10. 

Find the value of the unknown quantity in each of the 
following equations : 

a; a? a; a ^^ct 

39. ? + | + ? = i. . Ans.x= ^f\ , . 

a b c ac + bc + ao 

^ l + x^l + a^ ^„,.^= 1 

1 — a; a 2a + 1 
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41. — f r s— = — 1. Ana. a? = 13. 

42. ?-5 + ^ + 8 + ?-10 = 100-13. 

"^ * ^ ^W5. aj = 120. 

^- ^-3JT^ = ^- ^^^•^ = ^- 

44. i^+-? + J? = 2. AnB.x^^{a^ + V + (?). 

XXX ^ » \ • 

45. (a + i) (a — J) (a; — w) = J^. Ans. x = -33-^' 

,^ 11a; — 80 8a; — 5 ^ . -^ 

46. s zrz — = 0. Ans. X = 10. 

6 15 

X 

47. = — ^ ^ ' Ans. X = 20. 

X 2a; 

6 

48. a;-3 + 2(a;-3)=?^-?^ + a. 

OPEBATiON. Analysis. -T- To simplify 

Put X 3 = y (1); *^6 equation, we represent 

y y flJ — 3 by y, and the equiva- 

Then y + 2y = | — 2 + «««« (2), lent equation is (2), solving 

12a 

- 1?£ ^3) ^^'''^' "^^ ""^^^ ^ " 1^' 

35 ^ '' But y represents x— 3; and 

12a , . restoring this value in (1), we 

or, X 3 = -^ (4), obtain (4), whence, by trans- 

^=3+^ (5). ^-^'- = ^^^- 

49. 'L±1+^JE+I1 = 3(^ + 5)-20. An8.x = t. 

CA . a; — a . 3(a; — a) ^. . . . 

50. a; — a H ^ 1- -^— — ^ = 2J. Ans. a; = a + 1. 

^. ^. 9a; + 20 4a; — 12 . a; , ^ , 

51. (Jiyen-^^ = ^^— j- + j,tofinda;. 
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OPBRATION. ANAIiTSIS. — We first 

9x + 20 4a; — 12 x multiply by 36, and drop- 

36 — — 5x 4 "'" 4 ' * * ^ '* P"^ ^ ^^^ ^*^ mem- 

ofi/j.^__-io\ bers,weobtain(2). Next, 

20 = ^ ' • • • (2) clearing of fractions, we 

5a? — 4 ' " ' obtain (8) ; dividing by 4, 

JO (5a; — 4) = 36 (4a; — 12) . . . (3), we obtain (4) ; performing 

6 (5a; - 4) = 9 (4a; - 12) . . . (4), *^® multiplication indi- 

^- QQ jff\ cated, and reducing, we 

— lia; — — »» \ph obtain (6) and (6). 

a; = 8 (6). 

irn ri- 6a; + 7 . 7a; — 13 2a; + 4 , ^ , 
52. Given -^- + -g^-^ = -3-,tofinda;. 

OPERATION. Analysis.— We first 

Ba; + 7 7a; — 13 __ 2a; + 4 ,^ v multiply each term by 

9 '" 6iB 4- 3 — 3 ' * ' ^ ^' which is done by di- 

Tiding each denominator 

2iil^ + H:^£= 2a; + 4 . . . (3), by 8. and obtain (2); 

o ^a^ + 1 multiplying again by 8, 

21a; — 39 - .^. and reducing, we obtain 

2a; -|- 1 ^ '* (3) ; clearingof fractions 

21a; -- 39 = 10a; + 5 . . (4), ^^^f^S""^' weobtain, 

lla;=44 (5), ^"^^'W- 

a;= 4 (6). 

Note. — ^By clearing equations of the simplest denominators first, as 
in the examples just given, we sometimes avoid not only laborious mul- 
tiplications, but the involution of the unknown quantity to higher powers. 



ifo ^- 7a; + 16 « + 8 , a; . ^ , 
53. Given — ^ — = -^- + «, to find x. 



Arts, a; = 8. 



54. Giyen-^— = ^^^-^ + -,tofinda;. 

43a 

^^•^ = 8^^121' 

^^ ^. 2a; + 1 402 — 3a; ^ 471 — 6a; , ^ , 

55. Given— ^J j^ — = 9 ^ , tofindaj. 

Ans, X = 72. 
11 
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,„ „. 18a; — 19 , 11a; + 21 9a; + 15 , « , 

Ans. x = 'it. 



I 



57. Given -^ + 5 + a; = ^^4^> ^ find x. 
a; — 5 3 

Ans. a? = 6. 

68. Given — ^^ — —r — ^ = -x- H , to find a;. 

a + * ax + bx X * 

Ans. « = — . 

PEOPOETION. 

141. It is often convenient to express the relations of alge- 
braic quantities in the form of a proportion^ and from the 
proportion derive an equation. 

For this reason we present here so much of the theory of 
proportion as will enable the pupil to make use of this prac- 
tical advantage, reserving the full discussion of the subject for 
a subsequent chapter. 

142. JBatio is the quotient of one number divided by 

another. Thus, the ratio of -4 to 5 is -^. 

143. Froportion is the equality of ratios, both terms of 
each ratio being expressed. 

A 

Thus, if D = ^^ or -4 = rB\ 

IS 

C 
and n ~ ^' ^^ C =^rD; 

then the four quantities, A, B, 0, and D, are proportional, 
and their proportionality is expressed thus : 

A: B i: C: D, 

in which A and D are called the extremes, and B and C the 
means. 

Define Ratio. Proportion. The extremes. The means. 
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If in the place of A and (7 we write their values, rB and rD, 
this proportion will be 

rB : B :: rD : D; and we have 

rB X D =^ rBD, the product of the extremes ; and 
rD X B=: rBD, the product of the means. Hence, 

The product of the extremes is equal to the product of the 
means. 

1. Given 2 : a; : : 6 : 5a; — 4, to find x. 

OPERATION. Analysis. — The extremes are 2 and 

2 : X :: 6 : 6x 4 6aj — 4, and their product is lOaj — 8 ; 

- -. Q r* /-I \ the means are x and 6, and their pro- 

* / \^ ^^^ ^ ^ * *^^ since these products are 

4a; = o . . . . (^)y equal, we have equation (1). Solving 

a; = 2 (3). (1), we have 05 = 3. 

Hence, to ^convert a proportion into an equation, we have 
the following 

EuLB. — Place the product of the extremes equal to the product 
of the means. 

EXAMPZE8 JFOJt PBACTICB, 

2. Given a; : 25 : : 60 : 3, to find x. Ans. x = 500. 

3. Given a; : a; + 6 : : 2 : 6, to find ip. Ans. x = 3. 

/th 

4. Given a; + 2 : a : : 5 : c, to find x. Arts. x = 2. 

c 

5. Given a; + 6 : 38 — a; : : 9 : 2, to find x. Ans. x = 30. 

6. Given a; + 4 : a? - 11 :: 100 : 40, to find x. 

Ans. a; = 21, 

7. Given x + a : x — a :: c : d, to find x. 

C'-d 
Bule for changing a proportion to an equation. 
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8. Given a; : 2a: — a : : a : S, to find x. Arts, x = 



2a— V V 



9. Given a: b ::2y :d, to find y. Ans. y = ht- 

10. Given a' — ac : aa; : : 1 : (d — J), to find x. 

Ans. x= {d—b){a'- c). 

11. Given a; : 75 — a; : : 3 : 2, to find x. Ans. a; = 45. 



PROBLEMS. 

144. A Froblem is a question requiring the values of 
unknown quantities from given conditions. 

145. The Solution of a Problem is the process of 
finding the values of the unknown quantities. 

We have seen that equations serve to express the relations 
of algebraic quantities^ and to determine the values of the 
unknown. In Algebra, the solution of problems is generally 
effected by means of equations. 

1. If from five times a certain number, 24 be subtracted, 
the remainder will be equal to 16 ; required the number. 

SOLUTION. Analysis.— We denote the number 

Let a; = the number. required by a?. By the condition of the 

problem, 6 times x minus 24 is equal 

5a; — 24 = 16 . . . (1), to 16» which, expressed algebraically, 

5a; = 40... (2), gives equation (1). 

Q . . Solving this equation, we have « = 8, 

a; — b . . . (3). ^jjg number required. 

In this problem, the condition from which the equation is 
formed is clearly expressed, and furnishes the equation directly. 

2. A merchant paid 1480 to two men, A and B, and he 
paid three times as much to B as to A. How many dollars 
did he pay to each ? 

Define a problem. The solution of a problem. 
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SOLUTION. Analysis.— We let x repre- 

Let a? = the sum paid to A. sent the sum paid to A ; andsince 

,, .TIT* he paid 3 times as much to B as 

Zx = the sum paid to B. ^ ^ 3^ ^^ ^^^^^^^ ^^^ ^^^ 

4a: = the sum paid to both. paid to B ; and by addition, ix is 

\ Mat\ /i\ the sum paid to both. Bat by 

4a; = 480 (1), ,.*! .^, ,, .^^ 

J ^'^ one condition of the problem, 480 

X = 120, A S share . . . (2), ^oUars is the sum paid to both. 

3a; = 360, B's share . . . (3). Therefore 4flj is equal to 480, 

which expressed algebraically, is 

equation (1). Solving, we find the value of x, or the sum paid to A, to 

be $120 ; and 3 times this sum, or 3 times the value of a;, the sum paid 

to B, 1360. 

In this problem the equation is drawn from an implied con- 
dition. In thei algebraic notation, 4a; is the sum paid to both ; 
and in the enunciation of the problem, 480 dollars is the sum 
paid to both ; these two expressions of the same quantity are 
put equal to each other, to form the equation. 

From the examples given, we derive the following 

GENEBAL BULE. 

L Represent one of the quantities whose value is to be de- 
termined by some letter or symbol, and from the known rela- 
tions find an algebraic expression for each of the other qicanti- 
tiesy if any, involved in the question, 

IL Form an equation from some condition expressed or im- 
plied, by indicating the operations necessary to verify the value 
of the unknown quantity, 

III. Solve the equation. 

The three parts of the rule, or the three steps in the solu- 
tion of a problem, may be named as follows: 

1st. The notation ; 

2d. The equation ; 

3d. The solution of the equation. 

Note.— By the first two steps, the problem is translated from common 
into algebraic language ; and this is called the statement of the problem. 

Give general Rule for solution of problems. Steps of the process. 
11* 
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I 



rMOBLMMS. 



3. A father is 3 times as old as his son^ and the difference 
of their ages is 24 years ; what is the age of each ? 

A718. Son's age, 12 ; father's age, 36. 

4. A gentleman purchased a horse, a chaise and a harness, 
for 1230. The chaise cost 3 times as' much as the harness, 
and the horse 120 more than the chaise ; what was the cost of 
each ? i Harness, $3a 

Ans. \ Chaise, 190. 
( Horse, $110. 

5. Two men bought a carriage for 86 dollars ; one paid 26 
dollars more than five times as much as the other ; what did 
each pay ? Ans. One paid 10, the other 76 dollars. 

6. A man had six sons, to whom he gave 120 dollars, 
giving to each one 4 dollars more than to his next younger 
brother ; how many dollars did he give to the youngest ? 

Ans. $10. 

7. Three men received 65 dollars, the second receiving 5 
dollars more than the first, and the third 10 dollars more than 
the second ; what sum did the first receive ? Ans, $15. 

8. A man paid a debt of 29 dollars, in three different pay- 
ments ; the second payment was 3 dollars more than at first, 
and the third payment was twice as much as the second ; what 
was the amount of the first payment? Ans. $5. 

9. The greater of two numbers exceeds the less by 14, and 
3 times the greater is equal to 10 times the less ; what are the 
numbers? Ans. 6 and 20. 

10. Moses is 16 years younger than his brother Joseph, but 
3 times the age of Joseph is equal to 5 times that of Moses ; 
what are their ages ? Ans. 24 and 40. ■ 

11. On a certain day, a merchant paid out $2500 to three 
men, A, B, and C ; he paid to B $500 less than the sum paid 
to A, and to $900 more than to A ; required the sum paid 
to A. Ans. $700. 
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12. There are three numbers which together make 72 ; the 
second is twice as mnch as the firsts and the third is as mnch 
as both the others ; what are the numbers? 

Ans. 1st is 12 ; 2d, 24 ; 3d, 36. 

13. A man paid $750 to two creditors, A and B, paying 4 
times as many dollars to B as to A ; how much did he pay to 
each ? Ans. To A, 1150 ; to B, $600. 

The last problem would have been essentially the same in 
character, if any other sum had been paid out, and if the 
money had been distributed to the two men in any other ratio. 
We may therefore make this problem general by stating it as 
follows : 

A merchant paid a dollars to two men, A and B, paying n 
times as many dollars to B as to A ; how much did he pay to 
each? 

SOLUTION. Analysis.— Let x 

Let X = the sum paid to A ; denote the sum paid 

1UC = the sum paid to B. ^ ^' *^^^ ^ ^ 
* denote the sum paid 

X + nx = a (1), to B, and a? + 7105 the 

{1 + n)x=:a (2), sum paid to both, 

^ which, by the condi- 

X = ^ = the sum paid to A . . . (3), tion of the problem, 

must be equal to a, 

nx = :j-^ = the sum paid to B . . . (4). ^ expressed in (1). 
1 + n ^ Solving (1), we obtain 

the value of «, or A*s 
part, in (8) ; and multiplying by n we obtain the value of nx, or B's 
part, in (4). 



To verify these values, we 
add them, and find that their 
sum is a, the whole amount 
paid to both, as stated in the 
problem. 



a 


+ 


VERIFICATION. 

na a + na 


1 + n 


1 + n 


1 + n 
{l + n)a 
- 1 + n 
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14. My horse and saddle are worth $100^ and my horse is 
worth 7 times as much as my saddle ; what is the value of 
each? Ans. Saddle, 112^; horse, $87f 

15. My horse and saddle are worth a dollars, and my horse 
is worth n times as much as my saddle ; what is the value of 

Ans. Saddle, $t— — ; horse, $- 



Ans. 



1 + n + mn 



1 + n' '^\^n 

16. A farmer has 4 times as many cows as horses, and 5 
times as many sheep as cows, and the number of them all was 
100 ; how many horses had he? Ans. 4. 

17. A farmer had n times as many cows as horses, and m 
times as many sheep as cows, and the number of them all was 
a : how many horses had he ? . a 

1 + ^ + nxn 

18. A school-girl had 120 pins and needles, and she had 
seven times as many pins as needles ; how many had she of 
each ? An^s. 15 needles, and 105 pins. 

19. A teacher said that her school consisted of 64 scholars, 
and that there were 3 times as many in Arithmetic as in 
Algebra, and 4 times as many in Grammar as in Arithmetic ; 
how many were there in each study? 

Ans. 4 in Algebra ; 12 in Arithmetic ; and 48 in Grammar. 

20. There was a school consisting of a scholars ; a certain 
portion of them studied Algebra, n times as many studied 
Arithmetic, and there were m times as many in Grammar as 
in Arithmetic ; how many were in Algebra? 

a 



21. A person was $450 in debt. He owed to A a certain 
sum, to B twice as much as to A, and to twice as much as 
to A and B ; how much did he owe each ? 

Ans. To A, 150 ; to B, $100 ; to 0, $300. 
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22. A person said that he owed to A a certain snm^ to B 
four times as much, to C eight times as much, and to D six 
times as much ; and that $570 would pay all his debts ; what 
was his debt to A ? A71S. 130. 

23. A. person said that he was in debt to four individuids, 
A, B, C, and D, to the amount of a dollars ; and that he was 
indebted to B, n times as many dollars as to A ; to C, m times 
as many dollars as to A ; and to D, p times as many dollars 
as ta A ; what was his debt to A ? 

a 



Ans. 



1 + n + m +p 



dollars. 



24. If $75 be divided between two men in the ratio of 3 to 
2, what will be the respective shares ? 



BOLXTTION. 

Let X = the greater share ; 



75 — x = the smaller share ; 

75. 

(1). 
(2), 



a? : 75 — a; : : 3 
2a; = 225 —3a;.. 
5a; = 225 

a; = 45 = greater . . . (3), 
75 — a; = 30 = smaller ... (4). 



SECOKD SOLUTION. 

Let 3a; = the greater share ; 
2a; = the smaller share ; 

(3), 
(4). 



6a; = 75 

a; = 15 ■ 

3a; = 45 = greater . 
2a; = BO = smaller. 



Analysis. — We express the 
greater share by x, and the 
smaller share by 75 — x. By 
the conditions of the problem, 
these shares are in the ratio of 
3 to 2, as expressed in the pro- 
portion. Converting this pro- 
portion into an equation and 
solving, we find the respective 
shares to be $45 and $30. 

Analysis. — Since the shares 
are in the ratio of 3 to 2, they 
may be represented by 3aj and 
2a5. The sum of the shares, 5x, 
must be equal to $75, the 
amount divided. Solving the 
equation, we find the shares to 
be $45 and $30, as before. 



Note. — ^When proportional numbers are required, it is generally most 
convenient to represent them by only one letter, with coeflacients of the 
given relation or ratio. Thus, numbers in the ratio of 3 to 4, may be 
expressed by dx and 4x, and in the ratio of a to & by <za; and bx. This 
avoids the use of a proportion in the solution of the problem. 

I 
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25. Diyide $150 into two parts, so that the smaller may be 
to the greater as 7 to 8. Ana. $70, and $80. 

26. Divide $1235 between A and B, so that A's share may 
be to B's as 3 to 2. Ans, A's share, $741 ; B's, $494 

27. Divide d dollars between A and B, so that A's share 
may be to B's as w is tp w. 

Ans. A's share, $ — ; — ; B's, $ . 

m + »' m + n 

28. Two men commenced trade together ; the first put in 
$40 more than the second, and the stock of the first was to 
that of the second as 5 to 4 ; what was the stock of each ? 

Am. $200, and $160. 

29. A man was hired for a year, for $100 and a snit of 
clothes ; but at the end of 8 months he left, and received his 
clothes and $60 in money, as full compensation for the time 
he had worked ; what was the value of the suit of clothes ? 

Ans, $20. 

30. Three men trading in company gained $780, which 
must be divided into parts proportional to their stock. A's 
stock was to B's as 2 to 3, and A's to G's as 2 to 5. What 
part of the gain must each receive ? 

Ans. A, $156 ; B, $234 ; C, $390. 

31. A field of 864 acres is to be divided among three 
farmers, A, B, and C, so that A's part shall be to B's as 5 to 
11, and C may receive as much as A and B together ; how 
much must each receive? 

Ans. A, 135 acres ; B, 297 ; and C, 432. 

32. Three men trading in company, put in money as fol- 
lows : the first, 3 dollars as often as the second 7, and the 
third 5. They gain $960. What is each man's share of the 
gain ? Ans. $192 ; $448 ; $320. 
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33. A man had two flocks of sheep^ each containing the 
3ame number ; from one he sold 80, and from the other 20 ; 
then the number remaining in the former was to the number 
in the latter as 2 to 3. How many sheep did each flock origi- 
nally contain ? Ans. 200. 

34. A gentleman is now 25 years old, and his youngest 
brother is 15. How many years must elapse before their ages 
will be in the ratio of 5 to 4 ? Ans. 25 years. 

35. There are two numbers in the ratio of 3 to 4 ; but if 24 
be added to each of them, the two sums will be in the ratio 
of 4 to 5. What are the numbers ? Am. 72 and 96. 

36. A man's age when he was married was to that of his 
wife as 3 to 2 ; and when they had lived together 4 years, his 
age was to hers as 7 to 5. What were their ages when they 
were married? Ans. His age, 24 years ; hers, 16. 

37. The difference between two numbers is 12, and the 
greater is to the less as 11 to 7 ; what are the numbers ? 

Ans. 21 and 33. 

38. The difference between two numbers is a, and the 

greater is to the less as w to w ; what are the numbers ? 

. ma J na 
Ans. and 



m—n m—n 

39. The sum of two numbers is 20, and their sum is to 
their difference as 10 to 1 ; what are the numbers ? 

Ans. 9 and 11. 

40. The sum of two numbers is a, and their sum is to their 

difference as wi to w ; what are the numbers ? 

rn ^ (m + n)a . (m — n)a 
Am. Greater, ^—^^ ; less, ^' . 

41. A certain sum of money was put at simple interest, and 
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in 8 months it amounted to $120 ; had the interest continued 
14 months, the amount would have been $126. What was 
the principal ? * 

BOLunoK. ANALYSIS. — ^We let x 

Let X = the principal ; represent the principal, 

120 -a: = int for 8 mo. ; ^^' subtracting it from 

^^^ . i * -. J each amount, we have 

___126-^^= mt. for 14 mo. ; lao-^, the interest for 8 

120 — a; : 126 — a; :: 8 : 14 . . . (A), months, and 126 - aj, the 

Put 120 = a ; then interest for 14 months. 

, ^ a t A /T>\ Bnt since interest is pro- 

fl — a::« + 6 — a;::8:14... (B), . . , * *i. *. 

- ^ '' portKHial to the time, we 

8a + 48 — 8a; = 14« — 14a; . . . (1), ^ave proportion (A). For 

6a; ^ 6a — 48 (2), brevity, we write a for 

a; = a — 8 (3), 120, and obtain (B). Con- 
or a; = 112 (4). verting this proportion 

into an equation, and 
solving, we have aj = a — 8, or 120 — 8, or 112. 

Note. — The artifice, employed above, of representing a numeral by a 
letter, and restoring the value in the final result, is of much use, and 
gives true delicacy to algebraic operations. The pupU should be en- 
couraged in its use. 

42. A sum of money placed at simple interest, in 13 months 
amounted to $113, and in 20 months, to $120. Eequired, the 
sum at interest. Ans. $100. 

43. A certain number diminished by 45, is to the same 
number increased by 45, as 1 to 31. What is the number? 

Ans. 48. 

44. The number 12 is J of what number ? 

SOLUTION. 

Let X = the number. Analtbis.— We represent the required 

2^ number by x ; and by the condition of the 

— =: 12 . • . (1), question, } of a? must be equal to 12, which 

gives equation (1). Solving, we find x = 16, 

3a; = 48 . . . (2), the answer. 

a; = 16 . . . (3). 

4a 

45. The number a is J of what number? Ans. —. 

o 

46. The number 21 is 4 of what number? . Ans. 49. 



I 
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47. The nnmber 21 is the — part of what number? 

Ans. — . 

m ^ 

48. The number a is the — part of what number? 

^ , an 

Ans. — . 
m 

49. If you add together ^ and 4^ of a certain number^ the 
sum will be 130 ; what is the number ? 

BOLXmON. 

Let X = the number ; Analysis.— Representing the 

a = 130 • required number by x, and the 

numeral 130 by a, we have by 

— I = a (1), t^6 condition of the problem, 

^ • equation (1). Solving, we have 

7a; + 6a; = 42a .... (2), x = 3^ (4) ; and restoring the 

13a; = 42a .... (3), value of a, we have x = 420, the 

X=z3^ . . . (4), numbersought 

or, a; = 420 (5). 

50. A farmer wishes to mix 116 bushels of provender, con- 
sisting of rye, barley, and oats, so that the mixture may con- 
tain 4 ^ much barley as oats, and ^ as much rye as barley ; 
how much of each kind of grain must there be in the mixture ? 

Note. — Instead of employing the literal quantity, a, we may avoid 
the labor of multiplying numbers together, by indicating the operation. 

SOLUTION. Analysis. — We let x 

Let X = oats ; represent the njimber of 



-^ = barley ; the conditions, I of X, or 

• 5x 

— , must be the barley ; and 

14=^®/ iof^,or^,mustbethe 



,5£5£ ^^^ .^v rye. Putting the sum of 

"^ 7 14 "" ^ ^' aU equal to 116, we have 

14a; + 10a; + 5a; = 116 X 14 . . . (2), equation (1). Multiplying 

29a; = 116 X 14 . . . (3), l7 ^^' indicating tl^e opera- 

^ ' tion m the second member, 

^ ^ ^ ^ ^^ \^)' we have (2) ; and solving, 

or, a; = 56 (5). we have, finally, x = 66. 
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51. Divide 48 into two such parts^ that if the less be divided 
by 4, and the greater by 6, the sum of the quotients will be 9. 

A718. 12, and 36. 

52. A clerk spends f of his salary for his board, and | of 
the remainder in clothes, and saves $150 a year. What is his 
salary? Ans. $1350. 

53. An estate is to be divided among 4 children, in the fol- 
lowing manner : to the first, $200 more than } of the whole ; 
to the second, $340 more than \ of the whole ; to the third, 
$300 more than ^ of the whole ; and to the fourth, $400 more 
than i of the whole. What is the value of the estate ? 

Ans. $4800. 

54. Of a detachment of soldiers, f are on actual duty, \ of 
them are sick, \ of the remainder absent on leave, and the 
rest, which is 380, have deserted ; what was the number of 
men in the detachment ? Ans. 2280 men. 

55. A man has a lease for 99 years ; being asked how much 
of it had already expired, he answered that f of the time past 
was equal to ^ of the time to come. Bequired the time past 
and the time to come. 

Assume a = 99. Ans. Time past, 54 years. 

56. It is required to divide the number 204 into two such 
parts, that if | of the less be taken from the greater, the re- 
mainder will be equal to f of the greater subtracted from 4 
times the less. Ans. The numbers are 154 and 50. 

Put a = 204, and restore value in the result. 

57. In the composition of a quantity of gunpowder, the 
nitre was 10 pounds more than f of the whole, the sulphur 
4^ pounds less than -J- of the whole, and the charcoal 2 pounds 
less than \ of the nitre. What was the amount of gun- 
powder? 



\ 
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Let X = the whole ; 

%x 

-— + 10 = the nitre ; 

V 



BOLimoK. Akalybis.— Bep. 

resenting the whole 
comx>o8ition by «, we 
obtain expressions 
for the nitre, sul- 
phur, and charcoal, 
according to the con- 
ditions of the ques- 
tion ; and the sum 
of these three in- 
gredients must be 
equal to x^ the whole 
quantity (1). Mul- 
tiplying by 6, we 
have (2) ; reducing, 
gives (3); multiply- 
ing by 7 we have 
(4); reducing again, 
gives (5) ; dividing 
by 3, we have (6) ; 
and reducing still 
again, we have x = 
69, the answer. 

58. Divide $44 between three men, A, B, and C, so that 
the share of A may be \ that of B, and the share of B f that 
of 0. Ans. A, $9 ; B, $15 ; C, $20. 

59. What number is that, to which, if we add its ^, \, and 
J, the snm will be 50 ? Ans. 24. 

60. What number is that, to which, if we add its J, ^, and 

J, the sum will be a ? . 12a 

Ans. -^. 

61. In a certain orchard, i are apple trees, i peach trees, ^ 
plum trees, 100 cherry trees, and 100 pear trees. How many 
trees in the orchard ? Ans. 2400. 

62. A farmer has his sheep in five different fields, viz.: } in 
the first field, ^ in the second, ^ in the third, r^ in the fourth, 
and 45 in the fifth. How many sheep in all the fields ? 

Ans. 120. 



^ — 4^ = the sulphur ; 




|5 + ^-2 = thecharcoaL 




2a; a; 2a; 10 


■.(1), 


4a;+a; + ^ + ^ + 21. =6a;.. 


■ • (2), 


y+y + 21 = X.. 


•(3), 


4a; + 60 + 21 X 7 = 7a; . . 

60 + 21 X 7 = 3a; . . 

20 + 7x7= X.. 

69= X.. 


•(4), 
..(5), 

,.(6), 

.(7). 
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63. After paying out J and \ of my money^ I had remain- 
ing $66 ; how many dollars had I at first ? Ans. 120. 

64. After paying away - and — of my money, I. had a dol- 
lars left How many dollars had I at first ? 

Arts. 



mn — m — n 



65. K from ^ of my height in inches 12 be subtracted, \ of 
the remainder will be 2. What is my height ? 

Ans. 5 feet 6 inches. 

66. A young man, who had just come into possession of a 
fortune, spent | of it the first year, and f of the remainder the 
next year, when he had $1420 left. What was his fortune ? 

Ana. $11360. 

67. A person at play lost J of his money, and then won 3 
shillings ; after which he lost ^ of what he then had ; and, on 
counting, found that he had 12 shillings remaining. How 
much had he at first? Ans. 20 shillings. 

68. A person at play lost a fourth of his money, and then 
won 3 shillings ; after which he lost a third of what he then 
had, and then won 2 shillings ; lastly, he lost a seventh of 
what he then had, and then found that he had but 12 shiDings 
remaining. How much had he at first ? Ans. 20 shillings. 

69. A shepherd was met by a band of robbers, who plun- 
dered him of half of his flock and half a sheep over. After- 
ward a second party met him, and took half of what he had 
left and half a sheep over ; and soon after this a. third party 
met him and treated him in like manner; and then he had 5 
sheep left. How many sheep had he at first ? Ans. 47. 

70. A man bought a horse and chaise for 341 (a) dollars. 
If I of the price of the horse be subtracted from twice the 



ONE UNKNOWN QUANTITY. 137 

price of the chaise, the remainder will be the same as if ^ of 
the price of the chaise be subtracted from 3 times the price of 
the horse. Beqnired the price of each. 

Ans. Horse, $152 ; chaise, $189. 

71. If A can build a certain wall in 10 days, and B can do 
the same in 14 days, what number of days will be required to 
build the wall, if they work together ? 

SOLUTION. Analysis.— Let x rep- 

Let X = the number of days ; ^^^ *^« ^^^' ^'^^^^^ 

" Dotn are to work. Since 

^ = A's part of the work ; ^ ^^ ^^^ A ^^ *^e 
10 waU in 1 day, lie will 

^ = B's part of the work. ^^d ^ of it in a; days ; 

and since B will build ^ 

in 1 day, he will build tt 

in X days. But since the 
wall is to be completed by 
both working x days, the 
sum of these two fractions 
must be equal to unity; 
hence equation (1), which, solved, gives 5f , the number of days required. 

72. K A can do a piece of work in a days, and B can do the 
same in b days, how long will it take them if they work to- 

g«*^^'^ Am. -4-, days. 

73. A can do a piece of work in 12 days, and B can do the 
same in 24 days ; how many days will be required, if they 
work together? Ans. 8. 

74. A laborer. A, can perform a piece of work in 5 days, 
B can do the same in 6 days, and C in 8 days ; in what time 
can the three together perform the same work? 

Ans. 2-fy days. 
12* 



X 

10 


*n= 


:1... 


.(1), 


7x + 6x = 


:70.. 


,.(2), 




12a; = 


:70.. 


,.(3), 




x = 


:5|.. 


..(4). 



1 
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75. A laborer engaged to serve for 60 days on these condi- 
tions : for every day he worked he should have 75 cents and 
his board, and for every day he was idle he should forfeit 25 
cents for damage and board. . At the end of the time he 
received $25. How many days did he work, and how many 
days was he idle ? 

SOLUTION. Akaltsis. — Representing 

Let X = days he was idle ; the number of idle days by oj, 

,'^, ,, 60 — a? most be the number 

60-a; = day8 he worked. ^ ^„,j^g ^^^ g^ j^ 

^5 a; =1 25 . . . (VS worked thewhole 60 days, his 

rt/\ /9\' wages would have amounted 

a; — ^U . . . (A), ^ ^ -g^^ ^^j ^^^^ ^y 

60 — a: = 40. \^q ^ag idle, he not only lost 

his wages, 75 cents, but 25 
cents in addition, making $1 a day. In x idle days, therefore, he lost x 
dollars. Consequently the amount due him was 45 — ir dollars. But by 
the conditions of the problem, the money due him was 25 dollars ; hence 
we have (1), from which we find he was idle 20 days, and worked 40 days. 

76. A person engaged to work a days on these conditions : 

for each day he worked he was to receive h cents, and for each 

day he was idle he was to forfeit c cents. At the end of a 

days he received d cents ; how many days was he idle ? 

J. db — d 
Ans. -^ . 

77. A boy engaged to convey 30 glass vessels to a certain 
place, on condition of receiving 5 cents for every one he de- 
livered safe, and forfeiting 12 cents for every one he broke. 
On settlement, he received 99 cents; how many did he break? 

Ans. 3. 

78. A boy engaged to carry n glass vessels to a certain place 
on these conditions : he was to receive a cents for every one 
he delivered safe, and to forfeit b cents for every one he broke. 
On settlement he received d cents ; how many did he break ? 

Ans. The number represented by — XT* 
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SIMPLE EQUATIONS 
coirrAiNiKa two unknown quantities. 

146. Independent liquations are such as cannot be 
reduced to the same form, or derived one from the other ; as 
re + 3y = a, and 4a; + 6y = J. Independent equations refer 
to the same problem^ and express different conditions of the 
problem. 

147. We have seen that, in order to find the value of any 
unknown quantity in an equation, we separate it from the 
other quantities, and cause it to stand alone as one member 
of the equation. But if the equation contain two unknown 
quantities, the value of neither can be determined by this 
process. To show the reason of this, let us consider the fol- 
lowing equation : 

ic + y = 20 . . . (1). 

Transposing y, we have 

a; = 20-y, 
in which x is still undetermined, because its value in the second 
member of the equation contains the unknown quantity, y. 
Again, transposing x in equation (1), we have 
y = 20-a;, 

in which y is still unknown, because its value contains the 
unknown quantity, x. Hence, 

Two unknown quantities cannot be determined from a sin- 
gle equation. 

The equation given above expresses this condition : viz., 
the sum of two numbers is 20 ; and since there are many pairs 
or couplets of numbers of which the sum is 20, x and y can 
have no particular or exclusive values. The equation is satis- 

Define independent equations. They always refer to what? Wliy 
cannot the values of two unknown quantities be determined from one 
equation ? 



140 SIMPLE EQUATIONS. 

fied if we make a; = 1 and y = 19 ; or, x=2 and y = 18, 
etc * for 

*' 1 + 19 = 20, 2 + 18 = 20, etc. 

But If we combine another equation with this, as a: — y = 4, 
which expresses a different condition: viz., that the difference 
of the two numbers is 4, then only one value for x and one 
value for y will satisfy both equations, or answer both condi- 
tions. To find these values we may proceed thus : 

x + y = 20... (1), 
a?-y= 4 . . . (2), 
By addition, 2x = 24, or a; = 12, 

Subtracting (2) from (1), 2y = 16, or y = 8. 
And 8 and 12 are the only numbers whose sum is 20 and 
difference 4. From this result we learn that 

Two unknown quantities can be determined from two inde- 
pendent equations. 

To effect the solution of two equations, we must derive 
from the two a new equation containing but one unknown 
quantity. This operation is called 

ELIMINATION. 

148, Elimination is the process of combining two or 
more equations, containing two or more unknown quantities, 
in such a manner as to cause one or more of the unknown 
quantities contained in them to disappear. 

There are three principal methods of elimination : 

1st, By substitution J 2d, By comparison; 3d, By addition 

and subtraction. 

Case I. 

149. Elimination by substitution. 

1/ Given 2a; + 5^^ = 31, and 3x + 2y = 19, to find the 
values of x and y. 

How many equations are required that the values of two unknown 
quantities may be determined? Why? Define elimination. Name the 
methods. Give Case I. 
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OFERATIOK. AKALYSia— We transpose 

2x + 6y = Sl (A), %mequation(A),an(i divide 

Q^Tof^-iQ /m by 2, and obtain (1), which 

OXjr ^y— ^^ • . . V^;> expresses the algebraic value 

31 — 6y .^ V of X. This value of x we sub- 

^ = 2 * * ' ^^' stitute for X 'm (B) ; thus, 

Q« -^ instead of 8a?, we write its 

^^^ + 2y = 19 (2), value, 3 times ?1^ or 

93-15y + 4y = 38 (3), ?ilLl%. ^^ch, with the 

- lly = - 55 (4), 3 

- /K\ other terms of equation (B) 

2-IZ • • • V )• written in their order, gives 

31 jJ5 (2), an equation containing 

^ = 2 ' • • V /' ®^7 ®^® unknown quantity, 

.V y ; therefore x has been 

V * /• eliminated. Solving in the 

usual manner, we have ^=5. 
Since ^ is 5, % is 25 ; and substituting this value in the second member 
of equation (1), we have (6), which gives the value of a; in known terms. 
Reducing, we obtain a; = 3. Hence, the following 

Rule. — I. Find the value of one of the unknown quantities 
in one of the given equations. 

IL Substitute this value for the same unknown quantity in 
the other equation. 

EXAMPZE8 JFOB PBACTICB, 

2. Given |^^;[]2 = 2l} ^S^dtrandy. 

Ans. x = 5; y = 4. 

Ans. a: = 3 ; y = 7. 

4. Given j _ Z g M^ ^^^ ^ *^^ V' 

Ans, a; = 7 ; y = 1. 

Give analysis. Rule. 
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6. Given i ^ "f ^ ^o f *<> ^^^ V a^* ^• 

An&. y = 3 ; x = lL 

6. Qiyen 11^ + ^1= ^l\ U>&aiysniz. 

Ans. y = 3 ; a; = 5. 

7. Giyen j^^t^'^oU to find a; and i^. 

( a; + 5)? = 27 ) 

Ans. a; = 7 ; i? = 4. 

8. Given 1^-3^ = 3^} tofindyandz. 

Ans. y = 14 ; i? = 10. 



Case IL 

150. Elimination by comparison. 

1. Given 3a; + 2y = 16, and 4a; + 3y = 23, to find the 
valnes of x and y, 

OPERATION. Analysis. — Transposing 

q^ 4. o.y — 16 (SA ^ in (A), and dividing by 3, 

Zll 1 m -«o^**^W- From(B),in 

4a; + oy = ^o K^h like manner, we obtain (2). 

-1 g 2f/ ^® have thus found two 

X = 5 — ^ ... (1), algebraic values for x, which 

must be equal to each other 
__ 33 — 3y .^v (Ax. 7). Equating these 
4 • • • V /' values, we have (3), an equa- 
ls 2«/ 23 3y *^^^ containing but one un- 

o = 7 • • • (^)> known quantity, y ; conse- 

. quently, x has been elimi- 

64 — 8y = 69 — 9y . . . (4), ^^^^ Solving this equation, 

y = 5 • (S)« we obtain y = 5. Since y is 

7— — — — [T" .V 5, 2y is 10 ; and substituting 

a? = 3 (7). (6), which gives aj = 2. 

Give Case 11. Analysis. 
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Sence, the following 

Rule. — ^I. Find the value of the same unknown quantity in 
^^h of the given equations. 

II. Form an equation ly placing these values equal to each 
other. 

JBXAMBIiJBS JFOB BBACTICB. 

2. Giyen \^Z^<^ ZL A ^ ^^ ^ ^^ V' 

Ans. x = S; y = 4. 

3. Given i ^ T ^ ~ /. f to find x and y. 

Ans. ic = 1 ; y = 5. 

4. Given -j « ~ ^ f to find x and ;?. 

Ans. a; = 7 ; z = d. 

5. Given 1 ^^ ^ "" ^ i. r to find y and ;?. 

^/J5. y = 11 ; « = 13. 

6. Given i oof to find x and y. 

( 3aj — y = 2 ) ^ 

^ns. a? = 1 ; y = 1. 

7. Given 1 T « ^ r to find x and y. 

( a? + 2y = 1 ) ^ 

^;j5. a; = ^^ ; y = J. 



8. Given 






' to find X and y. 

^W5. a? = 16 ; y = 12. 



9. Given - 







' to find X and y. 

-4ws. x = 3; y = 2. 



Give Rule. 
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Case III. 

151. Elimination by addition or subtraction. 

1. Given 6x + 9y = 48, end 4a; + 2y = 16, to find the 
values of x and y. 

OPERATION. ANALYBia — ^Wc multiplj equft- 

6a; + 9y = 48 . . . (A), tion (A) hj 2, and obtain (1); we 

4a: + 2y = 16...(B). ""^f T'^^^fif T**^^"" ^^^ ^^ !' 
^ ^ ^ ' and obtain (2). We have thus ob- 



12a; + 18y = 96 . . . (1), tained two equations in which the 

12a; + 6y = 48 . . . (2). coefficients of a; are equal. Sub- 

tracting equation (2) from equation 

12y = 48 . . • (3), (1)^ member from member, the 

^ = 4 . • . (4). terms containing x cancel, and we 

have (8), an equation containing 

^ + 8 ^ 16 . . . (5), -^jj^^ QQg unknown quantity, y, 

4a; = 8 . . . (6), Solving, we have y = 4. Substi- 

a; = 2 . . . (7). tuting this value of y in (B) we 
have (5), which gives x = 2. • 

2. Given 7a; — 2y = 31, and 6a; + 2y = 29, to find x and y. 

OPERATION. Analysis. — Since the coefficients 

7a; _ 2y = 31 . . . (A), of y» in tlie given equations, are 

6a; + 2y = 29 . . . (B), numericaUy equal, and have oppo- 

^ site signs, their sum is zero, and y 

12a; = 60 . . . (1), will be eliminated by adding equA- 

X= 6 ... (2). tions (A) and (B), member to mem- 

25 . 22/ = 29 (3) ^' ' *^® ^^®® equation (1), from 

J^ _ / " }.C yrhich we obtain af = 5. Substi- 

4>y — 4 . . . (4:), |.^^g ^^ ^^^^ of a; in (B), we 

y = 2 . . . (5). obtain (3), which gives y = 2. 

From these examples we derive the following 

EuLB. — ^I. Multiply or divide the equations by such num- 
bers or quantities that the coefficients of the quantity to be 
eliminated shall be made equal. 

Give Case IIL Analyses. Rule. 
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IL If these coefficients have unlike sigtis, add the prepared 
^nations; if like signs, subtract one equation from the other. 

Notes. — 1. If the given equations require to be multiplied, find the 
least common multiple of the coefficients of the quantity to be eliminated, 
and divide it by each coefficient ; tiie quotients will be the least multi- 
pliers that can be used. 

2. If the coefficients are prime to each other, multiply each equation 
!>y the coefficient in the other equation. 

8. If necessary, dear the equations of fractions. 
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3. Given i .^ ; o^ o^ f to find x and y. 

( 4a? + 3y = 31 ) ^ 

Ans. a; = 4; y = 5. 

4. Given i„ "" ^of to find x and v. 

(7a;— y = 13) ^ 

Ans. x = 2; y = 1. 

Ans. x = 2; y = 5. 

6. Given i _, ~" «,n f to fii^d x and z. 

( 7a; — » = 79 ) 

Ans. a; = 12 ; « = 5. 

7. Given \ ^ /..vfto find x and v. 

( 7a; — y =;= 67 ) ^ 

Ans. a; = 10 ; y = 3. 

8. Given | ^^^ + ^^ = ^[ to finda; andy. 

Ans. a; = i ; y — i- 



3a; 



9, Given 



10. Given 



13 



7 +T-^ 



a; 
a;- 



l to find a; and y. 
. y = 4 ) -4w5. a; = 7 ; y = 3. 

3 ■" 
3y-6, 



2a;-- 



4 





:21 



^ to find a; and y, 
4w«. a? = 12 ; y == 6. 
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152. Of these three methods of elimination^ sometimes one 
is preferable and sometimes another^ according to the relation 
of the coefficients and the positions in which they stani 
Generally, however, the equation obtained by nsing the first 
or second method contains fractional terms. This incon- 
yenience is ayoided if we eliminate by the third method. 

GXNXBAIi JEXAMrZJBS. 

1. GiTen {^ + 4^1*} tofind^andy. 

Ans. y = 2 ; a: = 8. 

Ans. :k = 6; y = 4. 

3. Given \^ T ^ o.i f ^ ^^^ ^ ^^^ V* 

Ans. a; = 8 ; y = 3. 

4. GiTen j.^ + Jy^.S^to S^^^ a: and y. 

Ans. a; = 4 ; y = 2. 

^- ^^^^""^ {£^^ = ^8} tofi^da^andy. 

Ans. a: = 8 ; y = 16. 

^ ^. (2:c + 32J = 38) , « , , 

6. Given 1 ^ ; - oo f ^^ ^^^ ^ ^^^ ^• 
( 6a; + 5« = 82 > 

Ans. a; = 7 ; « = 8. 

^W5. a; = 4; y = 5. 

8. Giyen|2 + |^ = fJtofinda.andy. 

^W5. a; = 8 ; y =? 5. 

9. Given i ^. /"" .o\ tofindyand^;. 

( y + 4;? = 48 ) ^ 

^W5. y z=z24:; « = 6. 
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11. Given 



i5y + 
{3y + 



3a; = 93 i 

4a; = 80 I 



10. Given 1^+^^^- J} to find a; and y. 

Ans. x = 2: y = 1. 
r to find y and x. 

Ans. y = 12; a; = 11. 

12. Given ] t"*" 1 1^"^ Jt I to find a: and y. 

Ans. a; = 24 ; y = 6. 

13. Given j/t*^'^^^ to find a; and y. 

Ans. x=z6i y = 4. 

14. Given jt'*^t!^^!?i tofinda;andy. 

Hy + 7x=:51) ^ 

Ans. a; = 7 ; y = 14. 



15. Given 



^ + ^4^= 4 



to find a; and y. 



5 • 19 
( X — y = 10 ) 

^715. a; = 24 ; y = 14, 

16. Given 1 ^ "" «? r to find x and y. 

( a; — y = 2i ) ^ 

^TW. x = a + b; y = a — 5. 

17. Given i T ^^ .""o ^. o^f to find a; and y. 

^W5. a: = c + 2d ; y =:a + 2c. 

18. Given {'^ + '"y = ^»} tofinda;andy. 

( ca? — wy = 2 J > ^ 



^ns. a; = 



a + 5 



19. Given \^ + f-^\ tofinda^andy. 
i ax'-iu = c) ^ 



Ans. x=z 



V-^-t? 



• 11 — 


a-5 


? i^ - 


m 


: ^ = 


^h--c 


> j^ " 


'b + c 



20. Given 



X 

— + ny=:m+n 

mx n^y _ ^3 . ^2 
n m 



a{b-\-c)' 
to find X and y. 



Ans. x=:mn; y = 



m 
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PROBLEMS 

PRODUCING EQUATIONS CONTAINING TWO UNKNOWN QUANTITIES. 

153. Many of the problems hitherto given require the de- 
termination of more than one unknown quantity; but the 
quantities are so related to each other that they can be ex- 
pressed algebraically by the use pf a single letter. The solu- 
tion is often rendered more simple by using as many letters as 
there are quantities to be determined. If two letters are em- 
ployed to represent unknown quantities, the conditions of the 
problem must furnish two independent equations ; otherwise 
it will not be capable of solution (147). 

1. A man bought at one time 3 bushels of wheat and fiye 
bushels of rye for 38 shillings ; and at another time, 6 bushels 
of wheat and 3 bushels of rye for 48 shillings. What was the 
price of a bushel of each ? 

SOLUTION. Akalysib.— We represent the prices 

Let X = price of wheat ; by x and y. Since 3 bushels of wheat 

y __ price of rye. "^^ ^ bushels of rye cost 88 shillings, 

— — we have equation (A), famished by 

dx+ 5y = 38 . . . (A), the first condition ; and since 6 

6a? 4- 3y = 48 . , . (B). bushels of wheat and 8 bushels of 

g , -iQ wg /-| \ rye cost 48 shillings, we have equa- 

^ ^ 4q' ' )cx\ ^^^ (®)» ^™ *^® second condition. 

bx+ Jy — 4« . . , (Z). Multiplying (A) by 3 to make the co- 

7y = 28 . . . (3), efficients of x equal, equations (A) and 

V = 4 (4) (^^ become (1) and (2). Subtiactiiig 

-— — ^ — ' " \ ; * (2) from (1), we have (3), which gives 

6X -i- 4{)z=66 ... (0), y _ 4 Substituting this value of y 

X = 6 . . . (6). in (A), we have (5), which gives y=6. 

2. A mati spent 30 cents for apples and pears, buying his 
apples at the rate of 4 for a cent, and his pears at the rate of 
5 for a cent. He afterward let a friend have half of his apples 
and one-third of his pears, for 13 cents, at the same rata 
^ow many did he buy of each sort ? 
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B0LT7TI0N. 

Let X = number of apples, and y = number of pears. 

X ti 

Hence, j = cost of apples, and ^ = cost of pears. 

By the first condition, | + | = 30 . . , (A). 

X 'U 

By the second condition, 3 + :^ = 13 . . . (B). 
Multiplying (B) by 2, | + || = 26 . . . (1). 
Subtracting (1) from (A), | - 1| = 4 ... (2) ; 

O 10 

Whence, y = 60 . . . (3). 

Substituting m (A), | + 12 = 30 . . . (4) ; 

Whence, a; = 72 . . . (5). 

3. What fraction is that, to the numerator of which, if 1 be 
added, its value will be i, but if 1 be added to the denomina- 
tor, its value will be i? 

eOLXJTION. 

Let - = the fraction. 

y 

a; 4- 1 1 
By the first condition, = - . . . (A). 

X 1 

By the second condition, ^ = j . . . (B). 

Clearing (A) of fractions, 3a; + 3 = y . . . (1). 

Clearing (B) of fractions, 4a; — l =y . . . (2), 

Subtracting (1) from (2), a; — 4 = . . . (3). 

Transposing, a; = 4 . . . (4). 

From (1), y = 15 . . (5). 

X 4 
Hence, the fraction is - = --.. (6). 

y lb 

13* 
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4. A gentleman paid for 6 pairs of boots^ and 4 pairs of 
shoes, $44 ; and afterward, for 3 pairs of boots, and 7 pairs 
of shoes, $32 ; what was the price of each per pair? 

Am. Boots, $6 ; shoes, $2- 

5. What fraction is that, to the numerator of which, if 4 
be added, the yalue is | ; but if 7 be added to its denominator, 
its yalue is ^ ? Ans. -f^, 

6. A and B haye certain sums of money : says A to B, 
" Give me $15 of your money, and I shall haye fiye times as 
much as you will have left*' Says B to A, "Give me $5 of 
your money, and I shall have exactly as much as you will have 
left ;" how many dollars has each ? 

Ans. A has $35 ; and B, $25. 

7. What fraction is that whose numerator being doubled, 
and its denominator increased by 7, the value becomes f ; but 
the denominator being doubled, and the numerator increased 
by 2, the value becomes ^? * Ans. f. 

8. If A give B $5 of his money, B will have twice as much 
money as A has left ; and if B give A $5, A will have thrice 
as much as B has left ; how much had each ? 

Ans. A has $13 ; and B, $11. 

9. A merchant has sugar at 9 cents and 13 cents a pound, 
and he wishes to make a mixture of 100 pounds that shall be 
worth 12 cents a pound ; how many pounds of each quality 
must he take ? 

Ans. 25 pounds at 9 cents, and 75 pounds at 13 cents. 

10. A person has a saddle worth £50, and two horses. 
When he saddles the poorer horse, the horse and saddle are 
worth twice as much as the better horse ; but when he saddles 
the better horse, the horse and saddle are together worth three 
times the other ; what is the value of each horse ? 

Ans. £40 and £30. 

11. One day a gentleman employs 4 men and 8 boys to 
labor for him, and pays them 40 shillings ; the next day he 
hires at the same rate, 7 men and 6 boys, for 50 shillings ; 
what are the daily wages of each? 

Am. Man's, 5 Bhillinga •, \)o^a> % ^sSSxssss^ ^ ^^i^^ji^ 
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12. A merchant sold a yard of broadcloth and 3 yards of 
yelvet, for $25 ; and, at another time, 4 yards of broadcloth 
and 5 yards of yelyet, for $65 ; what was the price of each 
per yard ? Ans, Broadcloth, $10 ; velyet, $5. 

13. Find two numbers, such that the sum of half the first 
^md one third of the second is 9 ; and the sum of one fourth 
of the first and one fifth of the second is 5. 

Ans. 8 and 15. 

14. A gentleman being asked the age of his two sons, an- 
swered, "If to the sum of their ages 18 be added, the result 
will be double the age of the elder ; but if 6 be taken from 
the difference of their ages, the remainder will be equal to the 
age of the -younger ;" what were their ages ? 

Am. 30 and 12. 

15. A says to B, '^ Give me $100 of your money, and I shall 
have as much money as you." B replies, " Give me $100 of 
your money, and I shall have twice as much as you ;" how 
many dollars has each ? 

Ans. A, $500 ; B, $700. 

16. Find two numbers, such that \ of the first and f of the 
second added together, will make 12 ; and if the first be 
divided by 2, and the second multiplied by 3, f of the sum of 
the results will be 26. Ans. 15 and 10^. 

17. Says A to B, '^ ^ of the difference of our money is equal 
to yours ; and if you give me $2, 1 shall have 5 times as much 
as you ; " how much has each ? 

Ans. A, $48 ; B, $12. 

18. A market-woman bought eggs to the amount of 65 
cents, some at the rate of 2 for a cent, and some at the rate 
of 3 for 2 cents. She afterward sold them all for 120 cents, 
thereby gaining a half cent on each Qgg ; how many of each 
kind did she buy ? Ans. 50 of one ; 60 of the other. 
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19. What two numbers are those^ whose sum is a and dif- 
ference b ? 

SOLUTION. 

Let X = the greater, 
and y = the less. 

From the first condition, x + yz=za (1). 

From the second condition, a? — y = ft (2). 

Adding (2) to (1), 2x=:a + b... (3). 

Subtracting (2) from (1), 2y = a — ft . . . (4). 

Hence, ^ ~ 2 "^ 2' S^^^^* 

And y = I — -, less. 

In these results, we have the algebraic expression of the 
following general truth : 

Tlie half sum of any two numbers, added to the half differ- 
ence, is the greater of the two numbers ; and the half sum, 
diminish^ by the half difference, is the less. 

20. The sum of two numbers is 28, and their difference is 
6 ; what are the numbers ? Ans. Greater, 17 ; less, 11. 

21. There are two numbers whose sum is 100, and three 
times the less taken from twice the greater, giyes 150 for re- 
mainder. What are the numbers ? Ans. 90 and 10. 

22. A man and his wife labored m days, and received 2a 
dollars for compensation. Had the wife been idle, and on 
expense at the same daily rate as her wages, they would have 
saved but 2c dollars. What were the daily wages of each ? 

Ans. Man*s, ; wife*s, . 

m m 

Having the sum and the difEerence of two numbers given, how may 
the nmnbdis be found 7 



THEBB OB MOEB UKKKOWK QITAKTITIES. 153 

23. Find two numbers, snch that twice the first diminished 
by the second shall be equal to db ; and twice the second 
diminished by the first shall be equal to 3a. 

Ans. First, a + 2b; second, 2a + J. 

24. Divide the number a into two such parts that the first 
shall be to the second asm ton. 

* Am. First, — ; — ; second. 



m -\- n m + n 

SIMPLE EQUATIONS 

COWTAIKLNQ THEEE OB MOEB UKKI^^OWI^^ QUANTITIBS. 

164:. !• Given •< a: + 2y + 3;? = 16 > to find a;, y, and z. 
( a; + 3y + -k = 21 ) 

OFBBATION. ' ANALYSIS. — By trans- 

X A- «/ 4- « — 9 ^A^ posing, we obtain equa- 

.iZZ^^'^Af^ l^\ *^^°(^> from {A), (2) 

a; + 3y + 43? = 21 (C). (C). These equations 

/p _- 9 y ^ ^ ^ Q\ give us three values for 

^ \ /^ and 2d values, we nave 

^ = ^^ "~ % — "^^ ' • • (3). (4), and equating the 2d 

9 — y — 2J = 16 — %y — 3;? . . . (4), and 8d values we have 

16-2y-3;? = 21-3y-4;2...(5), (^^- ^® ^*^® ^^""^ 
^ ^ '' eliminated oj, and ob- 

y — ' — ^^ (^)> tained two equations 

y = 5 — ^ (7). with two unknown 

5—3?= 7 — 23? (8). quantities. By trans- 

! o posing terms in (4) and 

^ (5) and reducing, we 

y= ^y have (6) and (7), giving 

a; = 4. two values for y. Equa- 

ting these values, we 
eliminate y, and obtain (8), from which we find 2 = 2. By substituting 
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the value of e in (7) we obtain ^ = 8 ; and substitating the yalaes of t 
and y in (1) we obtain a; = 4. 

In this example we have eliminated by the method of 
comparison. 



2. Given 



2x + ^y-'dz = 22 
4a; — 2y + 5i2; = 18 



to find Xy y, and z. 



{6x+7y^ 

OPERATION. 

2a; + 4y— dz = 22. 
4x — 2y+ 5z = 18, 
6a; -f 7.y — z = 63, 



4a; + 8y- 
4a; — 2 V + 



6z = U. 
5z = 18. 



lO y — ll;g = 26 . 

6a; + 12y — 9^; = 66 . 
(}X-\' 7y — z = e3. 



5y- 



;= 3 



lOy— 16i?= 6. 

lOy — llig = 2 6. 

6z = 20. 

AnsJy= 7, 
[x=z 3. 



z = 63 

..(A), 
..(B), 
..(C). 
,.(1). 

..(2). 
,.(3). 

..(4). 
. . (5), 

..(6). 



ANALT8is.--We multiply (A) 
by 2, and obtain (1). Writing 

(B) ondemeath this and sub- 
tracting, we eliminate x, and 
obtain (2). Next, multiplying 
(A) by 3, we obtain (3). Writing 

(C) under this and subtracting, 
we again eliminate x, and ob- 
tain (4). Multiplying (4) by 2 
gives (5). Writing (2) under 
this and subtracting (5) from it, 
we eliminate y and obtain (6), 
which gives e=4. Substitutmg 
this value of e in (4), and solving, 
we have y=7 ; and substituting 
the values of z and y in (A), and 
solving, we find a; = 3. 



In this example we have eliminated principally by the 
method of addition or subtraction. 
From the illustrations given we deduce the following 

EuLB. — ^I. Combine one of the 'eqimtions with each of the 
other Sy eliminating successively the sams unknown quantity ; 
the result will be a new set of equations containing one less 
unknown quantity. 

II. Combine one of the new equations with each of the 
others, eliminating a second unknown quantity ; and the re- 



Give rule for reducing equations containing tliree or more unknown 
quantities. 
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suit will be a new set containing two unknown quantities less 
than the original. 

UI. Continue this process till an equation is found contain- 
ing hut one unknovm quantity. 

IV. Solve this equation and find the value of the unknown 
quantity. Substitute this value in an equation containing two 
unknown quantities, and thus find the value of a second. 
Substitute these values in an equation containing three un- 
known quantities, and find the valvs of a third; and so on, 
tiU the values of all are found. 

Note. — ^Instead of combining the first with each of the others, we 
may combine the first with the second, the second with the third, and 
so on ; or we may pursue any other order of combination best suited to 
the mutual relations of the coeffidents. 

155. It is evident that if there are more unknown quanti- 
ties than equations, the last resulting equation will contain 
two or more unknown quantities, and the solution will be 
impossible (147). Hence the following general law : 

There must he as many independent equations as there are 

unknown quantities. 

Note. — If there are more independent equations than unknown quan- 
tilies, some of them can be dispensed with in reducing the equations. 



JBXAMPZBS FOR PBACTICE. 

!dx + 9y + Sz = 4:l) 
5z -{- 4:y '-'2z = 20 > to find x, y, and z. 
11a; + 7y - 6i? = 37 ) 

Ans. x=i2; y = 3; z=:l. 

ldx + 6y+ z = 26) 
2. Given i6x + 3y'\-2z=zdl> to find x, y, and z. 
{9x + 4:y + ^=z60) 

Ans. x=2; y = 3; z = 6. 

What number of equations is required in the solution of a problem? 
Why? 
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Note. — Wben eeveral coefficientB are unity, or multiples of eacT^ 
other, certain expedients may be employed to facilitate the calculation 
for which no sp^nfic rules can be given. 

3. Given ^aj + y — i? = 25> to find Xy y, and z. 

(a; — y — i?= 9 ) 
Subtract the 2d from the 1st, and 2^? = 6, or z = 3. 
Subtract the 3d from the 2d, and 2y = 16, or y = 8. 
Add the 1st and 3d, and 2x = 40, or a; = 20. 

u-\-v-\-x + yz=:10 
u + v -\- z 4-a; = ll 

4. Giyen \u + v + z-\-y = 12 
u + x -{- y -{- z =:13 

^v -{- X + y + z ^14: 
Since in each equation one letter is wanting, assume 
u + v + x + y-\'Z=zs. 



• to find the yalue of eacL 



Then, 



By addition. 



« — « = 10, 
« — y = ll, 
« — a; = 12, 
« — V = 13, 

68 — 8 = 60, 

8 =15. 



Hence, by 
substitu- 
ting the 
yalue of «, 



' z =^, 
y = 4, 
a; = 3, 



Bequired, the values of the unknown quantities in the fol- 
lowing equations : 

(x-\'y + z=z26) 

5. \x — y =4>* Am. - 
ix-z = 6) 
( x — y — zzn 6) 

6. •< 3y — ic — « = 12 > • An8. 

(a;+iy = 100) 

7. iy + iz =100>' Am. 
iz+ix=ilOO) 
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8. 



9. 



10. 



11. 



12. 



13. 



a; + y = 52 
y + 2j =82 
z + w = 68 
w + t^ = 30 
w + a; = 32 

\x-\- 3y = 23 

y + 3i? = 31 
.a;+y + « + 2w = 39 

4a; + 2y — 3i2; r= 41 

3a; — 5y + 2^? = 22 I 

a;+ y+ ^ = 12 J 

i^ + iy + i« = 2^ 1 
ja; + y + iis; = 33 V 

^ + y = «1 

a; + 2J = J )-• 
y + ;? rrcj 



^n«. 




-4/J5. i V = 






ca;+ y+ a2f = a+ ac + c 
a(a + 2y + ac;? = a^ + 2ac + <? 



. ^7W. - 



a 
^=? 
y = (w;, 

a 



PEOBLEMS 

PEODUCINQ EQUATIONS CONTAINING THBEE OR MORS 
UNKNOWN QUANTITIES. 

156. 1. Three persons, A, B, and 0, talking of their 

ages, it was discovered that the snm of their ages was 90 years ; 

the half snm of A's and B's was 25 years ; and the half sum 

of B's and C's was 35 years. What was the age of each ? 

Am. A's = 20 years ; B's = 30 years ; and C's = 40 years. 

U 
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2. A's money added to 3 times B's and C's will amount to 
1470; B's money added to 4 times A's and C's will amount to 
$580; and C's money added to 5 times A's and B's, will 
amount to $630. How much money has each ? 

SOLUnOK. 

i a: + 3y + 3« = 470 (1), 

By the conditions, < y -\- ^x + 4^ = 580 (2), 

( « + 5a: + 5y = 630 (3). 

Adding 2x to (1), (Sx + Sy-f-Szzzi 470 + 2a: (4). 

3y to (2), ^ 4a; + 4y + 4? = 680 + 3y (5). 

4? to (3), ( 5a; + 5y + 52f = 630 + 4? (6). 

Assume 8= x + y + z. 

Equation (4) becomes i 3« = 470 + 2a;. . . (7), 

(5) " -^ 45= 680+ 3y... (8), 

(6) " ( 55= 630+ 40... (9), 

Multiplying (7) by 6, i 18* = 2820 + 12a;. . . (10), 

(8) by 4, I 165 = 2320 + 12y . . . (11), 

(9) by 3, ( 155 = 1890 + 12g . , . (12). 

Adding (10), (11), and (12), 495 = 7030 + 125 . . . (13), 

375=7030 (14), 

5 = 190 (15). 

Substituting value of 5 in (7), ( x = $50, A's, 
-(8), \y^ 60, B's, 
" (9), {z= 80, C's. 

Note. — The pupil, if lie choose, may solve the above question by the 
usual methods. But the solution given, to which we call particidar 
attention, is calculated to impart a superior skiU, and to cultivate a 
higher mathematical taste. Similar expedients may be employed in 
several of the following problems. 

3. A farmer has sheep in three pastures. The number in 
the first pasture, added to half the number in the second and 
third, will make 70. The number in the second pasture, added 
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to one third of the number in the first and third, will make 60. 
And the number in the third pasture, added to one fifth of the 
number in the other two, will make 58. How many sheep in 
each pasture ? Ans, In the first, 30 ; second, 35 ; third, 45. 

4. Three persons divided a sum of money among them in 
such a manner that the shares of A and B together amounted 
to $900, the shares of A and C together to $800, and the 
shares of B and G to $700 ; what was the share of each ? 

Ans. A's share, $500 ; B's, $400 ; and C's, $300. 

5. The sum of three numbers is 59 ; one half the difference 
of the first and second is 5, and one half the difference of the 
first and third is 9 ; required the numbers. 

Ans. 29, 19, and 11. 

6. A certain number, consisting of two places, a unit and a 

ten, is four times the sum of its digits, and if 27 be added to 

iL the order of the digits will be inverted. What is the 

number ? 

Note. — The local value of a figure is increased tenfold by every re- 
move to the left of the unit's place ; hence if x represent a digit in the 
place of tens, and y in the place of units, the number will be expressed 
by 10a; + y. A number consisting of three places, with a?, y, and «, to 
represent the digits, will be expressed by lOCte + lOy + z, 

Ans. 36. 

7. A number^ is expressed by three figures; the sum of 
these figures is 9 ; the figure in the place of units is double . 
that in the place of hundreds, and when 198 is added to this 
number, the sum obtained is expressed by the figures of this 
number reyersed ; what is the number ? Ans, 234. 

8. Divide the number 90 into three parts, such that twice 
the first part increased by 40, three times the second part in- 
creased by 20, and four times the third part increased by 10, 
may be all equal to one another. 

Ans. First part, 35 ; second, 30 ; and third, 25. 

9. Find three numbers, such that the first with ^ of the 
other two, the second with } of the other two, or the third 
with \ of the other two, shall be equal to 25. 

Ans. 13, 17, and 19. 
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10. There are three numbers^ such that the first with | the 
second^ is equal to 14; the second with ^ of the third, is 
equal to 18 ; and the third with J of the first, is equal to 20 ; 
required the numbers. Ans. 8, 12, and 18. 

11. Find three numbers, such that ^ of the first, ^ of the 
second, and i of the third shall be equal to 62 ; ^ of the first, 
^ of the second, and \ of the third equal to 47 ; and i of the 
first, \ of the second, and | of the third equal to 38. 

Ans. 24, 60, and 120. 

12. Find three numbers of such magnitude that the first .•! 
with i of the sum of the other two, the second with J of the 
sum of the other two, and the third with ^ of the sum of the 
other two, may be the same, and amount to 51 in each case. 

Ans. 15, 33, and 39. 

13. Four boys. A, B, C, and D, comparing their money, • 
found that A's money added to J of the sum possessed by Ife 
other three, would make $30 ; B'ff money added to |^ of the 
sum possessed by the other three, would make $32 ; C's money 
added to i of the sum possessed by the other three, would 
make $34 ; and D's money added to ^ of the sum possessed 
by the other three, would make $36 ; what sum had each ? 

Ans. A, $12 ; B, $15 ; C, $18 ; D, $21. 

14. The sum of three fractions is 2. The second fraction 
is double that of the first ; and the third is double that of the 
second ; what are the fractions ? Ans. f , 4^, and f. 

15. The first of three numbers added to ^ of the sum of the 
other two makes 23 ; the second added to ^ of the sum of the 
other two makes 30 ; the third added to twice the sum of the 
other two makes 72. What are the numbers ? 

Ans. 12, 15, 18. 

16. A's afire is double that of B, B's is triple that of C, and 
the sum of all their ages is 140 years ; what is the age of each ? 

Ans. A's = 84 years ; B's = 42 years ; C's = 14 years. 

17. A man worked 10 days for his neighbor, his wife'4 days, 
and their son 3 days, and they all receiyed 11 dollars and 60 
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Bents ; at another time the man served 9 days, his wife 8 days, 
Emd the son 6 days, at the same rates as before, and received 
12 dollars ; a third time the man served 7 days, his wife 6 
days, and the son 4 days, at the same rates as before, and re- 
ceived 9 dollars. What were the daily wages of each ? 

Ans* Husband's wages, $1.00 ; wife's, ; son's, 60 cents. 

NEGATIVE RESULTS. 

157. In the solution of the last example, the wages of the 
wife are found to be 0, which means that she received no 
wages. The following examples will illustrate negative re- 
sults : 

1, A man worked for a person 10 days, having his wife with 
him 8 days and his son 6 days, and he received 10 dollars and 
^ cents as compensation for all three ; at another time he 
^rked 12 days, his wife 10 days, and son 4 days, and he re- 
ceived 13 dollars and 20 cents ; and at another time he worked 
15 days, his wife 10 days, and his son 12 days, at the same 
rates as before, and he received 13 dollars and 85 cents. What 
were the daily wages of each ? 

Ans. Husband, 75 cents ; wife, 50 cents ; son, — 20 cents. 

The sign minus signifies the opposite to the sign plus. 

Hence the son, instead of receiving wages, was at an expense 

of 20 cents a day, and the language of the problem is thus 

shown to be incorrect. 

2. Two men, A and B, commenced trade at the same time ; 
A had 3 times as much money as B, and continuing in trade, 
A gained 400 dollars, and B 150 dollars ; A then had twice 
as much money as B. How much did each have at first ? 

Without any special consideration of the problem, it implies 
that both had money, and asks how much. But on solving 
the problem with x to represent A's money, and y, B's, we find 
x=— 300, 
and . y= — 100. 
14* L 
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That is^ they had no money, and the minus sign in thi.s[ 
case indicates debt; and the solution not only reveals tb.e 
numerical values, but the true conditions of the problem, and 
points out the necessary corrections of language to correspond 
to an arithmetical sense. 

The problem should have been written thus: 

A was three times as much in debl ew B ; A gains 400 
dollars, and B 150 ; A now has ttvice as much m^oney as B. 
How much were each in debt? 

Ans. A*s debt, $300 ; B's, $100. 

These results are positive, and show that the enunciation 
corresponds to the real circumstances of the case. 

3. What number is that whose fourth part exceeds its third 
part by 12 ? Ans. — 144. 

But there is no such abstract number as — 144, and we caj^ 
not interpret this as debt. It points out error or impossibility, 
and by returning to the problem we perceive that a fourth 
part of a number caifnot exceed its third part ; it must be, its 
third port exceeds its fourth part by 12, and the enunciation 
should be thus : 

What number is that whose third part exceeds its fourth 
part by 12. . Ans. 144. 

Thus do equations rectify subordinate errors, and point out 
special conditions. 

4. A man when he was married was 30 years old, wid his 
wife 15. How many years must elapse before his age will be 
three times the age of his wife ? Ans. — 1^ years. 

The question is incorrectly enunciated ; 7^ years before ilie 
marriage, not after, their ages bore the specified relation. 

8. What fraction is that which becomes | when 1 is added 
to its numerator, and \ when 1 is added to its denominator. 
Atis. In an arithmetical sense, there is no such fraction. 

The algebraic expression, ^.^ , will give the required results. 
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I SECTION III. 

f INYOLUTIO]^; 

OR, THE FORMATION OF POWERS. 

158. A Fower of a quantity is the product of factors 
each of which is equal to that quantity. 

159. Powers are indicated by exponents, from which they 
take their names. * 

Thus, let a represent any quantity : 
1\;& first power is a = a^ 

It« second power is aa =: a^ 

Its third power is aaa = a^ 

Its fourth power is aaaa = a* 

Its fifth power is aaaaa = a^ 

In general terms, a to the nth power is aa, &c., to n factors, 
n being any positiye integer. 

160. The First Fower of any quantity is the quantity 
itself. 

The 8quci/re of any quantity is its second power. 
The Cttbe of any quantity is its third power. 

161. A Ferfect Fower is a quantity that can be exactly 
produced by taking some other quantity a certain number of 
times as a factor ; thus, a^ + 2ab + 62 is a perfect power, be- 
cause it is equal to {a + b) X {a + b); a^ + Sa^ + 3x + 1 is 
a perfect power, because it is equal to {x + 1) (a: + 1) {x + 1). 

Note. — It is thoaght best to omit questions at the bottom of the pages 
in the remaining part of this work, leaving the teacher to nse such as 
may be deemed appropriate. 
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163. An Imperfect Power is a quantity that canned -/ 
be exactly produced by taking another quantity any numbesr 
of times as a factor; 2i&, a^ + bjZ + 3y, and a^ + oft + J^. 

163. Involution is the process of raising any quantity 
to any given power. Involution, in algebra, is performed by 
successiye multiplications, as in arithmetic. 

The first power is the quantity itself. 

The second power is the product of the quantity multiplied 
by itself. 

The third power is the product of the second power by the 
quantity. 

The fourth power is the product of the third power by the 
quantity, etc. 

POWERS OP MONOMIALS. 

164. In the power of a monomial there are three things 
to be considered : 1st, the coefficient ; 2d, the exponents ; 3d, 
the sign. 

1st. With respect to the coefficient : 

Let it be required to raise 2a to the third power : we have 
^a X 2a X 2a = 2 X 2 X 2a8 = 2^a^ = Sa^. 

Hence, The coefficient may he raised to the required power 
separately. 

2d. With respect to the exponents : 

We observe that 

The second power of a* is cfi x cfi = cfl^^ = a*. 

The third power of a^ is a' x a® X a^ = «'"'"'+' = cfi. 

The nth. power of a^ is a^ x a^ x o^ x etc. = a^+«+«+ etc. = c^. 

Hence, Tlie exponent is repeated as many times as there are 
units in the exponent^/ the power, 

3d. With respect to the sign : 

It is obvious that the repetition of any positive quantity as 
a factor must produce a positive result. But the successive 
powers of negative quantities must have varying signs. 
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Let it be required to raise — a to successive powers. We 
liave 

Second power, — a x (— a) = + a^ positive. 

Third power, + a^ x (— a) = — a^ negative. 

Fourth power, — o^x (— a) = +a*, positive. 

Fifth power, + a* x (— a) = — a^ negative. 
Hence, 

1st. All the powers of a positive quantity are positive. 
2d. I%e even powers of a negative qiuintity are positive, and 
the odd powers negative, 

165. From these principles we deduce the following 

EuLE. — ^I. Raise the numeral coefficient to the required 
power. 

II. Multiply the exponent of each letter by the exponent of 
the required power. 

III. When the quantity is negative, give the odd powers tks 
minus sign. 
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1. 

2. 

3. 

4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 



Raise a? 
Eaise y** 
Raise P^ 
Raise x^ 
Raise y'' 
Raise af* 
Raise af* 
Raise aaP 
Raise ai^ to 
Raise (Py^ to 
Required the 
Required the 
Required the 
Required the 
Required the 



the 3d power, 
the 4th power, 
the 5th power, 
the 4th power, 
the 3d power, 
the 6th power, 
the mth power, 
the 3d power, 
the 2d power, 
the 5th po^er. 

3d power of Sax?. 

3d power of — 2x. 
4th power of — 3x. 

2d power of 8aW 

3d power of 5q?z. 



Ans. afi. 

Ans. y^. 

Ans. P*. 

Ans. x^. 

Ans. y^. 

Ans. ofi^. 

Ans. xi^\ 

Ans. cihfi. 

Ans. a^¥ofi. 

Ans. c^^y^. 

Ans. 27a^. 

Ans. — Sa^. 

Ans. 81a;*. 

Ans. 64a*S«. 

Ans. 125a;««»? 
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Expand the following indicated powers : 



16. ( 


:-2a")''. 


17. ( 


[- a»Jc«)<. 


18. 


[6a^fxy. 


19. ( 


[UWd'Y. 


20. ( 


[- So*-*-)'. 


21. 


[^mrb'f. 


22. 


[-<e^K 


23. 1 


[2J-"tf-)». 


24. 1 


[- er^-d"*)". 



Ans, —32a**. 

An8.aWc^. 

Arts. "HiL^fa^, 

Am. 16a8^ci«. 

A71S. — 27a^Z»^. 

Ans. 243m5m&^. 

Ans. a~®. 

Ans. ^(T^^cP^. 



POWERS OF FRACTIONS. 
166. 1. What is the 3d power of - ? 

OPERATION* 

/flV a a a a x a x a a^ 
|-)=-x-x-= = -^' 

\c/ C C C C X C X C (^ 

Hence, to raise fractions to powers, we have the following 

EuLE. — Raise loth numerator and denominator to the re- 
quired power. 

* Suppose we were required to raise ^ to tlie fifth power, and did not 

know whether the denominator was to be raised or not, we could decide 
the point by means of an equation, as follows : 

The fraction has Bome 'oaiue, which we represent by a symbol, say P. 

Then -P = t. Now if we can find the true 6th power of P, it will be the 

required 5th power of the fraction. 

Clearing the equatiq^ of fractions, we have 

6P = a. 
Taking the 5th power of both members gives 

By division, P* = rg. 

This equation shows that to raise any fraction to any power, nume- 
rator and denominator must be raised to that power. 



POWERS OF FBAGTIOKS. 



167 



JSXAMJPZX!8 JFOB rBACTICS. 



2. Eequired the 2d power of 



2^ 
6c • 

2a 

3. Eequired the 6th power of — — . 

4. Eequired the 6th power of j— . 

5. Eequired the 6th power of ^a^. 



6. Eequired the 2d power of 



a^ 



Expand the following indicated powers 
ac\^ 



7. 

8. 

9. 
10. 
11. 
12. 
13. 



(-»*■ 

(■ 






ary 



25c3' 
64fl« 

729a«J« 



An8. 
Ans. 

Ans. - . 

Ans. .f^W. 
9 



Ans. 



a^' 






Ans. 



Ans, 
Ans, 



16y^ 

625a:*' 

aW 

• 27y»- 

32c«* 



"^"^•256^- 



^7^^. 



Q^BmySn ' 



14. What is the cube of ^TT-^? 



3a; 



^7}9. 



a«-3a*5(? + 3«352c8-&8c3 



27a:» 



15, What is the square of _^^^"t , ? 



il?}^. 



4g8 + 4fl^ + 4fla; + y + 2feg + ay» 
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POWEES OP A BINOMIAL. 

167. The Leading Letter, Quantity, or Term, is 

the one which is written first in the binomial ; the other is 
called the second, or following letter, quantity, or term. 

The process of expanding the higher powers of a binomial 
by actual multiplication is very tedious, and hence mathema- 
ticians long since sought to discover some shorter method. 
Such a method was first deyeloped by Sir Isaac Newton, and 
is known as 



NEWTON'S BINOMIAL THEOREM. 

168. In order to more clearly investigate the properties of 
different powers of a binomial, we will first obtain a few powers 
of a + S by continued multiplication ; thus, 

Let a + bhe raised to the 2d, 3d, 4th, &c., powers. 

a + J 

a -h b 

a^+ ah 

ah +V^ 
2d power, a^+ 2ah + h^ 

a + h 

a«+ 2a^+ ai^ 

a^+ 2a¥ + y 
3d power, «»+ ^a^+ 3a&^ + h^ 

a-\- h 

a*+ da^+ da^ff^ + ab^ 

a^h+ 3g^y + 3ay + y 
4th power, a^+ 4a%+ 6a3j2 + 4^ + j4 
a -\- h • 

05+ 4^J+ 6^8^ + 4^2J8 + ^4 

a*h+ 4g«y + Bqgy + '4gy + y 
5th power, a^+ 6a^h+10a^i^ +10a^i^ + ^ab^ + V. 
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If a — J be raised to the same powers, we have 

-ai + y 

2d power, a»— %db + V 

a — b 

3d power, «{»— daJ^b + daV^ — S^ 

a — b 

a4_ 3a3d + 3a253 — ab^ 

4th power, a*— ^^ + QaW — ^ai^ + ¥ 

a -^ b 

cfi^ 4a*S + 6a85» - 4a2J8 + aJ* 
— g*& + 4g8y - 6aW + 4:ab^^l/i 

6th power, o^^ 5^4j +i0a8^ -lOa^Js + 5ai* - i«. 

By inspecting these results we may arrive at general prin- 
ciples, according to which any power of a binomial may be 
expressed, without the labor of actual multiplication. In 
order to do this it is obvious that there are five things to be 
considered: 

Ist The number of terms; 2d. The signs of the terms; 
3d. The letters ; 4:th. The exponents ; 5th. The coeflBcients. 

IsL The number of terms. 

169. We observe that in the second power there are three 
terms ; in the third power there avefour terms ; In the fourth 
power, five terms ; and in the^i^A power, six terms. Hence, 

The number of terms is (dways greater by one than the 
exponent of the power, 
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2d. The signs of the terms. 

170. Wc see that all the terms in the powers of a + J are 
positive ; but in the powers of a — *, the signs plus and minus 
alternate, the first term being positive, the second negative, 
and so on. Hence, 

I. If both terms of the binomial have the plus sign, ail the 
terms of any power will be positive. 

II. But if the second term of the binomial iiave the minus 
sign, all the odd terms, counting from the left, wiU be positive, 
and all the even terms negative. 

dd. The letters- 

171. By inspecting any power, we perceive that. 

The second letter or quantity does not appear in the first 
term j the leading letter or quantity does not appear in the last 
term; and both letters or quantities appear in aU the inter- 
mediate terms. 

Aih. The exponents. 

172. We observe that in the fifth power of both binomials, 
the exponents of the letters in the several terms are related 
as follows, from the first to the last : 

Of the leading letter, 5 4 3 2 1 

Of the second letter, _ 2. A A i. A 

Sum, 5 5 5 5 5 5 

Hence, 

I. The exponents of the leading letter or quantity in the 
successive terms form a series, commencing in the first term 
with the exponent of the power, and diminishing by 1 to the 
right. 

II. The exponents of the second letter or quantity form a 
series commencing in the second term with 1, and increasing 
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ly 1 to the last term, in which the exponent is equal to the 
exponent of the power. 

III. "9716 sum of the exponents in any term is equal to the 
exponent of the power. 

6th. The coefficients. 

173. The law governing the coefficients, though less ob- 

yions, may be exhibited as follows, taking the 5th power : 

1st term is la*, and 1 x 5 = 5, coefficient for 2d term ; 

5x4 
2d term is 5a*J, and — ^ — = 10, coefficient for 3d term ; 

10 X 3 
3d term is 10a*J*, and — 5 — = 10, coefficient for 4th term ; 

10 X 2 
4th term is lOa^S*, and — - — = 5, coefficient for 5th term ; 

5x1 
6th term is ba¥, and — - — = 1, coefficient for 6th term ; 

6th term is Vfi. 

Hence, 

1. The coefficient of the first term is 1. 

II. The coefficient of the second term is the expone7it of the 
required power. 

III. The coefficient of any term multiplied ly the exponent 
of the leading letter or quantity ^ and divided ly the exponent 
of the second letter or quantity plus 1, will le the coefficient of 
the next succeeding term. 

Notes. — 1. It will be seen that the coefficients of the last half of the 
terms are the same as the coefficients of the first half inversely, and that 
the coefficients of any two terms at equal distances from the extremes 
are equal. Hence the labor of computing them may be avoided. 

2. In obtaining the coefficient of any term, there are two operations, 
multiplication and division, and cancellation can always be applied. 

3. The exponent of the second letter or quantity, plus 1, is always 
equal to the number of the term, counting from the left. 

Note. — ^We have now established by induction, and observations upon 
particular cases, the principles of Newton's Theorem. Its riffid demon- 
stration is somewhat difficult, but its application is simple and practlcaL 
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EXAMPLES FOB PRACTICE, 

1. Expand {x + y)\ Ans. ^ + 3a?y + Zxf\ f, 

2. Expand {y + zf. 

A718. y''+'7fz+21fz^+35y^-^d6fss^+21fx^+'ily^+z\ 

3. Expand {a + bf. 

Ans. a8+8a7J+28a«J2+56a5J8+70a***+56a8J5+ 

28a23«+8aS^+J8 

4. Expand (a — by. Am. a*^4a8*+6a2^— 4a*»-fJ*. 

5. Expand {x + y)*. 

-ins. ofi-\-6x^y + 16xhf^+20a^y^+16xY+6xf+f. 

6. Expand (a; — y)«. 

7. Expand (a + *)io. 

Ans. ai«-fl0a«&-f45a8S2^i20a7^^-210a«**+252a5J5+ 
210aW-fl20ffW+45ff2^-fl0a^-f Jio. 

8. Expand {ac + x)*. 

Ans. a^c^ + 4a^(Ac + 6^2^22?^ + 4aca:S + a;*. 

9. Expand {c + axy. 

Ans. d^-h5(^ax+10€^ah?^+10(?a^j^-h6cah^-^a^3fi. 

10. Expand {ab + cxyy. 

— 3 — 2 2 s 

Ans. ab + 3ab cxy -f dabcxy + cxy, 

11. Expand (a + 1)5. 

Note.— Notice that all powers of 1 are 1, which is not written when 
a factor ; and that the divisor in obtaining the coefficients wiU be the 
number of the term employed counted from the left. 

Ans. a^ + 5a* + lOa^ + lOa^ + 5a + 1. 

12. Expand (1 — ay. 

Ans. 1 — 6a + lOa^ — lOa^ -f 5a* — cfi. 

13. Expand {z — 1)«. 

Ans. ^ — 6sfi -{■ 15;?* — 20^:8 + 15^ _ 62J + 1. 

14. Required the third power of 3a; + 2i/, 
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We cannot well expand this by the binomial theorem, 
because the tenns are not simple literal quantities. But we 
can assume 3a; = a and 2y = h. Then 

dx+2y = a + b, and {a + by = a^ + Sa^ + Sai^ + i^. 

Now restoring the yalues of a and S, we have, 

a^ = 2W, 

da^ = 3 X 9a:2 X 2y = 6^y, 
daV^=iS xSx X V = 36xy% 

y= Sf. 

Hence, {3x + 2yY = 21afi + b^a?y + 3^xf + ^y\ 

15. Eequired the 4th power of 2a^ — 3. 

Let X = 2a\ y = 3. Then expand {x — y)*, and restore 
the yalues of x and y, and the result will be 

16a8 — 96a« + 216a* - 216a2 + 81. 

16. Eequired the cube of (a + * -f c + d). 

As we can operate in this summary manner only on Unomial 
quantities, we represent a + b by ic, or assume xz=^a -\-iy 
and y =zc + d. 

Then {x + yf = a^ + Sx^y -f dxy^ -f y». 

Bestoring the yalues of x and y, we have 

(a + *)8 + 3(a + bY{c + d) + d{a -h b) {c -h d)^ + {c -h d)\ 

Now we can expand the binomial quantities contained in 
parentheses. 

The method of substitution which we have been obliged to 
adopt in the last three examples, has been long in use among 
mathematicians for expanding binomials with coefficients. 

15* 
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174. Any binomial having coefficients, may be involved by 
actual multiplication. 
Eequired the 5th power of 2a + dx. 

2a + Sx 

2a + dx 



2d power, 


2a + Sx 


3d power, 


8a3+24a2a; + ISax^ 

VlaH + 36flrir8+ 27a<» 
8a8+36a8x + h^a^ + 27a;8 
2a + 3a; 




16a*+72a8a: +108a2arJ+ 64aa<» 

24«^ +108a2a:8+162ffic8 + 81a:* 


4th power. 


16a*-f96a^ +216a2a;2+216fla:8 ^ gi^^ 
2a + Zx 




32a5+192a^+432a82?»+ 432a2a:8 + i62aa;* 

48a*a;-f288a8rJ+ 648a2a:8+648aa;*+243a:5 



6th power, 32a«+240a^+720a8a?»+1080aaa;8+810aa;*+243a;5. 

175. By a close analysis of the result, we may arrive at 
general principles which will enable us to expand any binomial 
having coefficients with the same facility that Newton's Theo- 
rem enables us to expand to any power a + a:. If we examine 
the result in the same order as we did in (168-172), we shall 
find that there is no difEerence in the expanded form of (a + xf 
and (2a + Zxf, except in the coefficients. That is. 

In any power of a binomial, the number of terms, the signs, 
the letters, and the exponents of the literal part in the several 
terms are independent of the coefficients of the binomial root. 

We will therefore confine our analysis to 

THE COEFFICIENTS. 

176. The rigid demonstration of the law which governs the 
formation of the coefficients being too difficult for this place, 
is reserved for the University Algebra. But the law itself 
may be exhibited as follows : 
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3oefBcient, 32 = %\ i. e. the coefficient of the leading 

quantity in the root raised 
to the power denoted by the 
given exponent. 

Qo V 5 V 3 
3oef., 240 = ^ 9 i* ^« *he product of the co- 
efficient of the first term, the 
exponent of the leading 
quantity in the first term, 
and the coefficient of the 
following quantity in the 
root, divided by the coeffi- 
cient of the leading quantity 
in the root. 

coef ., 720 = — n — 2 — ^ *• ^* *^® product of the co- 
efficient of the second term, 
the exponent of a in that 
term, and the coefficient of 
X in the root, divided by the 
product of the coefficient of 
a in the root and the num- 
ber of the term, counting 
from the left. 

coef., 1080 = — 5 — 5 — f i. e. the product of the co- 



2x3 



efficient of the third term, 
the exponent of a in that 
term, and the coefficient of 
z in the root, divided by 
the product of the coeffi- 
cient of a in the root and 
the number of the term. 
(Or, which is the same 
thing, the exponent of x in 
the third term + 1.) 
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6th coely 810 = ^ — j , i. e. the product of the co- 
efficient of the fourth term, 
the exponent of a in that 
term^ and the coefficient of 
X in the root, divided by the 
product of the coefficient of 
a in the root and the num- 
ber of the term. 

6th coef., 243 = ^ — f 9 «*• ^'9 the product of the co- 
efficient of the fifth term, 
the exponent of a in that 
term, and the coefficient of 
z in the root, divided by 
the product of the coefficient 
of a in the root and the 
number of the term. 

tun. From this example and analysis we may deduce the 

LAW OP THE COEFFICIENTS. 

I. The coefficient of the first term in any power is altffays 
equal to the corresponding power of the coefficient of the leading 
term in the root. 

II. Tlie coefficient of the second term is obtained by multiply- 
ing the first coefficient iy the exponent of the leading quantity, 
and this product by the coefficient of the follovnng quantity in 
the rooty and dividing by the coefficient of the leading quantity 
in the root. 

Univehsally : — The coefficient of any term may be obtained 
by multiplying the coefficient of the preceding term by the ex- 
ponent of the leading quantity in that term, or by the number 
of the term from the last, and by the coefficient of the following 
qnantity in the root, and dividing this result by the product of 
the coefficient of the leading quantity in the root, multiplied by 
the number of the term from the first. 
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NOTB. — ^The coefficient of the last term in anj power is always equal 
to the corresponding power of the coefficient of the following term in the 
root. 

178. There is another class of binomials that come under 
a modification of this Theorem, viz. : those having exponents. 
To illustrate the application, let us write out the fourth power 
of 2a8 + dx^. 



2a8 + 
2a^ + 



3a« 



4o« + 12a»x« + 
2a»+ 3a)» 


93* 




8a» + 24a^ + 


18«ftr« 
36aftc* + 


27a^ 


8a» + 36a^ + 


54a'a:«+ 27a* 


16a^+ 720*0? + lOSaW + 5ia<^ 

2ia*a? + 108a^ + U2cM> + 81a? 



2d power. 



3d power, 



4th power, 16aP+ 96a^x^ + 216cM + 216a^ + SlajS. 

On examining the result, we shall find that the exponent of 
the leading letter is 12 (== 4 x- 3) in the first term, and that 
it diminishes regularly by 3 in each succeeding term. Also 
that the exponent of the following letter is 2 in the second 
term, and increases regularly by 2, in each succeeding term, 
to the last, where it is 8 (= 2 x 4). Hence the exponents 
are governed by the law of Newton's Theorem, as shown in 
(172), modified by the value of the exponents. 

The coefficients are the same as the coefficients of (2a+3a:)* 
(174), and may be obtained in the same manner, if we keep 
constantly in mind the fact that the first exponent, 12, is the 
exponent 3 of the leading quantity in the root raised to the 
fourth power, and that the real exponent which we are to use 
as a factor of our dividend is the exponent of the leading 
quantity in any term divided by the exponent of the leading 

M 
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qnantity in the root. But^ as this is liable to be forgotten, 
we can use the exponent of the leading quantity in any term, 
whatever it may be, as a factor of the dividend, if we write 
the exponent of the leading quantity in the root, as a factor 
of the divisor. Observing this direction, and the indicated 
operations for obtaining the several coefficients in {2a^+dx')^, 
will be as follows : 

1st coefficient, 2* = 16. 

o^ «3 • ^ 16 X 12 X 3 

2d coefficient, — ^ ^ — = 96. 

' 3x2 

3d coefficient, ^ ^^ ^^ = 216. 
2x3x2 

Atx. «5 • ^ 216 X 6 X 3 
4th coefficient, -5 — r — =r- = 216. 
3 X 3 x^ 

.., «5 • 4. 216 X 3 X 3 Q^ 

5th coefficient, --j 5 — ^r- = 81. 

4x3x2 

179. Examining the indicated operations for obtaining the 
coefficients of the expanded form of (2a + 3a;)« (177), we 
observe the following facts : 

IsL Each dividend after the first term is composed of three 
factors, the first of which is the coefficient of the preceding 
term, the second, the exponent of the leading quantity in the 
preceding term, and the third, the coefficient of the following 
quantity in the root. 

2d. Each divisor is composed of two factors, the first of 
which is the number of the preceding term counted from the 
left, and the second, the coefficient of the leading quantity in 
the root. 

M. The second factor of the dividend decreases regularly 
by 1, and the first factor of the divisor iij^creases regularly by 
1, in each succeeding coefficient. ^ 

4tt. The third factor of the dividend, and the second factor 
of the divisor, are the same in each coefficient, i. «., they are 
constant. 
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We may, therefore, 
Let a = 1st coefficient of any binomial 

ft = 2d coefficient of any binomiaL 
n = the exponent of any binomial. 
Then {ax ± lyY = any power of any binomial. 
Assume the first coefficient to be Ci, the second G^, the 
third Cj, &c., and we shall have the following 

6EKEBAL FOBHUL^ FOB COEFFIGIEXTS. 

Ci = or, 
^ Gifib 

^8 = Z~9 



_ 0,{n-l)b 
^* — tt: » 



2a 
_ G,(n- 2)b 

^*- Ta ' 

„ _ G,{n-Z)b 

&c., &c. 

Note. — ^We have now carried the investigation of this Theorem as far 
as the plan and limits of this work admit. It is general in its applica- 
tion, and may be used in the involution of any binomial whatever. Its 
full development, including its application to negative exponents and 
binomial roots, will be found in future editions of the University Algebra. 



JBXAMJPZJB8 FOB PMACTICE. 

1. Eeqnired.the 4th power of 2a + 3a;. 

Ans. 16a* + 96a*z; + 2Udhfi + 216aa;8 + sia:*. 

2. Expand (2a — 5S)8. 

Am. 8a8 — GOa^J + UOaV^ — 125^^8. 

3. What is the cube of Ix + %ay ? 

Ans. UZs? + 2Ux^ay + S^xaY + Say. 

4. What is the fifth power of 5a — 2c? 

Ans. 3125a«— 6250a*c + 5000a^(?—2000a^(^ + 400ac*~ 32c5. 

5. Expend (ar» + 3y2)5. 

Ans. x^+16afif+d0afiy^+2'll0a^i/^+M5a^f+243y^^ 
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6. Expand {%€? + ar)». 

Ana. Scfi + 12ah; + 6(Ax^ + cM. 

7. Expand (a?— !)•. 

Am. a:«~ 6«« + 15a:* - 20a^ + 15a«— 6a; + 1. 

8. Expand (3a; - 6)» Ana. 27a*— 135a«+ 225a;— 125. 

9. Expand (4a»ft — 2c»)*. 

Ana. 256a«^-512a»J8c»+384a»J«(;«— 128a^c»+16a;8. 

10. Expand (| + ^. 

NOTB.— The quantity (| + ^y= Qa + ^. 

11. Expand (3 — 2r) to the 6th power. 

Ana. 729— 2916r+4860ra— 4320r«+2160r*— 576r«+64r«. 

12. Expand \x + ^1 to the 7th power. 

^2: 

■ 16a;"^ 32a;»^ 64a«^ 128a;^' 



13. ExpanJ (l + ^x\ , 



A 1 . ^5 . 125^ , 626 . , 3125 . , 3125 . 
Ana. l+^^+—^+—^+-—a^+-—^. 



2 ^ 2 



14. Expand (o "" o^j • 



. 81 45 , 75 « 250^ . 625 . 
^^•l6-2^ + T^— 9^ + -8r^- 

15. Expand (ar» — ^f)\ 

Ajia. a;«>-15aY+90a;»y*-270aV+405a%8— 243y«>. 
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EYOLUTIOl^; 

OR, THE EXTRACTION OF ROOTS. 

180. A JRoot is a factor repeated to form a power ; or, it 
is one of the equal factors of a quantity. 

181. Evolution is the process of extracting the root of 
a quantity. It is the conyerse of involution, aniis indicated 
by the radical sign V« 

182. The Index of the root is the figure placed above the 
radical sign to denote what root of the quantity under the 
radical is to be taken ; thus, in ^/a, 5 is the index of the root, 
and denotes that the fifth root of a is to be taken. 

183. A Surd is the indicated root of an imperfect power ; 
the root thus indicated cannot be exactly obtained or ex- 
pressed ; thus, \/2 is a surd, because the number 2, not being 
a perfect square, can have no exact square root. A surd is 
sometimes called an irrational quantity. 

BOOTS OP MONOMIALS. 

184. To discover the process of extracting roots, we must 
observe how powers are formed, and then tra^e the operations 
back. Thus, to square a, we double its exponent, which 
makes a^ (67). The square of a^ is a*, the cube of a^ is a«, &c. 
The 4th power of x is i*, the nth. power of ic* is a!^, &c., &c. 

Now, since multiplying exponents raises simple literal quan- 
tities to powers, dividing exponents must extract roots. Thus, 
the square root of a* is a^^^-=zd^ ; the cube root of o^ is a^8= d^. 

The square root of a must have its exponent (1 understood), 

divided by 2, which- will give a* ; the cube root of a in the 

like manner is a*, and the exponents, ^, J, J, -J^, &c., indicate 
16 
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the second, third, fourth, and fifth roots of any quantity 

whose exponent is 1. The 6th root of a;* is «* In like man- 
ner, J expresses the 4:th root of the 3d powet of a quantity. 
Hence the following principles : 

I. Roots are properly expressed by fractional exponents, 

II. The numerator shows the power of the quantity whose 
root is to be extracted. 

III. The denominator shows what root of thai poroer is to he 
extracted. It is the index of the root. 

We haye seen (164) that any power of a positive quantity 
is positive, and that the even powers of a negative quantity 
are positive, and the odd powers negative. From this it 
results, that 

I. The odd roots of a positive quantity are always positive, 
and the even roots are either positive or negative. 

II. The odd roots of a negative quantity are negative, and 
the even roots are impossible or imaginary. 

Note. — An Imagina/ry Quantity is the indicated even root of a negative 
quantity, as ^—a, or ^ — 2a6. 

1. What is the square root of 64bahfi ? 

OPERATION. ANAiiTSis. — Since the power 

. .1 of a monomial is formed by 

(64a*ar»)» = ± 8a^x. involving each factor (166), 

conversely, the root may be 

VERIFICATION. x.j. - a i * ^- \v. 

obtained by extracting the 
( + Sah^) X (+ Sa^) = e^a^X^ ; ^^ ^f each factor separately. 
(— Sahi) X (— Sa^x) = 64:ah^. The square root of 64 is 8 ; of 

a^ is c^ ; of a^ ia x; and the 
entire root is Sa^x, to which we give the double sign, ±, (read plus or 
mimu), because either + Sa^x or — Sa% squared, will produce 64a*aJ*, 
as is seen in the verification. 

186. From these principles and illustrations we have the 
following 
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BuLE. — I. Extract the required root of the numeral c(h 
efficient. 

II. Divide the exponent of each letter ly the index of the root, 

III. Prefix the double sign, ±, to all even roots, and the 
minus sign to the odd roots of a negative quantity. 

Note 1. — Under this role for monomials we shall introduce no 
nnmeral coefficient the required root of which will consist of more than 
one place ; hence the root maj be found bj trial. 



BXAMPZE8 FOB PRACTICE. 

1. What is the second root of ^ahh^ ? Ans. ± daoc^y^. 

2. What is the third root of Mf ? Ans. %a^y. 

3. Whatisthe/owr^Arootof 81a^^? Ans. ±3aa^. 

4. What is i\^^ fifth root of ^laH^^y^ ? Ans. 2ax^f. 
6. Whatisthe/owr^Arootof 81a*^c^? Ans. ±dal^(?. 

6. Whatisthe^Afrrfrootof — 27a%8? Ans. —3a^x. 

Find the following indicated roots : 

7. (-27a^J3)* Ans. ^ZaV). 

8. (25a:8^)* Ans. ± 5aY- 

9. ^\^7^. Ans. ±2af». 

10. "s/ah^. Ans. cfiy^. 

11. ^/nbcfim\ Ans. bahn^, or ba^^/m\ 

12. V^. • Ans. a\ 

13. {pf'ff. Ans. xf-, or xyTf. 

14. (pirlff. Ans. dP'l, OYl^/a"^. 

15. Find the cube root of 4a*. 

Note 2. — If the coefficient is an imperfect power, it may be treated 
as a literal factor, and its root indicated. 



Ans. ^K^, or a^\/i' 
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16. Find the 5th root of laVi^. Ans. l^a^V. 

17. Find the 9th root of — IhsNj^. Ans. — Ib^x^y^. 

18., Extract the square root of jjz. 

Note 3. — Since the power of a fraction is formed by involving tlie 
numerator and denominator separately, the root of a fraction will be 
obtained by extracting the root of the numerator and denominator sepa- 
rately. 

Ans. ± ^ 
19. Extract the cube root of — 0-5^- Ana. 



20. Extract the fourth root of —., Ans. ± — . 

»* n 

21. Extract the square root of ^j-^. Ans. ± 3— 



SQUARE ROOT OP POLYNOMIALS. 

186. In order to discover the process of extracting the 
square root of a polynomial, we must observe how the squares 
of polynomials are formed. If we square a :f- 5, we shall haye 

{a + hY = fl» + 2ah + *». 

This result, expressed in words, is as follows : 

The square of the first term, plus twice the product of the 
ttoo terms, plus the square of the second term. 

The last two terms of the power may be factored as follows : 

2aJ + J8=(2a + J)5, 

which is expressed thus : 

Twice the first term plus the second, multiplied by the second. 
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1. Extract the square root of o^ + 2ab + J^. 

OPERATION. Analysis. — Reversing the process of 

a^ -f- 2ab + J^ (a + 5 involution, we extract the square root 
^2 of a^, and obtain a, the first term of the 

5 — TV Q jL , M root. The next term of the power is 

m-Y 0)mo-t(^ 2a& = 2ax6, or twke thefirstterm of the 

2ao + a' ^^ mvMpUed by the second; we there- 

fore divide this term by 2a, twice the 
first term of the root, to obtain b, the second term of the root. Placing 
b in the divisor also, at the right of 2a, we have 2a + &, or ttmee the first 
term plus the second, which, multiplied by b, gives 2a& + &', the last two 
terms of the power. 

Again, let us form the square of any polynomial, as a + 5 + c, 
in the following manner: 

Assume $ = a + b, the first part, 

e = the second part. 

Then (« + c)« = «» + 2«c + c». Hence, 

The squure of any polynomial^ considered in two parts, is 
equal to the square of the first part, plus twice the product of 
the two parts, plus the square of the second part. 

Thus the root of any quantity can he brought into a bino- 
mial, and the rule for a binomial root will answer for a root 
containing any number of terms, by considering the root 
already found, however great, as one term, or pnepart. 

2. Find the square root of a^ + 2ab + S^ + 2ac + 2ic + &. 

OPERATION. 

a2 + 2aJ + J8 + 2ac + 2&C + c2(fl + J + c 



2a •\- 1 2al-\-V 
2al-\-}P- 



2a + 25 + c 2ac + 25c + c^ 

2ac + 25g + c8 
16* 
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Analysis. — Proceeding as before, we obtain t^o terms of the root, 
a + ft, and a remainder of 2flk; + 26c + c*. We now consider a + & as tlie 
first part of the required root, and write 2a + 2b, or timce the part already 
found, for a divisor. Dividing, we obtain c, the next term of the root, 
which, as before, we place in both the root and divisor. Multiplying 
this complete divisor by c, and subtracting the product from the divi- 
dend, we liave no remainder, and the work is complete. 

187. From these illustrations we deduce the following 

EuLE. — ^I. Arrange the terms according to the powers of 
some letter, beginning with the highest, aiid write the sqtcare 
root of the first term^in the root. 

II. Subtract the sqtcare of the root thtis found from the first 
term, and bring down the next two terms for a dividend. 

III. Divide the first term of the dividend by twice the root 
already found, and write the result both in the root and in the 
divisor. 

IV. Multiply the divisor, thus completed, by the term of the 
root last found, and subtract the product from the dividend, 
and proceed with the remainder, if any, as before. 

Note. — According to the principles established in (184), every square 
root obtained will still be a root, if all the signs of its terms be changed. 



EXAMPLES FOB PRACTICE. 

1. What is the square root of a* + 4a25— 4a2+4J2—85+4? 

Ans. fl2 + 2& — 2. 

2. What is the square root of 1— 4S+458+2y— 4Jy+y2? 

Ans. 1 — 2d + y. 

3. What is the square root of 4a;* — 4a;' + Ida^ •— 6a; + 9 ? 

Ans. 27S^^x + d. 

4. What is the square root of 4a;*— 16a;8+24ar^--16a;+4? 

Ans. 2a;3 — 4a; + 2. 

5. What is the square root of 1 6a;* + 24a;8 ^ 392^ _j_ %(^ + 100 ? 

Ans. 4a?* + 3a; + 10. 
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6. What is the square root of 4iB* — 16a;8 + 8a?J + 16a;+4? 

Ans. 2aj2 — 4rr — 2. 

7. What is the square root of a:2 + ^^y+ 2^ +6a:^+ 6^^+9)2?? 

Ans. X + y + 3z. 

8. What is the square root ota^ — ab + ^? 

Ans. a — j^b. 

9. What is the square root of ^ — 2 + -^P 

.abba 

Ans. T » or ^. 

b a a b 

10. What is the square root of x^ — 2a;*y» + y* ? 

Ans. x^ — y», or y^ — a;* 

11. What is the square root of 1 — -4? + 10^ — 20^^ + %bz^ 
— 24;2« + 16^? Ans. 1^2z + dz^-^ ^^. 

12. What is the square root of a^ — 6a^c + Ua^c^ — 20^8^^ 
+ 15aV — 6ac^ + c«? -4rj5. a^ — Sa^c + Sac^ — c^. 

13. What is the square root of z^—2z+l + 2zh—2h+h^? 

Ans. z + h — l. 



SQUAEE BOOT OF NUMBEES. 

. 188* In extracting the square root of numhers, the first 
thing to be considered is the relative number of places in a 
given number and its square root. This relation is exhibited 
in the following illustrations : 



toots. 


Squares. 


Boots. 


Squares. 


1 


1 


1 


1 


9 


81 


10 


1,00 


99 


98,01 


100 


1,00,00 


999 


99,80,01 


1000 


1,00,00,00 



From these examples we perceive that a number consisting 
of one place m^y have one or two places in the square ; and 
that in all cases the addition of one place to the root adds two 
places to the square. Hence^ 
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If a number le pointed off into periods of two figures each, 
comme?icing at the right, the number of full periods, and the 
left ha)idfull or partial period will be equal to the number of 
places in the square root ; the highest period answering to the 
highest figure of the root. 

189. The square of any numeral quantity may be formed 
after the manner of algebraic squares. 

For example, let a = 40, and S = 7 ; then a + J = 47. 
And since the square of a + 5 will represent the square of 47, 

we have 

a^ = 1600 
2ab=: 5G0 

y= 49 

a2 + 2aJ + J2 = 2209 = (47)2 

Hence, the binomial square may be used as a formtQa for 
extracting the square roots of numbers. 

1. Extract the square root of the number 2209. 

OPERATION. Analysis. — Here are 

22,09 I 40 + 7 = 47 *^® periods indicating 

c2= 16 00 ^ ' '" ^" ^ 



2a = 80 
2a + ^ = 87 



two places in the root, 
corresponding to tens 
^ ^^ and units. The greatest" 

6 09 Bquare in 22 is 16, its 



root is 4, or 4 tens = 40. 
Hence, a = 40. Then 2o = 80, which we use as a divisor for 609, and 
obtain 7 for a quotient. The 7 is taken as the value of 6, and 2a + 6, the 
complete divisor, is 87, which, multiplied by 7, gives the last two 
terms of the binomial square, 2a& + ft* = 609, and the entire root, 
40 + 7 = 47, is found. 

Arithmetically, a may be taken as 4 instead of 40, and we 
may write 16 in hundreds* place, instead of 1600, the ciphers 
being superfluous. Then 2a will be 8 instead of 80, and in 
dividing, we say 8 is contained in 60 (not in 609) 7 times. 

If the given number consists of more than two periods, 
we obtain the first two figures of the root from the first two 
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periods, as before, and bring down another period to the re- 
mainder. We then consider the root abeady found as one 
quantity, and treat it as one figure. 

2. What is the square root of 399424 ? 

OPERATION. Analysis. — Disregarding tlie local value of 

39,94,24(632 the figures, we have o = 6, 2a = 1^, and 12 in 

3g 89, 3 times, which gives 6 = 3. We next sup- 

pose a = 63,and 2a = 126; and 126 in 252, 2 



123 
1262 



394 

times, or the second value of 6 = 2. In the 

369 same manner, we would repeat the formula of 



25 24 a binomial square as many times as we have 

25 24 periods. It is evident that we may obtain the 

divisor 126 from the last complete divisor 123 

simply by doubling its last figure 3 ; and thus 
the divisors may be derived each from the next preceding, successively. 

From these examples and illustrations we deduce the fol- 
lowing 

BuLE. — L Point the given number off into periods of two 
figures eachy counting from the units^ place to the left and 
right. 

IL Find the greatest perfect square in the left-hand period, 
and writeAts root for the first figure in the required root ; sub- 
tract the square of this figure from the first period, and to the 
remainder bring down the next period for a dividend. 

m. Double the root already found, and write the result on 
the left for a divisor ; find how many times this divisor is coii- 
tained in the dividend, exclusive of the right-hand figure, and 
■ 2^lace the result in the root and at the right of the divisor. 

IV. Multiply the divisor thus completed by the last^ figure 
of the root ; subtract the product from the dividend, and to 
the remainder bring down the next period for a new divi- 
dend. 

V. Double the right-hand figure of the last complete divisor 
for a new divisor, and continue the operation as before. 
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EXAMPLEa FOB PRACTICE. 

3. What is the square root of 8836 ? Arts. 94. 

4. What is the square root of 106929 ? Am. 327. 

5. What is the square root of 4782969 ? Ans. 2187. 

6. What is the square root of 43046721 ? Ans. 6561. 

7. What is the square root of 387420489 ? Am. 19683. 

8. What is the square root of 1209996225 ? Ans. 34785. 

9. What is the square root of 6596038656 ? Ans. 81216. 

10. What is the square root of 342694144 ? Ans. 18512. 

11. What is the square root of 2573733569796 ? 

Ans. 1604286. 

12. What is the square root of 10.4976 ? Ans. 3.24. 

13. What is the square root of 3271.4207 ? Ans. 57.19 +. 

14 What is the square root of 4795.25731 ? 

Ans. 69.247 +. 

15. What is the square root of .0036 ? Ans. .06. 

16. What is the square root of .00032754 ? 

Ans. .01809 +. 

17. What is the square root of .00103041 ? Ans. .0321. 

Note. — If both terms of a fraction are perfect squares, or if the frac- 
tion can be reduced to terms which are squares, the root may be obtained 
by the rule for algebraic fractions. Otherwise, the fraction may be re- 
duced to a decimal. 

18. What is the square root of |f ? Ans. |. 

19. What is the square root of -^ ? Ans. -^. 

20. What is the square root of ^3,,^? Ans. ■^. 

21. What is the square root of ^ ? 

Observe ^ = ||. Hence, the square root is |. 
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22. What is the square root of fi^? Ans. |. 

23. What is the square root of ff f| ? Ans. ^. 

24. What is the square root of J ? Ans. .866 +. 

25. What is the square root of ^ ? Ans. .8819 +. 

CUBE EOOT OP POLYNOMIALS.* 

190. We may derive the method of extracting the cube 
root of an algebraic quantity in a manner similar to that 
pursued in square root, by analyzing and retracing the combi- 
nation of terms in the binomial cube.- Forming the cube of 
a + b, we have 

(a + by = a« + 3a^b + ZaV^ + V) 
from which we see that 

L The first term of the power is the cube of the first term 
of the root; and 

II. The second term of the power is three times the square 
of the first term of the root multiplied by the second. 

It is evident, therefore, that to find the first term of the 
root, we must extract the cube root of the first term of the 
power; and to find the second term of the root, we must di- 
vide the second term of the power, da% by three times the 
square of the first term of the root, Sa^; thus, 

Sa^ -^- 3a« = b. 

The last three terms of the power may be factored as 
follows : 

(3^2 + 3ab + ¥)b. 

To reproduce these terms from the divisor already found and 
tlie root, we must complete our partial divisor, Sa^, by the addi- 

* We are indebted to J. C. Porter, A.M., of the Clinton Liberal Insti- 
tute, for the valuable method of Cube Root presented here and in the 
Practical Arithmetic It is an extension of, and improvement upon 
Horner's Method, and secures the result with less labor than any other 
method heretofore presented. 
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tion of Sab'+ J^, and multiply the divisor thus completed by A 
Putting the correction. Sab + ¥y under the form of (3a + b)d, 
we shall have, 

Sfl* = Trial divisor. 
3flf + S = First factor of correction. i 

Sai + ^ = Correction of trial divisor. \ 

3a' + 3aA 4-6^ = Complete divisor. 

1. Find the cube root of a^ + 3a^J + Sai^ + Jfi. 

OFEBATION. 

a^+Wb+UV+V I g+i 
a» 



Sa + b Sab + l^ 



3a2 3a2J+3a^+^ 

3^2 + 3aJ + 52 3a2j +30^+^8 



Analysis. — Taking the cube root of a^, we obtain a, the first term of 
the root. Subtracting the cube of a from the given polTnomial, we have 
Sa^b + Sab^-{-b^ for a remainder or dividend. We next write 3a' at the 
left of the dividend for a trial divisor. Dividing the first term of the 
dividend, we obtain 6, the second term of the root. We next multiply 
the former term of the root by 3, and annex the latter term, b, and obtain 
Sa+b, the first factor of the correction to the trial divisor. Multiplying 
this by 6, we have 8a&+^, the correction. Adding this to the trial divi- 
sor, we have 3a' + 3a&+6*, the complete divisor. Multiplying the com- 
plete divisor by the last term of the root, and subtracting the result from 
the dividend, we have no remainder, and the work is complete. 

Again, let us form the cube of any polynomial, as a+b+c, 
in the following manner: 

Assume 8=za + b, the first part; 
c = the second part. 

Then {s + cy = ^ + ds^c + Ssd^ + c^. 

The first two terms of the root^ regarded as one part, sus- 
tain tJie same relation to the third, as the first sustains to the 
second ; and so on. 

The binomial cube, therefore, furnishes the method of ex- 
tracting any cube root whatever, by treating the root already 
/ou?id, at each step, as a simple term. 
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2. What is the cube root of a:« — 40a^ + (kc« -f 96a; — 64 ? 

OFERATIOK. 

aj« + 6ir»-40aj8 + 98aj-64|aj» + 2a;-4 



8a;2 + 2aj 6a5»+4a^ 



are + 6a;-4 -12aJ«-24ir+16 



8«* ac^-40ic' + 96iF-64 

3g*+ 6a^4- 4a^ 6a;^4-12a^+ 8a^ 
ar« + 12x»+l2x* -12x*-48ir»+96a;-a4 

3ar» + iaaj8_24p+16 -12aj*-4ar« + 96a;-64 



Analysis. — Since it was shown, in involution, that the exponents of 
any letter in a power form a regular series, we arrange the terms accord- 
ing to the powers of a?. The cube root of afi is a^, the first term of the 
root ; subtracting the cube of a^ from the polynomial, and arranging the 
remainder according to the powers of a?, we have 6a^ — 4(te* + 9ftc— 04 for 
a dividend. We next write 8 times the square of a?*, or Sa?*, for a trial 
divisor ; and dividing Qacf', the first term of the dividend, we obtain 2x for 
the second term of the root. Having found the second term, we must 
complete our divisor as in the first example. Therefore^ to 3 times the 
first term we annex the second, and obtain Za?-\-2x, the first factor ; and 
multiplying this by the second term, we have Qafi + iaP for the correction 
to the trial divisor. Adding, we have 3iC* + 6aj* + 4a^, the complete divisor. 
Multiplying this by the second term, 2x, and subtracting the product 
from the dividend, we have for a new dividend, — 12ic*— 48aj' + 96a;— 64. 

Now, since the two terms of the root already found, considered as one 
part, sustain the same relation to the third term, as the first term sus- 
tains to the second, the trial divisor to obtain the third term will be 8 
times the square of the first two terms, or S{a? + 2Tf = 3aj*+ 12aj»+ 12a?. 
This quantity is found in the operation by adding together 4a^, the 
square of the last term of the root; 60^4-40?, the correction; and 3a^4- 
6aj*+4a;', the first complete divisor. Dividing — 12fl;*, the first term of 
the dividend, by Sa;*, the first term of the divisor, we obtain — 4, for the 
third term of the root. 

To find a correction of the trial divisor, the first factor will be the last 
term, — 4, annexed to three times the former terms of the root, or 
9sfi + 6aj— 4. This quantity is found in the operation by taking the first 
factor of the last correction, with its last term multiplied by 3, and an» 
nexing the —4. Multiplying this by — 4, we obtain --12a;*-«24a;+iejj 
for the correction. Adding this to the trial divisor, we have 8a;* + \2jfi—', 
24» + 16, for the complete divisor. MuUipMng this by -- 4, ^nd sub. 
tracting the result from the dividend, we ha . no remainder, and tho 
work is complete. 

17 N 
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191. From these illustrations we deduce the following 

BuLE. — ^I. Arrange the polynomial according to the pmm 
of some letter J and write the cube root of the first term in ih , 
root. 

n. Subtract the cube of the root thus found from the poly- 
nomial, and arrange the remainder for a dividend. 

IIL At the left of the dividend write three times the squan 
of the root already fomid for a trial divisor ; divide the first 
term of the dividend by this divisor, and write the quotient 
for the next term of the root. 

IV. To three times the first term of the root annex the M 
term, and write the result at the left, and, one line below, ik 
trial divisor ; multiply this binomial factor by the last tern 
of the root, for a correction to the trial divisor ; add the cor- 
rection, and the result mil be the complete divisor. 

V. Multiply the complete divisor by the last term of the root, 
subtract the product from the dividend, and arrange the re- 
mainder for a new dividend. 

VI. Add together the square of the last term of the root, the 
last correction, and the last complete divisor, for a new trid 
divisor, and by division obtain another term of the root. 

VII. Take the first factor of the last correction tvith its last 
term multiplied by 3, and annex to it the last term of the root, 
for the first factor of the correction to the new trial divisor, with 
which proceed as in the former steps, till the work is completed. 

l^OTE,— The first term of the remainder, when properly arranged, will 
be that term which contains the highest power of the leading letter of 
the root, or of the arranged polynomiaL 

SXAMPLXSa FOB PItACTICJE. 

1. What is the cube root of 8 + 12a + Ga^ + a» ? 

Ans. 2 +0. 

2. What is the cube root of 27a« + lOSa^ + I44a + 64 ? 

Ans. Sa + 4. 
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3. What is the cube root of a« — 6a?a; + 12aa^ — Sa^? 

Ans. a — 2x, 

4. What is the cube root otafi — dafi + 5a^ — dx-^l? 

Ans. a^ — x — l, 

6. What is the cube root of o^ — 6a^ + 12a»» — 8^? 

Ans. a — 2b. 

3 1 

6. What is the cube root ofic» + 3a; + - + -5? 

X X* 

Ans, X + -. 

X 

7. What is the cube root of a^ + 3a;8 + Qx"^ + 10a:« + 12a.'5+ 
12«* + lOofi + 6a?» + 3a; + 1 ? Ans. afi + ix^ + x + l. 

8. What is the cube root of a» — 3a« + 8a« — 6a« — 6a* + 
8a8 — 3a + 1 ? ^W5. a» — a^ — a + 1. 
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192* To apply the binomial cube as a formula for the ex- 
traction of the cube root of numbers^ we must first ascertain 
the relative number of places in a cube and its root. This re- 
lation will be seen in the following examples. 



Boots. 


CabCB. 


Boots. 


Cubes. 


1 


1 


1 


1 


9 


729 


10 


1,000 


99 


970,299 


100 


1,000,000 


999 


997,002,999 


1000 


1,000,000,000 



Prom these illustrations, we perceive that a number con- 
sisting of one place, may have from one to three places in its 
cube ; and that in all cases the addition of one place to the 
root adds three places to the cube. Hence, 

If dr^numier he pointed off into three-figure periods, com- 
inendng at the right, the number of full periods, and the 
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left-hand full or partial period, mil indicate the number of 
places in its cube root; the highest period answering to the 
highest figure of the root. 

193. To form the cube of a number, let a =50, and i=i 
Then a + J = 64 ; and cubing, we have, 

> = 125000 
d(^b= 30000 
3a*»= 2400 

y= 64 

(a + by = a^ + 3a^ + Soi^ + js - 157464 = (54)8. 

Hence, in the cube of a number^ 

TJie figures of the root, with their local values, have the sam 
combinations as the terms of an algebraic quantity. 

1. What is the cube root of 157464? 

OFEBATION. AKALT8I8. — Pohiting off the num- 

157,464 I 54 her, the two periods show that there 
J25 ''^ll he two figures, tens and units, 

in the root. Since the highest figure 

7500 32464 of the root corresponds to the high- 

8116 32464 est period of the power, we find the 

greatest perfect cube in the first or 
left hand period, which is 125, and place 5, its root, for the figure of the 
required root. Subtracting the cube number 125 from the first period, 
and bringing down the next period, we have 32464 for a remainder or 
dividend. Since the figures in a cube root, with their local values, have 
the same combinations in the cube as the tenns of an algebraic quantity, 
we write at the left of the dividend three times the square of the root 
already found, or 75, with two ciphers annexed, for a trial divisor. 
Dividing, we obtain 4 for the next figure of the root. To complete ^e 
divisor, we multiply the first figure of the root by 8, and annex the liust, 
and obtain 154 for the first factor of the correction. Multiplying this 
number by 4, we have 616, the correction to the trial divisor. Adding, 
we have 8116, the complete divisor. And multiplying this by 4, and 
subtracting the product from the dividend, there is no remainder, and 
the work is complete. 



154 616 







OPERATION. 

12,812,904 1 234 
8 


63 


189 


1200 4812 
1389 4167 


694 


2776 


158700 645904 
161476 645904 
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2. What is the cube root of 12812904? 

Analysis.— The greatest 
cube in the first period is 8, 
and its root is 2, which we 
write for the first figure of 
the required root. Subtract- 
ing 8, and bringing down 
the next period, we have 
4812 for a dividend. Annex- 
ing two ciphers to 3 times 
the square of 2, we have 
1200 for a trial divisor. Dividing, we obtain 3, the next figure of the 
root. To complete the divisor, we have, by the same method as before, 
63 for the first factor of the correction, and 189 for the correction. Add- 
ing the correction, we obtain 1389 for the complete divisor. Multiplying 
this by 3, subtracting the product from the dividend, and bringing down 
the next period, we have 645904 for a new dividend. As in the algebraic 
method, we add 9, the square of the last root figure ; 189, the last cor- 
reodon ; and 1389, the last complete divisor ; and annex two ciphers, for 
a new trial divisor. Dividing, we obtain 4, the next figure of the root. 
We then take the first factor of the last correction, with its last figure 
multiplied by 3, and annex the last root figure, 4, and obtain 694 for the 
first factor of the new correction. Multiplying this by 4, we have 2776, 
the correction. Then completing the divisor, multiplying by the last 
root figure, and subtracting the product from the dividend, we have no 
remainder, and the work is complete. 

From these examples we derive the following 

Bulb. — ^I. Point off the given number into periods of 
three figures each, cotmting from units' place to the left and 
right. 

n. Find the greatest cute in the left-hand period, and place 
its root for the first figure of the required root. Subtract the 
cube from the first period, and to the remainder bring down the 
next period for a dividend. 

III. At the left of the dividend, write three times the square 
of the root already found, and annex two ciphers for a trial 

17* 
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divisor J divide the dividend, and write the quotient for the 
next term of the root, 

IV. To three times the first figure of the root annex the last, 
and place the result at the left, and one line below the trial 
divisor; multiply the factor by the last root figure, for a cor- 
rection to the trial divisor; add the correction, and the result 
will be the complete divisor. 

V. Multiply the complete divisor by the last- figure of tie 
roof, subtract the product from the dividend, and to the remain- 
der bring down another period for a new dividend. 

VI. Add together the square of the last figure of the root, the 
last correction, and the last complete divisor, and annex tvjo 
ciphers for a new trial divisor ; and by division obtain another 
figure of the root. 

VII. Take the first factor of the last correction, with its unit 
figure multiplied by 3, and annex the last figure of the root, for 
the first factor of the correction to the new trial divisor, with 
which proceed as in the former steps tiU the work is complete. 

Notes.— 1. If at any time the product is greater tlian the dividend, 
diminish the corresponding root figure and correct the erroneous work. 

2. If a cipher occur in the root, annex two more ciphers to the trial 
divisor, bring down another period in the dividend, and proceed as before. 
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3. What is the cube root of 148877 ? Ans. 53. 

4. What is the cube root of 671787? Ans. 83. 
6. What is the cube root of 1367631 ? Ans. 111. 

6. What is the cube root of 2048383? Ans. 127. 

7. What is the cube root of 16581375 ? Ans. 255. 

8. What is the cube root of 44361864? Ans. 354. 

9. What is the cube root of 100544625 ? Ans. 465. 
10. What is the cube root of 12358435328 ? Ans. 2312. 
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11. What is the cube root of 999700029999 ? Ans. 9999. 

12. What is the cube root of 2456 ? Ans. 13.491 + . 

13. What is the cube root of .004019679? Ans. .159. 

14. What is the cube root of 2287.148 ? Ans. 13.175+. 

CONTRACTED METHOD. 

194. The methods of direct extraction of the cube root of 
surd numbers are all too tedious to be much used^ and several 
eminent mathematicians haye given more brief and practical 
methods of approximation. 

One of the most useful methods may be investigated as 
follows : 

Suppose a and a + c two cube roots^ c being very small in 
relation to a; cfi and a^ + Sa^c + 3ac^ + c^ are the cubes of 
the supposed roots. 

NoWy if we double the first cube (cfi), and add it to the 
second; we shall have 

3a» + Sa^c + dcu? + c». 

If we double the second cube and add it to the first, we 
shall have 

3a» + 6a% + 6a(? + 2(? 

As c is a very small fraction compared to a, the terms con- 
taining (? and c* are very small in relation to the others ; and 
the relation of these two sums will not be materially changed 
by rejecting those terms containing c^ and c*, and the sums 
will then be 

3a» + Sa^c 

And 3a» + 6a^c. 

The ratio of these terms is the same as the ratio of a + c to 
a + 2c. 

Or the ratio is 1 + 



a + c 



But the ratio of the roots a to a + c, is 1 + -. 
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Obseiring again^ that c is supposed to be very small in 

c c 

relation to a, the fractional part of the jatios and - are 

^ a + c a 

both small, and very near in value to each other. Hence, we 
have found an operation on two cubes which are near each 
other in magnitude, and that will give results very nearly in 
the ratio of their roots ; and by knowing the root of one of 
the cubes, by this ratio we can find the other. And as this 
relation will still exist if one of the roots is a surd, the propor- 
tion will furnish a method of approximating to values of surds. 
For example, let it be required to find the cube root of 28, 
true to 4 or 5 places of decimals. Since 27 is a cube near in 
value to 28, the root of which we know to be 3, 

Assume c^=i27, or a = 3. 

(a + c)3 = 28, or a + c=zV2S. 

Then 27 28 

^ _2 

54 56 

Add 28 27 

Sums, S2 : S3 :: d : a + c very nearly. 

Or, {a + c) = ^ = 3.03658 +, which is the cube root of 
28, true to 5 places of decimals. 

By the laws of proportion, which we hope more fullyto 
investigate in a subsequent part of this work, the above pro- 
portion 82 : 83 : : a : a + c, 
may take this form, 82 : 1 :: a : c^ ' c being a cor- 
rection to the known root a. 

Hence c = A = -^3658 + ; 
And a + c=: 3.03658 +, as before. 

195. From this investigation, we deduce the following rule 
for finding approximate cube roots : 

EuLE. — Take the nearest rational cube to the given num- 
ber, or assume a root and cube it. Double this cube, and 
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add the number to it ; also double the number and add the as- 
mmed cube to it. TJien, by prqportiony the first sum is to the 
second, as the known root is to the required root. 

Or, The first sum is to the difference of the two sum^, as the 
known root is to a correction to the known root. 

BXAMBLBS VOB BItACTICE. 

1. What is the approximate cube root of 122 ? 

Ans. 4.95967 +. 

2. What is the cube root of 10 ? Ans. 2.65441 +. 
Note. — Assume 2.1 for the root, then 9.261 is its cabe. 

3. What is the approximate cube root of 720 ? 

^n«. 8.9628+. 

4. What is the approximate cube root of 345 ? 

Ans. 7.01357 +. 

5. What is the approximate cube root of 520 ? 

Ans. 8.04145 +. 

6. What is the approximate cube root of 65 ? 

Ans. 4.0207 +. 

7. What is the approximate cube root of 16 ? 

The cube root of 8 is 2, and of 27 is 3 ; therefore the cube 
root of 16 is between 2 and 3. Suppose it 2.5. The cube of 
this root is 15.625, which shows that the cube root of 16 is a 
little more than 2.5, and by the rule 



15.625 


16 






2 


2 






31.250 


32 




16 


16.625 






47.25 


47.625 
47.25 






47.25 


: .375 : 


: 2.5 : .01984 








Assumed root, 


2.50000 






Correction, 


.01984 



Approximate root, 2.51984 
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We give the last as an example to be followed ia most 
cases where the root is about midway between two integral 
numbers. 

This method may be used with advantage to extract the 
root of perfect cubes^ when very large, as will be seen in the 
examples which follow. 

8. The number 22069810125 is a cube; required its root. 

Analysis. — Dividing this cube into periods, we find that the root 
most contain 4 figures, the superior period is 22, the cube root of 22 is 
near 3, and of course the whole root near 8000 ; but it is less than 3000. 
Suppose it 2800, and cube this number. The cube is 21952000000, which, 
being less than the given number, shows that our assumed root is not 
large enough. 

To apply the rule, it will be sufficient to take six superior figures of 
the given and assumed cubes. Then by the rule, 

219520 220698 



439040 
220698 


441396 
219520 






659738 


660916 
659738 






659738 


: 1178:: 2800 
2800 






942400 
2356 






659738)3298400(5 
3298690 










Assnmed root, 2800 
Correction, 6 



True root, 2805 

The refrnlt of tbe last proportion is not exactly 5, as will be seen hy 
inspecting tlie worlc ; the sUght imperfection arises from the role being 
approximate, not perfect 
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Note. — ^When we have cubes, we can always decide the nnit figure 
by inspection, and, in the last example, the nnit figure in the cube being 
5, the unit figure in the root must be 5, as no other figure when cubed 
will give 5 in the place of units. 

9. The number 41135081408 is a perfect cube; required its 
root. Ans. 3452. 

10. The number 125525735343 is a perfect cube ; required 
its root Ans. 5007. 

EEDUCTION OF EADICALS. 

196. A JRadical Quantity is a root merely indicated 
by the radical sign or by a fractional exponent; as 2v^ 
5^a«-2J, c{da^)i. 

The quantity or factor placed before a radical is its coefiGL- 
cient. Thus, 2, 5, and Cy in the above examples, are the coeffi- 
cients of the radicals. 

197. The degree of a radical quantity is denoted by the 
radical index, or by the denominator of the fractional expo- 
nent. Thus, 

VflJ, a? > (« + *)' are radicals of the 2d degree; 

\^y \fc^y (2a:) » are radicals of the 3d degree ; 

\x\ yn^ ^(l _ c)» are radicals of the nth degree. 

198. Similar Radicals are those having the same 
quantity under a radical sign of the same index. Thus, 

Z^/a^—by — ^a^—hy and b{d? — J)', are similar radicals. 

199. Meduction of Radical Quantities is the 

process of changing their forms without altering their values. 

Case I. 

200. To reduce a radical to Its simplest form. 

A radical is in its simplest form when it contains no perfect 
powers corresponding to the degree of the radical It has 
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been shown (185) that thQ root of a quantity is obtained by 
dividing the exponent of each factor by the index of the re- 
quired root; by which process the root of each factor is taken 
separately. Hence, 

The root of a quantity is equal to the product of the roots 
of its factors. 

1. Eeduce \/75^ to its simplest form. 

OFERATiON. ANALYSIS— Since the radical is of 

V75^ = V25a2 X 3a; ^® ^^^^ degree, we separate the fac- 

tors of the qviantity under the radical 

= V25a y, \oX sign into two groups, one of which, 
= ba^/Zx. ^^*' contains aU the perfect squares^ 

and the other, Sir, aU the other factors. 
And since the root of a quantity is equal to the product of the roots of 
its factors, we extract the square root of 25a', and obtain 5a, and multi- 
plying this result by the indicated root of the other part, we obtain^ 
Say'SiT, the simplest form of the radicaL 

2. Eeduce 5v^a* — a^J to its simplest form. 

OPERATION. Akaltsis. — Since the rad- 

ical is of the third degree, 
6 ^a^ — a% = 5 Vfl?(^~---^ ^© separate the quantity un- 

c 8/ni .»/ 1 d«r the sign into two factors, 

= Wf xVa-b ^^ „, ^^^^ ^_ ^ ^ ^^^ 

= 5a V a — S. cube. Taking the cube root 

of this factor, and multiply- 
ing this root, a, the coefficient, 5, and the surd, ^a— &, together, we have 
5a '^a— 6, the simplest form of the radicaL 

From these illustrations we deduce the following 

Eule. — ^I. Separate the quantity under the radical sign into 
two factor Sy one of which is the greatest perfect power corres- 
ponding in degree to the radical. 

n. Extract the root of the perfect power, and multiply the 
root, coefficient, and surd or radical part together. 
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Bednce the following radicals to their simplest form : 



3. wa^bc. 

4. 2V^. 
6. 3^503?. 

6. a^/m^. 

7. 5if^'81^. 

8. Va* — c?c 



9. aryV^y--^. 
10. 4V72aP?. 



11. 2aVl47a«a^y. 

12. 6v'l255. 

13. 2c\^d2a^. 

14. (rt + })Va» — 2a2} + afi3. 

15. (a — 5) Va»} + 20*3 + J8. 

16. dVix^ — 2a;y + xf. 

17. (18ac8y)*. 

18. (24a:V«)* 

19. (54ow»)*. 

20. {a^jfi-^afbi?)^. 



Am. aVic. 

Am. 2xy^/x. 
Ans. 15a^V25. 

Am. %c?^/^. 
Ans. 15m\^m. 



Am. flVl — c. 



Am. Qi^y^Vx — y. 

Am. 24tbcV2ac. 

A71S. 14£fixV3ay. 

Am. 2b Vx. 

Am. ic^^yac. 

Am. {a^'-it^)Va. 

A718. {a^ — V)Vb. 

Ans. d{x--y)Vxy. 

Ans. 6x{5xyy. 

Am. 2xy(^7?z)^. 

Am. ^m\2a)^. 

Ans. ah{a'—iy. 



Case IL 

201« To reduce a rational quantity to a radical, or 
to introduce a coefficient of a radical under the rad- 
ical sigrn. 

1. Reduce baofi to the form of the cube root. 

OPERATION. Analysis.— We cube each factor of 

KnrA _ fKnrA\^ — aV i 9^/t>U6 *^® ^^®^ quantitj separately, and 

IS 
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2. Eeduce 2cv^ to a radical without a coefficient 

OPERATION. Analysis.— We ndse the 

4 1 coefficient, 2Ct to the fourth 

2(J = (2<:)* =(16c*)l^; ' ^ ,^^1 

^ ' ^ ' ^ power, and we have (16c*)*. 

(16(?*)* X «* = (16c^ ; Multiplying this result by a^, 

hence, ici^ = ^16(?^ we have .^^iSc^ Hence the 

Rule. — L To reduce a rational quantity to a radical:— 
Involve it to a power denoted by the degree of the required rod- 
icaly and write the result under the radical sign. 

IL To introduce a coefficient of a radical quantity under 
the radical : — Involve it to a power denoted by the degree of the 
radical, multiply the quantity under the radical sign by the 
result, and write the product under the radical sign. 

JBXAMJPZJE8 JFOS mACTXCE. 

3. Beduce ao^sl^ to the form of the square root 

Ans. Vah^zA 

4. Beduce ^(fiy to the form of the cube root. 

Ans. ^/ma^% or (729aV)*- 

5. Eeduce a + ex io the form of the fourth root 

Ans. (a* + ^^cx + ^a^<^ + ^aAx^ + ch^^. 

6. Introduce the coefficient of (fi\/c under the radical sign. 

Ans. Va*c. 

7. Introduce the coefficient of Za^^ahc under the radical 
sign. Ans. ^b^^x. 

Beduce the following quantities to equiyalent radicals with^ 
out coefficients : 

8. (2a - c) '^ Ans. (32a« - 48fl«^ + 24£k« - 4c8)* 

9. ^Vac. Ans. ^1024aci«. 

10. aafi{a + bxy)^. Ans. ^/cM + af^Wy. 
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11. {db + x) ^/cfil^ — %abx + o?. 

12. («» — i2)Va. Ans. (a« - 2a8J2 + a**)*. 

Cask III. 
302. To reduce radicals of different d^ri^es to a 
common radical index. 

1. Bednce V« and "^ to a common radical index. 

OPERATION. Analysis. — ^We have seen (201) that 

y- 1. |. the value of any quantity is not changed 

Vfl = flf=^f by involving it to any power and placing 

\/h = J^ = }^ • *^® result under the corresponding radical 

^ t ^ \ ®^^ ^^ index. That is, the nth root of 

fl* = {cfiyy Jr^ = (8^)* thoTith power of any quantity is the quan- 

Qf tity itself. Now, as the index of a in the 

\ ^ 1 J _. given example is |, and of h \, we may 

fl* = yc^y J* ^ V^- raise the two quantities to any powers 

that will make the denominators of their 
indices the same. This we do by reducing the indices \ and \ to equiv- 
alent indices having a common denominator, as shown in the operation. 
Hence, 

BuLE. — Express the indicated roots hy means of fractional 
exponents^ and reduce the expressions thus obtained to equiva- 
lent ones, in which the fractional exponents shall have equal 
denominators. 

JBXAXPZB8 FOB TBACTICB. 

2, Beduce a', rf*, and ^, to a common radical index. 

OPERATION. 

2 1 3 _4» Zn 18 
3' 2' n~ 6»' 6«' %n 

a* = aS _ ^ _ (a*.)S^ 
(? = (^ = \r^ = («P')^ 
C» = tf«" = V^ = (c^»)^ 
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3. Eeduce m, (an)* czt^, and 6, to a common radical index. 

Ans. (w8)* (aV)t (eArV)* (125)*. 

4. Reduce ah), {cmYy and Vrf, to a common radical index. 

Ana. v^^^, v^c*m*, ^/W. 

ADDITION OF RADICALS. 
303. 1. What is the sum of 3\/aJ and by/ai ? 

OPEBATION. 

g,^/^ Analysis.— We make the common radical, ^/oS, 

^ /-7 the unit of addition ; and adding the coefficients, we 

7= obtain 8 a/5, the required sum. 

8\/aJ. 

2. Whatw the sum of >^^250a^ and ^^6^? 

OPEBATION. 

•/9^fn f; V«Fa Analysis. — ^We reduce the radicals 

VA55Ua _ 5a V 4,a ^ ^j^^^^, g^jj^pi^gt ^^^^ ^^ obtain two 

^16a* = 2av''2^ similar radicals. Adding their coeffi- 

Sum, ^^^. ««-*-.- J-- '"l?^'- 

Prom these examples we deduce the following 

EuLE. — I. Reduce each radical to its simplest form. 

11. If the resulting radicals are similar , add their coefficients, 
and to the sum annex the common radical; if dissimilar, indi- 
cate the addition by the plus sign. 

JEXAMPZES JFOB TBACTICM. 

3. Add 3 V3a^ and aV48a? together. Ans. TaVsi. 

4. Add V80m and Vl25m together. Ans. ^V^m. 

5. Add V72, Vl28, and V8. Ans. 16\/2. 

6. Add x^/daf, SyVd^, and 2V3aa:y. Ans. QxyVda. 

7. Find the sum of V2a^y and ^%tHy. 

Ans. (a + J) V2^. 
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8. Find the sum of Va^^ — dhj and V^* (a? — y). 



Ans. ^a^/x — y. 



9, Find the sum of VSO^ and V'2i5^. 

10. Find the sum of 3\/3^, ^Vld% and VsZ^. 

-4w5. (5a + J) V3^. 

11. Find the sum of V2a*, W^c^y and V^. 

-4m«. (a + 5)2^2. 

12. Find the sum of V^ and v^l25^. ^/w. 7v^2. 

13. Find the sum of v^270^ and ^/vm^. 

Ans. {3a + 5b)\^li)m. 

14. Find the sum of V^5^, \^Sx^y*, and 4^x^. 

Ans. {x + yfVxy. 

15. Find the sum of a/ Yg and a/—. Am. Va. 

16. Find the sum of \/^ and V«^. -4w5. a\/h + SVa. 

17. Find the sum of V^^ and \/^. 

18. Find the sum of 2 (4a2j)i and (36a2S)i Ans. lOaJ^ 

19. Find the sum of {cM — ah^y and a (a:* — ic^y)* 

-4w5. 2aa;(a? — y)* 

SUBTRACTION OF EADICALS. 

204. 1. From V98a take VsOa. 

OFERATiOK. ANALYSIS. — Reducing the radicals to their sim- 

/ttq- ,y r^ ' plest form, we obtain the two similar radicals, 

V98a — 7V 2a ,j^^ ^^ ^^/2a. Making the radical part the 

V50a = 6^2a nnit of subtraction, we take the difference of the 

coefficients, and obtain 2y^2a. Hence the fol- 

DifiEerence, 2^/20. lowhig 

18* o 
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Rule.— I. Reduce ecLch radical to its simplest fornu 
II. If the resultifig radicals are similar^ subtract the coeffi- 
cient of the subtrahend from the coefficient of the minuend, 
and to the remainder annex the common radical; if dissimilar, 
indicate the subtraction by the minus sign. 

EXAMTZE8 JFOM JPBACTICJE. 

2. From S V6a^c t ake aV Ec. Ans. 2aV^c 

3. From Vl62a:*y take 4V^^ Ans. a^V^y; 

4. From V 20a^b^y t ake ^haS lfiy. Ans. c?b^/^. 
6. From ^ ^U%a% c take ^aVpbc. Ans. 4ay^2bc. 

6. From VSTE^b take \/2^. Ans. {5a — 2b)^V3ab. 

7. From 3 (16a>y)^ take 2a {a^ V)^. An s. M^{alf^)^. 

8. From V3a«(? + 6afc + dVc take Vim". 

Ans. {a — 5)^/3^. 

9. From V2a\^ ta ke V2 ^. Ans. acV2a — c\/2d. 

10. From Vcfi—aV) take ^aV-^V. Ans. (a-^b)Va—b. 

11. From V3 take VJ. ^w«. iV3. 

12. From 6-v^take 6v^. ^n«. lO^i. 

13. From 2^d2a9 take 4^^. .4^5. 4a (^— -v^). 



MULTIPLICATION OF EADICALS. 

Case I. 

205. To multiply radicals of the same d^rree* 

Since the root of a quantity composed of seyeral factors is 
obtained by extracting the root of each factor separatelyX185), 

^^'^^^^ {abr = a^ xJ~; 

or, v^ = V^ X V^. 

Conversely, Va x "s/b = Vab. 
Hence, if we consider a and b as representing any two quan- 
tities, and n the index of any root, wo have 

The product of the roots of any two quantities is equal to the 
root of their product. 
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1. Multiply 3^v^ by 2j/y. 

OPERATION. Akaltbib.— Since the product will 

3«Vi X 2Vy = QaVxy. ^ ^^^ ^^^* ^ whatever order the 

factors are taken, we multiply the co- 
efficients Za and 2, and ohtain 6a ; and the radical parts ^x and y^ 
and ohtain, hj the principle enunciated above, ^^/iy; and the entire 
product is 6a^xy. Hence the following 

BuLE. — I. Multiply the coefficients together for the coefficient 
of the product. 

II. Multiply the quantities in the radical parts together, and 
place the product under the common radical sign. 

III. Reduce the entire result to its simplest form. 



sxAMrz:B8 roM tmacticb. 

2. Multiply 2aV3x by 4Vy. Ans. SaVSxy. 

3. Multiply 5a/«^ by Vam.^ Ans. haVmc. 

4. Multiply 3\/5flcy by 4V2^. Ans. 120zVy. 
6. Multiply 2'v^9^ by ^Sxyz. Ans. 6x\^yz. 

6. Multiply 2^^ by 3>^ Ans. 12^^. 

7. Multiply 3\/3 by 2\/3. Ans. 18. 

8. Multiply 3\/2 by 4\/8. Ans. 48. 

9. Multiply a/G by 'v/lSO. ^/i5. 30. 

10. Multiply Vi by Vf ^n«. iA/3. 

11. Multiply a + a/J by \/j. Ans. aVb + J. 

12. Multiply X + Vy by a; — Vy. Ans. a^ — y. 

13. Multiply Vm + Vn by Vw — Vn. Ans. m — n. 

14. Multiply Va+Vc by Va+Vc. Ans. a+2Vac+c. 

15. Multiply a (d)* by c (eZ)*. Ans. ac {bd)^. 

16. Multiply 2c{a^d)i by (3aJ)* ^tw. 2ac(352rf)*. 

17. Multiply {sfiy)* by (a:y®)*. Ans. xy. 
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Case II. 
206. To multiply radicals of different degrees. 

1. What is the product of a* multiplied by 5*. 

OPERATION. Analysis. — Letting P represent the product 

XL /i \ . ®^ *^® given qoantities, we form equation (1). 

P z=z a .... (1) ; sqiiaring both members we have (2), in which 

pi -^ ahi , (2) • ^® index of the factor a is 1. Cubing (2) we 

p^ g^ )o\. have (3), in which both factors are cleared of 

(I (r ^ ;, their radical indices ; and extracting the sixth 

P = (a^^)^ . . . (4). '^^^^ ^® h&ye (4), in which the product is 
under a common index. 



SECOND OPERATION. ANALYSIS. — We first reduco the ^ven radi- 

1. |. cals to equivalent quantities having a common 

(^ =^ ^ 9 radical index, by Case III, Reduction, and then 

J^ = S* ; multiplying a* by 6* by Case I, we have the 

4,1 / o^oxl- same result as before. Hence, 

EuLE. — I. Reduce the radical parts of the given qtcantities 
to a common radical index, 

II. Multiply the rational and radical parts separately, as in 
Case I. 

BXAMJPZJE8 JFOB BBACTICM. 

2. Multiply cfi by a'. Ans. a* 

3. Multiply 6* by (160)* Ar^. 30. 

4. Giye the product of Vj multiplied by ^. Ans. iV\» 
6. Give the product of 2* multiplied by 2 ». Ans. v'l^. 

6. Eequired the product of {a + &)* (a + 5)*. Ans. {a + 5) •". 

7. Eequired the product of ^Va x 3*v^rf + x. 



Ans. lU\^a^{d + xY. 
8. Multiply ^J\ by ^|. Ans. ^^. 
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DIVISION OP EADICALS. 

Case I. 

^OH* To divide radicals of the same degree. 

Since {he root of a fraction, or of the quotient of one quan- 
tity divided by another, is obtained by extracting the root of 
each tenn separately (185), we have 

1 J, 



or. 



» /a _ v^ 



Conversely, "y^ "^ v J ^ ^^^^^ 

The quotient of the roots of two quantities is equal to the root 
of their quotient. 

1. Divide ^c?Vxy by %aVx. 

OFKRATION. ANALYSIS.— Dividing 6a* by 2a, we have 3a 

Ga^A^cV /- for the new coefficient. And, by the principle 

— ^-2 = 3a Vy. /-- 

2a V a? stated above, ^/xy divided by ^/x = 4/ -^ 

= y^ ; the entire quotient, therefore, is 8a-\/y. Hence the following 

EuLE. — ^I. Divide the coefficient of the dividend by the cO" 
efficient of the divisor, 

II.* Divide the quantity in the radical part of the dividend 
iff the quantity in the radical part of the divisor, and place the 
quotient under the common radical sign. 

III. Prefix the former quotient to the latter, and reduce the 
result to its simplest form. 
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BXAMBI^BS JFOB BMACTICJS. 

2. Divide 4 VaJc by 2^/0^. Ans. 2V^. 

3. Divide \/125a*a:y by \/5a^. Ans. 6aVy. 

4. Divide 2V200m* by V2m. Ans. 20mVm. 

5. Divide VI6O by Vs. - Ans. 2^5. 

6. Divide \/54 by V6. ^W5. 3. 

7. Divide 8\/72 by 2\/6. ^»5, 8^3. 

8. Divide 3 VTo by VIS. Ans. V6. 

9. Divide {a^l^c)^ by (oJ)* ^n«, a {bd)^. 

10. Divide 12 (a:«y'0^ by 3 (iry)*. ^iw. 4a;y (f)i 

11. Divide (a^js^rf^jiby (a^Jd)*. Ans. d{Vc)\ 

12. Divide V«^ — a*S by >/». -4n«. a Vl — aS. 

13. Divide Va^ — ff^hj Va+^. Ans. ^cT^. 

14. Divide (a^ - i^)* by {a - 5)*. uiTW. {a + J)* 

15. Divide a/~ by A/ t- -4»«. — Vabxy. 

Case IL 
208. To divide radicals of difTerent d^n^ees. 

1. What is the quotient of (a^ja)^ divided by a*? 

OPERATION. 

1 An ALYBIB. — Letting Q represent the 

Q (a^lrji^ Qv , quotient, we have equation (1). Raising 

^ • • • ' V / > Ijq^Ij members to the sixth power, we^ve 
(2), an equation without a radical index. 

Q6 -- ^ ^ (2)' Dividing a^ by «•, we have (8) ; and ex- 

O* * ' * ' tracting the sixth root and reducing the 

Q6 =^ J2 /3\ . index of 6 to its lowest terms, we have (4X 

the required result. 



Q =i* = J^...(4). 
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SECOND OFERATiOK. Akaltsib.— We first reduce the 

|. ^ - j.i dividend and divisor to the same 

a —a — (a ) , radical index (202), and then di- 

; • V«* ; V V . ^g^^ result as before. Hence, 

BuLE. — ^I, Reduce the radical parts of the dividend and 
divisor to a common radical index. 

IL Find the quotient of the rational and radical parts sepa-^ 
ratelt/y as in Case L 

EXJLMPZES JPOB TnACTICB. 



2. Divide {aa?)^ by {xyy. Ans. \/^^' 

3. Divide "Vx by "Vx. Ans. x""^. 

4. Divide 30 by V5. Ans. 6 a/5. 
6. Divide 10:& (a + c)^ by 5 (a + c)K Ans. 2x (a+c)^. 

1 n 

6. Divide (cfi — a?){m + yY by {a + x){m + y)"*. 

Ans. (a — x) {rn + y) *"* . 

7. Divide Vi by \^. Ans. 2^^. 

8. Divide "57= by — —. Ans. x-—:. 

yax \x ya 

PBINCIPLBS 

RELATING TO THE APPLICATION OF INVOLUTION AND EVOLUTION. 

209. The application of Involution to the solution of 
radical equations, is governed by the principles illustrated by 
the three following examples. 

1. Eaise Vfl to the second power. 

OPERATION. Analysis.— Placing the product of the 

\/a V \fa a/S a letters under the common radical sign 

va X vw— -vc* — c*. (206),wehavev'a« = a. 
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2. Baise V^ + iio the eecond power. 

OPERATION. Analysis. — Since the given 

(\/a + d)* = a + 2i^a + V, quantity is a binomial, we 

write a, the square of the first 
term ; 2b^/a, twice the product of the two terms ; and &*, the square of 
the second term. 

3, Eaise ^/a + Vj to the second power. 

OPERATION. Analysis. — Since the qoan- 

(V^ + \/^)* = a + 2a/^ + 5. *^*y ^ * ^iJion^ial, we write a, 

the square of the first term; 
2\/a&, twice the product of the two terms; and h, the square of the 
second term. 

These three examples establish the following principles : 

I. If a radical quantity be involved to a power corresponding 
to the radical index, the radical sign will be removed (1). 

II. If a quantity containing both radical and rational 
terms be raised to any power, the radical sign will not be 
removed (2). 

III. If a quantity consisting of two radical terms of the 
seco^id degree be squared, the result will contain but a single 
radical term (3). 

210. The application of Evolution to the solution of equa- 
tions above the first degree, is governed by the principles 
illustrated in the following examples : 

1. Extract the wth root of a\ 

OPERATION. Analysis. — We divide the exponent of the power 

^ of the given quantity, by the index of the required 

V fl" = a. root (185), and obtain 1 for the exponent of the root, 
which is omitted in the result. 



SIKPLE EQUATIOKS. 217 

2. Extract the nth root of a* + }. 

ANAiiYSis. — By the principles of involution, every power of a mono- 
mial consists of one term only ; and the powers of a binomial consist of 
at least three terms. And since a^+b, the given quantity, has more 
terms than any power of a monomial, and a less number of terms than 
any power of a binomial, it cannot be a perfect power, and we therefore 
indicate its root, thus, ^ya^+b, 

3. Extract the square root of a*ja + 2a8S» + a2j2. 

OFEBATION. ANALYSIS.— We find by trial, (1) 

Vo*^ ^ a^J ^1^ *^^ (^)' *^* *^^ ®^ the given terms 

yr-g^ ' ' " ^^' are perfect squares, and that twice 

\aOr* ao \A), ^^ product of their square roots is 

2 xa^S xaJ = 2a»52 . , . (3) ; equal to the other term of the given 

Vo*^ + 2a8^ + O^V = 0^1 + ab. q^wJititJ (3). This answers the 

condition of a binomial square 
(186), and we have a^b + db for the required root 

The principles illustrated by these three examples may be 
stated as follows : 

I. The exponent of a quantity will be removed by extracting 
{he root whose index corresponds to the exponent (1). 

IL TTie root of a binomial is necessarily a surdy and a bino- 
mial always becomes a radical by evolution (2). 

III. A trinomial is a perfect square when two of its terms 
are perfect squares and positive, and the remaining term is 
twice the product of the square roots of the others, and either 
positive or negative (3). 

SIMPLE EQUATIONS 

COKTAIirasrG BADICAL QUANTITIES, 

311. 1. Given 4 + V5 — 3 = 7, to find the value of x, 

ofi;ration. Analysis,— We first transpose 4 tQ 

4_i- ^x 3 = 7 ... (1) • *^® second member, so that the radical 

^ q Q /o\ • ™*y stand alone, and obtain (2). We 



» — 3 = 9 . • . (3) ; 



next square both members to clear the 
equation of the radical sign (209, I). 
o; =: 13 • • f (4^* and obtain (3). Hence^ x = 12. 

19 



218^ BADICAL QUANTITIES. 

2. Given Va; — 2 + V« + 6 = 4, to find x. 

OPERATION. Analysis.— In order to 

^/^H^ + Vx+Q = 4 (1) ; *^^^^ *^® involution of X 

:: . / — — ^ ;^; to the second power, we 

X-2=4-Vi+6^ ,(2); transpose one oVthe rsdi. 

a;— 2 =16— 8va:+6+a;+6, . . (3) ; cals to the second mem- 

Va: + 6=3 (4) ; ber, and obtain (2). In- 

/p I g-— 9 ^ /5\ . volving both members to 

o / g \ the second power, we have 

' * ^ '' (3), an equation contain- 
ing only one radicaL Transposing and reducing, we have (4), in which 
the radical stands alone. Squaring both members, we obtain (5) ; and 
hence, x = d. 

From these examples we derive the following 

EuLE. — I. If the equation have hut one radical term contain- 
ing the unknown quantity y transpose the terms so as to make 
the radical stand alone, as one member; then clear the equation 
of the radical sign by involution, and solve as usual 

ll. If there be two or more radical terms, clear the equation 
of radicals by successive involutions, adjusting the terms at 
each step according to the principles enunciated in (309). 

Note.— 1. Equations which appear to be higher than the first degree, 
sometimes become simple equations bj reduction of terms. 



X!XAMJPLJE8 JF O M BBACTJCJS, 

3. Given v^ + 5 = 9, to find x. Ans. x = 16. 

4. Given Va? — 3 = — ==, to find x. Ans. x = 7. 

Va? — 3 

5. Given |/4 + {x — 2)* = 3, to find x. Ans. x = 27. 

6. Given x — V^ + 6 = — 2, to find x. Ans. x = i. 

7. Given x + \/a?» — 7 = 7, to find x. Ans. « = 4. 

8. Given Va? + 12 = 2 + Vx^ to find x. Ans. a? = 4. 
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9. Given 2+{3x)^ = VEx+i, to find x. Ans. x = 12. 



10. Given x + 2=z y4c + xV^^ + o^,to find x. 

Ans. xz=6. 

11. Given x — ^Vx = V^—x, to find x. Am. aJ = H. 

12. Given V« — 32 = 16 — V5, to find x. 

Note. — ^2. For brevit7, put a = 16, and restore the value of a in the 
final, or reduced equation. 

Ans. X = 81. 

*— ^— — f? 

13. Given V3 + x = —-===, to find x. Ans. x = S. 

Vd+X 

14. Given Vx—- 16 = 8 — V^, to find a;. -4/^5. a? = 25. 

15. Given Vx+ 3a = "ZVa, to find x. Ans. x=za. 



16. Given Vca: + a = --=, to find x. Ans. « = . 

V2i 

17. Given Vx + 2a = V2a + Vx — 2a, to find a;. 

, 5a 

^W5. x = -^. 

18. Given — = = — === — Xy to find x. 



1 


TO» 


VffU-1 


Vm» — 1 


Vi + as 


V5 + 38 



^W5. a; = ^/rn^ — 1. 



19. Given V = V > to find x. 

va?+ 4 V«+ 6 

Note.— Place y^ = y, then find y, 

Ans. a: =z 4. 

20. Given ^/x + Va + ^ = -7. -4n«. a; = 5. 



1 
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SECTION IV. 

QUADRATIC EQUATIO]S"S. 

212. A Quadratic JEqtiation is an equation of the 
second degree^ or one which contains the second power of the 
unknown quantity^ and no higher power ; as^ o^ = 9^ or 
a^ + 3x=:a, Quadratic equations are divided into two classes, 
pure and affectecL 

213. A Pure Quadratic JEquation is one which 

contains only the second power of the unknown quantity ; as, 

a?» = 25, or a^ + dab = 2c. 

Note. — ^A pure equation, in general, is an equation whicli contains 
only one power of the unknown quantity. 

214. An Affected Quadratic JEquation is one which 
contains both the second and th^^r^^ powers of the unknown 
quantity ; as, a:^ + 3ic = 10. 

215. The Itoot of an equation is such a value as, when 
substituted for the unknown quantity, will satisfy the equation, 

PURE QUADRATICS. 

216. Since a pure quadratic equation contains only the 
second power of the unknown quantity, the unknown terms 
may always be united into one by making the unknown quan- 
tity the unit of addition. Hence, 

Every pure equation of the second degree can be reduced to 
the form of€iQ^ = b; in which a and b are supposed to repre- 
sent any quantities whatever. Thus the equation 

3x^ — 21 = 11 — 0^ 
becomes, by transposing and uniting terms, 

4a? = 28. 
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And representing 4 by a, and 28 by 5, we have 
aa^ = 5...(A). 

1. Given 2a^ = — + 7, to find the value of x. 

OFEBATiON. ANALYSIS. — Clearing the eqaa- 

Q^ tion of fractions, we obtain (2). 

^^ = — + 7 . . . . (1) ; Transposing and uniting terms 

ft^ — /,« _ii 9ft (9\ . containing a?, we have (3), an 

oar- — ^ -t 4>^ . . . \,4>) , equation in the form of (A). 

7a^ = 28 (3) ; Dividing both members bj 7, 

a^ = 4 (4) ; we obtain (4). To remove the 

X = -J- 2 (5). exponent of aJ*, we take the 

square root of both members 

VERIFICATION. (210, 1), which does not destroy 

( + 2)^ = 4 (6) ; their equality (Ax. 9),and obtain 

( — %Y = '^ (7) I ©» ^ which X has two values, 

2* + ^» *n^ ~" ^' Substituting 

Or, 2x2^ = -j-+7 (8) ; these values successively in (4), 

/ n\2 or in (1), each value satisfies 

2 X ( — 2)^ = — ^ ' — h 7 . . (9). ^^ equation, as seen in the veri- 

* fication. Hence, 

Every pure quadratic equation has two roots, equal in nu- 
merical value, but of opposite signs. 

2. Given ma?^ + 2d = ca^ + n, to find x. 

OFEBATION. ANALYSIS. — TransjKJsing, 

ma? + 2d = C0!? + n (1) ; wehave(2). Factoringwith 

ma? — CO?=in — 2d (2) ; reference to a?, we obtain 

^fn — cj a? ':=in — 2d (3) ; (8), which is in the form of 

« _ n — 2d ... , (A). Dividing by w - c, we 

— m c ' 'hdiYe (4) ; and extracting the 

/ ^ square root of both mem- 

X^± X VlZL^ . . . (5). bers, wehave(5). 
\ m—c ^ ' 

From these illustrations we deduce the following 

Rule. — ^I. Reduce the equation to the form ofaa? = 5. 

II. Divide h) the coefficient of the square of the unknoion 
quantity, and extract the square root of both members of the 
resulting equMion. 
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xxAMjpzxa I'on bbacticb. 

3. Given a;^ — 16 = 20, to find x. Am. a; = ± 6. 

4. Givan (3a?»—14) 2 = 2a?+ 8, to find x. Am. a; = ± 3. 

5. Given --- + 8 = a;^ — 2, to find x. Am. a; = ± 4. 

o 

6. Given a:^ + l = -^ + 4, to find x. Am. a; = ± 2. 

^^. 3a:» + 5 2a:3 — 5 ..., . _ 

7. Given — ~ r^r — = 1, to finda;. Am. a; = 0. 

^ ^. a: (9 + 2a;) 3a; + 6 . ^ , 

8. Given ^ A, — '- = — ^— , to find a;. 

ID O 

Ans. a; = ± 3. 

9. Given "^ — = aJ' — - 1, to find, a;. 

Am. a;:=± 1.73205 +. 

10. Given 3a^ — 29 = -j- + 510, to find x. 

Ans. a; = ± 14. 

11. Given co^-^a^c^i — y to find x. 

Am. a; = ± ■ 

Vc^ — a^ 

12. Given ^j^" ^^ = 1 - a;, to find x. 

1 + x ' 2 

Am. a; = ± - — -. 
a — 1 

Note. — Equations containing radical quantities often become quad- 
ratics when cleared of the radical sign. 

13. Given Vo^ — 5 = — , to find x. Am. a; = ± 3. 

14. Given a/ — j— — = V^> ^ ^^^ ^- -4n«. a; = ± -. 

15. Given 18 — Va?» — 44 = 8, to find a;. 

^iw. a; = ± 12. 



I 
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:, to find X. Arts, a; = ± 7. 



16. Giyen Va? — 3 l_ ^ ^ 

Vx + 3 

17. Given xVa^ + a^^a^-^x^yto find a:. 



18. Given V^ — a^ = a Vw — 1, to find x. 

Ans. x= ± aVw. 



PROBLEMS 

PEODUCINQ PUEE QUADEATIO EQUATIONS. 

217. A problem may often furnish either a pure or an 
affected quadratic equation^ according to the notation assumed. 

1. Find two numbers whose difference is 6, and whose pro- 
duct is 40. 



Akalysis. — We represent 
the less number by aj — 8, 
and the greater by « + 8, 
thus making the difference 
of the numbers 6, according 
to the first condition of the 
problem. Multiplying a? — 8 
by oj + 3, we obtain a? — 9, 
the product of the two num- 
bers, which we put equal to 
40, according to the second 
condition of the problem, and we obtain (1), a pure equation. Solving, 
we find aj = 7, if we use only the plus sign. Then a? — 8 = 4, the less ; 
and aj + 8 = 10, the greater. 

Note. — If we take aj = — 7, iir the above problem, we shall have 
a? — 3 = — 10, the less number, and a; + 3 = — 4, the greater. This 
result, considered in an algebraic sense, satisfies the conditions of the 
problem, for — 4 — (— 10) = 6, the difference, and (— 4) x (— 10) = 40, 
the product. In general, however, such a value will be taken for the 
unknown quantity, as will satisfy the conditions arUhTJueticaUy, 



SOLUTION. 

Let a? — 3 = the less number ; 
a; + 3 = t he greater, 
ari — 9=40 ... (1) 

a?» = 49 . . . (2) 

X = 7... (3) 
a? — 3 = 4, the less number ; 
a; + 3 = 10, the greater. 
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This problem will giye rise to an affected quadratic^ if we 
assume the following notation : 

Let X = less number, 

X + 6 = greater. 

Then a?» + 6aj = 40, 

an equation containing both powers of x, and for the solution 
of which rules will be given hereafter. In the problems which 
follow, an affected quadratic may be ayoided by proper no- 
tation. 

2. The sum of two numbers is 6, and the sum of their cubes 
is 72 ; what are the numbers ? 

fiOLXTnOK. 

Let 2x = difference ; 

3 + x = greater number; 
3 — a: = less. 

(3 + xy = 27 + 27« + 9a^ + a^, cube of greater ; 
(3 — a;)« = 27 — 27a?+ 9ar^ — g», cube of less. 
54 +18a^=72...(l); 

a^= l...(2); 
X z= 1 ... (3) ; 
3 + x =4, greater number ; 
3 — a? =2, less. 

Analtsis. — ^We let 3flj represent the difference of the two numbers, 
8 + 2, half the sum plus half the difference, the greater (153) ; and 
S — x, half the sum minus half the difference, the less ; and as the sum 
of these quantities is 6, this notation satisfies the first condition of the 
problem. Cubing each, and adding the results, we obtain for the sum 
of the cubes, 64 + 18a^, which we put equal to 72, according to the 
second condition of the problem. Solving, we obtain 3 + a? = 4, the 
greater number ; and 3 — a? = 2, the less. 

3.. A and B distributed 1200 dollars each among a certain 
number of persons. A relieved 40 persons more than B, and 
B gave to each individual 5 dollars more than A ; how many 
were relieved by A and B ? 
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SOLUTION. 

Let a; + 20 = the number relieved by A; 
a; — 20 = the number relieved by B. 
15500 * ^ 1200 ,,, 

'^'^ 5T2o + ^ = F:r2Q W- 

Dividing (1) by 5, -^ + 1=-^ (2). 

Assume a = 20 and i = 240. 

Eq. (2) becomes — |^ + 1 = — ^- (3). 

Eeducing (3), a^:=a{2b + a) . . . (4). 

Restoring the values of a and i, rc^ = 10000 (5). 

By evolution, a; = 100 (6). 

TT ( a; + 20 = 120, number A relieved ; 

^'''''' \z-20= 80; « B " 

4. Divide the number 56 into two such parts, that their 
product shall be 640. Ans. 40 and 16. 

5. Find a number, such that one third of it multiplied by 
one fourth of it, shall produce 108. Jns. 36. 

6. What number is that, whose square plus 18 is equal to 
half its square plus 30^ ? Ans. 5. 

7. What two numbers are those, which are to each other as 
6 to 6, and the difference of whose squares is 44 ? 

Note. — ^Let Ox = the greater, and 5a; = the less. 

Ans. 10 and 12. 

8. What two numbers are those, which are to each other as 
3 to 4, and the difference of whose squares is 28 ? 

Ans. 6 and 8. 

9. What two numbers are those, whose product is 144, and 
the quotient of the greater divided by the less is 16 ? 

Ans. 48 and 3. 
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10. The length of a certain lot of land is to its breadth as 
9 to 5, and its contents are 405 square feet. Required the 
length and breadth in feet Ans. 27 and 15. 

11. What two numbers are those whose difference is to the 
greater as 2 to 9, and the difference of whose squares is 128 ? 

Ans. 18 and 14. 

12. Find two numbers in the ratio of J to f, the sum of 

whose squares shall be 225 ? 

NOTB. — Multipljing the fractions ^ and f by 6, or reducing them to 
a common denominator, we find their ratio to be 3 to 4 

Ans. 9 and 12. 

13. There is a rectangular field whose breadth is f of the 
length. After laying out | of the whole ground for a garden, 
it was found that there were left 625 square rods for mowing. 
Required the length and breadth of the field. 

Ans. Length, 30 rods ; breadth, 25. 

14. Two men were talking of their ages. One said, " I am 
94 years old.** "Then," replied the younger, "the sum of 
your age and mine, multiplied by the difference between our 
ages, will produce 8512.** What was the age of the younger? 

Ans. 18 years. 

15. A fisherman being asked how many fish he had caught, 
replied, "If you add 11 to the square of the number, 9 times 
the square root of the sum, diminished by 4, will equal 50.** 
How many had he caught ? Ans. 5. 

16. A merchant gains in trade a sum, to which 320 dollars 
bears the same ratio as five times the sum does to 2500 
dollars ; what is the sum ? Ans. $400. 

17. What number is that, the fourth part of whose square 
being subtracted from 8, leaves a remainder of 4 ? Ans. 4. 

18. There is a stack of hay, whose length, breadth, and 
height are to each other as the numbers 5, 4, and 3. It is 
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worth as many cents per cubic foot as there are feet in breadth; 
and the value of the whole is 192 times as many cents as there 
are square feet in the bottom of the stack. Required the 
dimensions of the stack. 

fiOLUnOK. 

Let 5a? = length ; 
4:X = breadth ; 
dx = height ; 
5aj X 4a: X 3a; = cubic feet in stack ; 
5a; X 4a; = square feet in bottom ; 
5a; X 4a; X 3a; X 4a; = cost; 
192 X 5a; X 4a; = cost 

5a; X 4a; X 3a; X 4a; = 192 x 5a; x 4a; . . . (1) ; 

3a; X 4a; = 192 (2) ; 

x^= 16 (3); 

x= 4 (4). 

Ans. Length, 20 feet ; breadth, 16 ; height, 12. 

AiTAiiYSis. — We let 5a;, 4x, and dx represent the tliree dimensions. 
Then 5^; x 4^ x Bx, their indicated product, will he the solid contents ; 
and 5x X 4x, the area of the hottom. According to the conditions of the 
problem, we multiply the cubic contents bj 4x, the breadth, and the 
square contents of the bottom by 192, and obtain two values for the cost, 
which being put equal to each other, give (1). Canceling the factors 6x 
and 4sD from both members, we have (2). Again canceling 3 x 4, or 12, 
from both members, we have (3), which gives a; = 4. Hence, 5aj=20 feet, 
4x = 16, and 8a; = 12, the required dimensions. 

Note. — ^The advantage of keeping the factors separate, as in the solu- 
tion just ffiven, has been fuUy illustrated in the former part of the book. 
The pupil may apply the same method to some of the examples which 
follow. 

19. A man purchased a field, the length of which was to its 

breadth as 8 to 5. The number of dollars paid per acre was 

equal to the number of rods in the length of the field : and 

the number of dollars given for the whole, was equal to 13 

19* 
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times the number of rods round the field. Bequired the 
length and breadth of the field. 

Ana. Length, 104 rods; breadth, 65. 

20. There are three numbers which are to each other as 2, 
3, and 5 ; and their product is equal to 108 times their sum. 
Bequired the numbers. ^ Am. 12, 18,.and 30. 

21. It is required to divide the number 14 into two such 
parts, that the quotient of the greater diyided by the less, may 
be to the quotient of the less divided by the greater, as 16 : 9. 

Ans. The parts are 8 and 6. 

22. What two numbers are those whose sum is 12, and 
whose product is 35 ? Am. 7 and 5. 

Note.— For notation, see 2d pioblem. 

23. The difference of two numbers is 6, and the sum of 
their squares is 50 ; what are the numbers ? Arts. 7 and 1. 

24. The difference of two numbers is 8, and their product 
is 240 ; what are the numbers ? Ans. 12 and 20. 

AFFECTED QUADRATICS. 

218. Since an affected quadratic equation contains both 
the first and second powers of the unknown quantity, the 
equation* will contain two unknown terms, and only two, 
after the coefficients of each power are united. 
Thus the equation 

3rc2 — 12a; = 180 — a;* + 4a?, 
becomes, by transposition, and reduction of terms, 

4a?J-.16a; = 180, 
or, a;2_ 4^-- 45^ 

And if we represent — 4 by 2a, and 45 by *, we have 
Q? + 2aa: = S . . . (A). Hence, 
Every affected quadratic equation can be reduced to the form 
ofx^ + 2flra; = J, in which %a and h are supposed to represent 
any quantities whatever, positive or negative. 
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219. Since the first member of the general equation (A) is 
a binomial^ its root is a surd (SIO^ 11)^ and the equation in 
that form cannot be reduced by evolution. We observe, how- 
ever, that a^, the first term of (A), is a perfect square, and 
2^2:, the second term, contains Xy the root of this square ; and 
it only requires that another square be added, such that twice 
the product of the two roots shall be equal to 2aa;, the second 
term, to constitute this member a perfect square (310, III). ' 
The square to be added will evidently be a^ giving 

a? + %ax+a^^h + a^... (B), 

in which the first member is a perfect square. 

But a, whose square (a^) we have added, is half the coeffi- 
cient of a; in the second term. Hence, 

If the square of half the coefficient of the first power of the 
unknown quantity he added to both members of a quadratic 
equation in the form of o^ + 2ax = J, the first msmber will 
becom^e a perfect square. 

Note.— The term, a^, is .added to the first member to complete the 
square; and to the second member to preserve the equality (Ax. 1). 



JEXAMJPZJSS von TMACTICB, 

Complete the square in each of the following equations : 

1. ijf + 4a; = 96. Ans. a;» + 4a; + 4 = 96 + 4. 

2. jr8 — 4aj = 45. Ans. a^ — 4a; + 4 = 49. 

3. a^J — 7a; = 8. Ans. a?« — 7a; + i^ = ^. 

4. - a? + 2a; = 15. Ans. a?« + 2a; + 1 = 16. 

5. a;8 + 12a; = 28. Ans. a;® + 12a; + 36 = 64 

6. aJ' + 6a; = 16. Ans. a?^ + 6a; + 9 = 25. 

7. a?« — 15a; = — 54. Ans. 7? ^Ux -\-^ — \' 

8. ar^ — 1« — ^^. Ans. a?« — fa; + ^ = ^. 
20 
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9. a?-ix = l. 
6 6 

10. a? — j-a; = -j. 
d 



. . 5* 25 49 



a» 



o" 



^»*. a?--^« + j^ = -j + j^. 



a; = — a + V* + «?, Ist root, 
a; = — a — \/M- o^, 2d root 



320. Solve the equation 

By evolution, 

Transposing a. 

Or, 

Hence, 

Every affected quadratic equation Jias two roots, unequal in 
numerical valucy except when i + a' = 0. 

-in- ^ 4 — 32a; 8(l + a;) . ^^ , ^ j xi. 
1. Given a? ^ — = ^ J^ ' + 16, to find the 

values of x. 

OPERATION. 

^-i^ = 5^'+i6...(i) 

3a;? — 4 + 32a: = 8 + 8a? + 48 • . . (2) 

3a? + 24a; = 60 (3) 

a? + 8a; = 20 (4) 

a?» + 8a; + 16 =36 (5) 

x+ 4 = ± 6 (6) 

:c=2 (7) 

or, a; = — 10 (8). 

Akalybib. — Clearing of fractions, we obtain (2). Transposing and 
uniting, we have (3). Dividing by 8, we have (4), an equation in the 
form of (A). As 8 is the coefficient of x, we add 16, the square of one 
half of 8, to both members, and obtain (5), in which the first member 
is a perfect square. Extracting the square root of both members, we 
have (6). Transposing 4, and uniting — 4 with + 6, the plus value 
of the root, we have a; = 2, the first value of x ; uniting the — 4 with 
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— 6, the minus value of the root, we have aj = — 10, the second value 
of X. Hence, for the solution of an affected quadratic equation, we have 
the following general 

EuLE. — ^I. Reduce the given equation to the form of 
ofi + 2ax = b. 

n. Complete the square of the first member, by adding to 
both members of the equation the square of one half the coeffi- 
cient of the second term. 

in. Eoctract the square root of both members, and solve the 
resulting equation. 

BXAXBLUa FOB PBACTICB. 

Solve the following equations : 

Ans. a; = 8, or — 12. 

Ans. a: = 9, or — 5. 

Ans. a: = 8, or — 1. 

Ans. a; = 3, or — 5. 
Ans. a: = 2, or — 14. 

Ans. a? = 2, or — 8. 

Ans. a; = 9, or 6. 

Ans. a; = 7, or — Jjf^. 

Ans. a; = 1, or — ^. 



2. 


!E» + 4a; = 


:96. 


3. 


a?- 


-4x = 


:45. 


4. 


a?- 


-lx = 


:8. 


5. 


a? + 2a; = 


:15. 


6. 


a« + 12a; : 


= 28. 


7. 


a:» + 6a; = 


:16. 


8. 


a?- 


-15a;: 


= -54 


9. 


^- 


-ia; = 


:^. 


LO. 


x»- 


-f» = 


h 






a 


e 


LI. 


3?- 


-jZ: 


~ d 






NoTBS. — ^1. The ten preceding examples are all in the form of 
0^ + Zax = &, and reqxdre no application of the first step of the rule. 

2: If in the preparation of the equations which follow, the square of 
the unknown quantity appears with the nUnua sign, make it positive by 
changing all the signs of the equation. 

12. 3a:8 — 25a; = — 72 + bx. Ans. a: = 6, or 4. 

13. 2a?« + 100 = 32a; — 10. Ans. x = 11, or 5. 

14. 6a; — 300 = 204 — 3a:». Ans. x = 12, or — 14. 

15. bx^ + 80 = - 505 - llOa^ Ans. x = -9, or —13. 

16. 2«^ — 9a; = — 4. Ans. a; = 4, or i. 
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17. 1-^ = 5 ^. ^««. a? = 4, or — 14. 

2 x + 2 

18. 3 — a^ = — r — . ^n«. a? = 5, or — o|. 



3 

_ ^ 

2 "" 5 5 "^ 10* 



19. «^ 4- o- = -F- — -F + in- ^^- a; = 1, or — 2|. 



20. — — 30 + a; = 2a; — 22. Ans. a; = 8, or — 4. 
4 

21. -J-|. + 7i = 8i. ^n«. ar=li,or-f 

22. -^ — 15 = ^ — !«. ^w«. a! = 3,or — 4. 

''■ if8 = £TT- ^«*-=12,or-2. 
2 

24. a; — 1 H j = 0. Ans. a; = 3, or 2. 

a; — 4 

^^ 22 — a: 15 — a; . o/» io 

25. ^^ = T- ^n«. a? = 36, or 12. 

20 a; — 6 

^^2a; — 7a; + l . . ^ 

26. =- = q . ^ > ^n«. a; = 4, or — 1. 

a; — 1 3a; + 3 

27. a? + 2aa; = 3a'. Ans. a; = a, or — 3a. 

28. a?» — 4ca; = 4crf — 2flte — 3c» — d». 

Ans. x = Sc-'d, or c — rf. 

29. a;^ — 2aa; = m' — a'. -4w5. a; = a±m. 

30. a? — 2ca; = 4w — A ^w«. a; = c ± 2Vin. 



SECOND METHOD OP OOMPLETDfG THE SQUAflE. 

321. It frequently happens in the reduction of a quadratic 
to the form of a^ + 2aa|t= 5, that some or all of the terms 
become fractional, and render the solution complex and diffi- 
cult. In such cases, it will be sufficient to reduce the three 
parts of the equation to the simplest entire quantities, by 
uniting terms; and dividing the equation by the greatest 
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common diyisor of the two members. The equation will then 
be in the form of 

aa^ + ix=z c ... (A), 

in which a, b, and c are entire quantities^ prime to each other. 

To render the first member of equation (A) a binomial 
square, we may make its first term a perfect sqaare, by multi- 
plying the equation by a, and afterwards complete the square 
by the rule already given. The operation will appear aa 
follows : 

aa^ + bx=ic (1). 

Multiplying (1) by a, ah^ + box = ac (2). 

Putting y = aXy 

(2) becomes y^ -\-by=^ca (3). 

Completing the square, ^+Jy + -j=ca+-j.., (4). 

The first member of equation (4) is a binomial square ; but 
one of the terms is fractional, a condition which we are seek- 
ing to avoid. The denominator of the fraction is the square 
number 4 ; and if the equation be multiplied by 4 to clear it 
of fractions, the first member will still be a square, because it 
will consist of square factors. Hence, multiplying the equa- 
tion by 4, we obtain 

4y« + 4% + S8 = 4m + J2 . . . (5). 

Restoring value of y, 4£M + ^abx + b^z=^a + J^ . . . (6). 

Factoring this result, and comparing it with the primitive 
equation, thus. 

Primitive equation, a/s? + bx = c. ...... . (1), 

Square completed, 4a {aa^ + bx) + V = ^a{c) + 1^ . . . (6), 

we perceive that equation (6) maybe obtained by multiplying 
equation (1) by 4a, and adding S^ to both members of the 
result. Hence, 
20* 
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If a qiKidratic eqtiation in the form of aa^ + tx= c^ te 
multiplied by 4 times the coefficient of the second power of the ' 
unknown quantity, and the square of the coefficient of the first 
power he added to both sides, the first member will become a 
perfect square. 

1. Given b7? + Ax = 204, to find the values of x. 

OPBSBJlTIOK. 

6a^ + 4a; = 204 (1) ; 

100a;8 + 80a: + 16 = 4096 . . . .' (2) 

10a; + 4 = ± 64 (3) 

lOx = 60, or — 68 (4) 

x=z 6, or — 6^ (5). 

Analysis. — To complete the equare, we multiply equation (1) by 
4- times 5, and add the square of 4 to. both members, and obtain (2). 
Extracting the square root of both members, we have (3). Transposing 
4, we have (4) ; and dividing by 10, we obtain a? = 6, or — 6J. 

2. Given a;^ _ 5a; = _ g^ to find the values of x. 

OPERATION. Analysis. — In this example, 4 

a^ — 5a; = — 6 .... (1) ; times the ooefficientof a? is 4 We 

4^ / \ I 25 =: 1 (2) • therefore multiply by 4, and add 

2/p 5 —- + 1 . . . . f3) • *1^® square of 5 to both members, 

3 or 2* ' * ^4^ ' and obtain (2). Reducing by evolu- 

• • • V /• ^QQ 1^^ transposition, we have 
a; = 3, or 2. As the second term of a binomial square is dropped in ex- 
tracting the square root, we may place ( ) in the equation, preceded by 
the proper sign, when we complete the square. 

From these examples we derive the following 
EuLE. — ^I* Reduce the equation to the form of as? + bxz=zc, 
in which the three terms are entire, and prime to each other. 

II. Multiply the equation by 4 times the coefficient of a?, and 
add the square of the coefficient ofx to both members. 

III. Extract the square root of both members, and solve the 
resulting equation. 

Note. — If the coeffident of a? is 1, the second method will be applied 
with advantage, provided the coefficient of a; is oM; but if it is efoen, the 
firet rule is preferable. 
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XXAMPZJB8 JFOR J^BACTICB. 

3. Given 2a;^ — 5a; = 117, to find the values of x. 

Am. a; = 9, or — 6^. 

4. Given 32?^ — 5a; = 28, to find the values of x. 

Am. a: = 4, or — ^. 

5. Given Sa;^ _ a: = 70, to find the values of x. 

Ans. a; = 5, or — Jjjt. 

6. Given 5a?i + 4a; = 273, to find the values of x. 

Am. a; = 7, or — 7f . 

7. Given 2«» + 3a; = 65, to find the values of x. 

Ans. a; = 5, or — 6^. 

8. Given 3a:2 + 5a; = 42, to fi^^j ^jj^ yalues of x. 

Am. a; = 3, or — 4|. 

9. Given 8a;^ — 7a; + 16 = 181, to find x. 

Am. a; = 5, or — 4J. 

10. Given lOa;^ _ ga; + 8 = 320, to find x. 

Ans. a; = 6, or — 5^. 

11. Given 3a?^ + 2a; = 4, to find a:. 

Ans. a; = — ^ ± i\/l3. 

12. Given 5a;3 + 7^ — 7^ to find x. 

Ans. a; = — ^ ± ^^21- 

• ^ ^. 240 . 4 216 ,. , 

13. Given h ^t^ = t^j to find x. 

X 10 a; — 15 

Ans. X = 75, or — 120. 

14. Givenl2 + a; = ^-±^, tofinda;. 



Ans. a; = 5, or — 12. 
Find the approximate roots of the following equations : 

15. T^-^bx^— 2. Am. x = 4.5615 +, or .4384+. 

16. 2a;3 _ 3a. = 12. Am. x = 3.3117+, or — 1.8117+. 

17. 3a? — a; = 1. Am. x = .7675+, or - .4342+. 
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18. a^ — x = l. Ans. x — 1.6180 +, or — .6180+. 

19. 4a;^ + 3a; = 6. Am. x = .8042+, or — 1.5542 + . 

20. a:» — 7a; = — 11. An%. x = 4.6180 +, or 2.3820 +. 

HIGHER EQUATIONS IN THE QUADRATIC FORM. 

222. Any equation is in the quadratic fomiy when it con- 
tains but two powers of the unknown quantity, and the 
exponent of the higher power is twice the exponent of the lower. 
Such equations are reducible to one of the following forms : 

a^ + oaf = }, 
aa?^ + Jaf* = c, 

and may therefore be solved by the rules for quadratics. 

1. Given a;^ — 4a:* = 621, to find the values of x. 

OPERATION. Analysis. — To sim- 

Put y = a:* ; ph^y t^© application of 

^2 _. /2^ . the rule for quadratics, 

** Z 'oro -nnt. «i — nZ vktxiK m^ — /i^ 

y8 — 4y = 621 (1) 

y«-( ) + 4 =626 (2) 

y — 2 =±25 (3) 

y = 27, or - 23 ... . (4) 
or, ^ = 27, or - -23 .. . . (5) 

X = 3, or y — 23 . . (6). y, we have (5), a pure 

equation ; and extract- 
ing the cube root of both members, we have a? = 8, or ^-^ 23. 

Note 1. — It will be remembered that the oM roots of a negative 
quantity are real, while the efoen roots are ima^nary (184). Hence, by 
extracting the cube root of — 23, and prefixing the minus sign, we find 
the approximate value of the second root in the example above. Thus 

^1723 = -2.84+. 



we put y=aj' and y*=a^. 
The given equation then 
becomes (1), a quadratic 
in the general form. 
Solving in the usual 
manner, we obtain (4). 
Restoring the value of 
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2. Given a;» — «* = 66, to find x. 

OPEBATION. Analysis.— If we rep- 
Put y r= a?* ; resent aj* by y. a* wiU 

« o , b© y*» and the equation, 

2_II — ' (1), takes the usual quad- 

y» — y r= 66 (1) ; r^tic form. Solving by 

4y8 — ( ) + 1 = 226 (2) ; the secondrule, we have 

2y — 1 = ± 15 (3) ; (4). Restoring the value 

y = 8, or— 7 (4); ©^ y> ^e obtain (5). Ex- 

^ * tracting the cube root of 

or, a;* =r 8, or — 7 .... . (5) ; both members, we obtain 

i _ o / n\\ /a\ . ^^^ ' ^^ squaring both 

X — ^ or ( — 7; . . . (b; ; members we have aj = 4 

X =4, or (-7)*... (7). or (-7)* 

Note 2. — ^The expression (— 7)* signifies the cube root of the second 
power of — 7 ; or, ^^=8.65+. 
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3. Given a* + 2a;3 = 24, to find the values of x. 

OPEBATION. 

a* + 2ar^ = 24 (1). 

Completing square, x^ + { ) + l = 25 (2). 

Extracting root, Q? + l=i±b (3). 

Transposing, a;8 — _i j. 5 ^4)^ 

Uniting terms, aj* = 4, or — 6 (5). 

Extracting root, x = ±2, or ± V— 6. . . (6). 

4. Given a:* — 3a:^ = 660, to find the values of x, 

Ans. a: = ± 6, or ± V^ 22. 

6. Given 3a; — a;* = 44, to find the values of x, 

Ans. X = 16, or 13f . 

6. Given x^ — 7a;® = 8, to find the values of x. 

Am. a; = 2, or — 1. 

7. Given ofi-^Qofi^ 567, to find the values of x. 

Ans. a; = 3, or — 2.758+. 



QUADBATIO EQUATIOKS. 



POLYNOMIALS UNDER THE QUADRATIC FORM. 

223. When a polynomial appears under different powers 
or fractional exponents, one exponent being twice the other, 
we may represent the quantity by a single letter, and apply 
the rules for quadratics, as in the last article. 

1. Given {a? + 2a;)» +2{a^ + 2x) = 80, to find the values 
of as. 

OPERATION. 

Assume y* = (rc^ + 2a;)» ; 

then y =:x^ + 2x; 

hence, y« + 2y = 80. 

Completing square, y* + ( ) + 1 = 81. 
By evolution, y + 1 = ± 9 ; 

whence, y = 8, or — 10. 

Restoring the value of y, we have two equations containing x; 

Thus, a^+2x=:Sy or a?+2a;=— 10; 

whence, «»+2a:+l=9, or a?+2x+l='^9; 
and a;+l=±3, or x+l=±SV^; 

therefore, a; = 2, or — 4 ; a;=3V— 1— 1 ; 

or -(i+3a/^ 

HXJiMPZXlS JFOB rBACTICJS. 

2. Given (a;+3) + 2 (a; + 3)* = 35, to find the values of x. 

OPERATION. 

{x + 3) + 2(a; + 3)* = 35. 
Completing square, {x + 3) + ( ) + 1 = 36* 

Extracting root, Va; + 3 + 1 = ± 6. 

Transposing and uniting terms, V^ + 3 = 5 or — 7. 

Squaring both members, a? + 3 = 25 or 49. 

Transposing and uniting, a? = 22 or 46. 
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3. Given {f + 2y)» + 4 (y* + 2y) = 96, to find one value 
of y. Ans. y = 2. 

4. Given 10 + a? — (10 + x)^ = 12, to find one value of x. ' 

Ana. a? = 6. 

5. Given /I + y j + /I + y j = 30, to find y. 

Ans. y = 3 or 2, or — 3 ± V3. 

6. Given (a: +12)* + (a? + 12)* = 6, to find the values of x. 

Ans. a: = 4, or 69. 

7. Given 2«» + 3a? + 9 — 5V2«»+ 3a? + 9 = 6, to find the 
values of a?. Ans. aj = 3or— 4J, ora?=— J± jy — 55. 

8. Given {x+a)^+2b{x+a)^ = 3S2, to find the values of x. 

Ans. a; = J* — a, or 81 J* — a. 



FORMATION OF QUADEATIO EQUATIONS. 

224. The Absolute Term of an equation is the term 
which does not contain the unknown quantity. 

336. The roots of quadratics possess certain properties 
which enable us to form the equation when its roots are known. 

Let us resume the general equation 

a^ + 2ax = i... (A). 
Completing the square, a^+2ax+a^= c? + J. 
By evolution, a: + a = ± V^* + ^ ; 



hence, a; == — a + V^T^, 1st root ; 

and X = — a— \/«HS> 2d root ; 

Adding these two roots, we have 

— a + Va^-\-h 
-- g — Va^ + i 
Sum, — 2a. 
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Multiplying them together, we have 



— a + Vtt* + b 

— a — Va*+ b 



a»— a^a^ + b 

Product, — J. 

» 

If we transpose the absolute term of equation (A), the 
equation will appear as follows : 

a? + 2aa; — J = . . . (B). 

Comparing the sum ani product now obtained, we conclude 
that in every equation in the form of a;^ + 2ax — ^ = 0, ' 

I. The sum of the two roots is eqtial to the coefficient of the 
unknown quantity in the second term^ taken with the contrary 
sign. 

II. The product of the two roots is eqtuxl to the absolute term 
taken with its proper sign. 

1. Form the equation whose roots are 4 and — 12. 

OPERATION. 

Algebraic sum of roots, 4 — 12 = — 8. 

Product of roots, 4 x (— 12) = — 48. 

Hence, a;^ + 8a; — 48 = 0. 

Analysis.— The algebraic sum of the roots is — 8 ; and their product 
is — 48. Hence, from Property (I), we have 8 for the coefficient of the 
first power of the unknown quantity ; and from (II), we have — 48 for 
the absolute term in the first member; hence the equation is fl^+8(S 
-48 = 0. 

From these principles and illustrations we have the following 

EuLE. — ^I. Write the second power of the unknown quantity 
for the first term. 
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II. Take the algebraic sum of the roots, with its sign 
^hangedy as the coefficient of the unknown quantity in the 
second term, 

III. Write the product of tlie roots with its proper ^sign for 
the third term, and place the whole result eqiuU to zero. 

EXAMPZ£I8 JFOIt PRACTICE, 

3. Form the equation whose roots are 10 and — 7. 

Ans, ar» — 3a; — 70 = 0. 

3. Form the equation whose roots are 12 and — 5. 

Ans, a;3 — 7a; — 60 = 0. 

4. Fonn the equation whose roots are 6 and — 15. 

Ans. a?* + 9a; — 90 = 0. 

5. Form the equation whose roots are 1 and — 2. 

Ans. a^» + a; — 2 = 0. 

6. Form the equation whose roots are 4 and 13. 

Ans. ar» — 17a; + 52 = 0. 

7. Form the equation whose roots are — 5 and — 3. 

Ans. a:^ + 8a; + 15 = 0. 

8. Form the equation whose roots are 4^ and 5^. 

Ans. a?» — 10a; + 24.75 = 0. 

SECOND METHOD. 

236. Let us suppose that a and h represent any quantities, 
md find the product of the binomials a; — a and a; — ^ ; thus, 

X — a 
X — h 



Product, a;^— {a + h)x + db. 

Now by placing this product equal to zero, thus^ 

a^» — (a + i) a; + «* = 0, 

sre form the equation whose roots are a and I ; because the 
3oefficient of a;, — (a + ^), taken with the contrary sign, is 
21 Q 



! 
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( 

the sum of a and I (335^ I) ; and the absolute term, aby is the 
product of a and h (235, ll). Hence, 

The first member of every quadratic equation in the form of 
^ + %ax — i =0 is composed of two binomial factors, of which 
the first term in each is the unknown quantity, and the second 
term, the two roots with ifieir signs changed. 

To illustrate this by a numerical example, take the follow- 
ing equation : ^ 
jB? + 4a; — 60 = 0. I 
Transposing, a^ + 42: = 60. 
Completing square, o? -{• { ) + 4 = 64. 
By evolution, a; + 2 = ± 8 ; 
whence, a: = 6, 1st root ; 
and a? = — 10, 2d root 
Connecting these roots with x, with their signs changed, 1 
and multiplying, we have I 
a;-6 < 
a? + 10 I 
cx?^ 6a? I 
10a: — 60 \ 



QD^+ 4a: — 60 = 0. 
Thus we have formed equation (1). Hence, 

EuLE. — I. Connect each root, with its contrary sig7i, to an 
unknown quantity. 

II. Multiply together the Mnomicd factors thus formed, and 
place the product equM to zero. 

EXAMPZES von PBACTICJB. 

1. Find the equation which has 3. and — 2 for its roots. 

Ans. a^ — X — 6 =0. 

2. Find the equation which has 5 and — 9 for its roots. 

Ans. a^» + 4a: — 45 = 0. 

3. Find the equation which has 7 and — 7 for its roots. 

Ans. a?» — 49 = 0. 



FACTOBIKG TBIKOMIALS. 243 

4. Find the equation which has 8 and — 12 for its roots. 

Ans. a? + 4a; — 96 = 0. 

5. Find the equation which has — 5 and — 7 for its roots. 

Ans. a^-\-12x + d6=z 0. 

6. Find the equation which has a and a — J for its roots. 

Ans. ir2 — (2a — J) a: + «« — aj = 0. 

7. Find the equation which has ^ and — a for its roots. 

Ans. a;2 + (a — J) a: — aJ = 0. 

FACTOEING TEINOMIALS. 

237* The principle established in the last article^ enables 
us to resolve any trinomial, in the form of a;^ + aa; + i, into 
two binomial fiactors^ either exact or approximate. 

1.- Eesolve a;* + 5a: + 6 into two binomial factors. 

OPERATION, Analysis. — Since the given 



a^ + 5x+ 6=^0 

'a^^ + 5a; = — 6 

4a;a + ( ) + 25 = 1 

2a: + 5 = ± 1 

a: = — 3, or — 2 



quantity is in the form of the first 
member of a quadratic equation 
whose second member is zero, we 
place it equal to zero, and solve 
the resulting equation. Then, 
changing the signs of the roots, 
{x + 3) (a: + 2), factors. *"^ connecting them with a?, we 

Or, 2 X 3 = 6, absolute term, ^\^ 5^+9i^,t>L*^'/^''''™ ""^ 
« o ^ i» • J. ^ the trinomial (226). Or, we may 

2 + 3=5, coefficient of a: ; ^^ ^^ inspection two factors of 

and {x + 3) (a: + 2), factors. 6, the absolute tenn, whose sum 

is equal to 5, the coefficient of x 

in the middle term, and thus form the binomial factors sought. Hence, 

the following 

EuLE. — I. Place the trinomial equal to zero, and solve the 
resulting equation. 

II. Connect each root, with its sign changed, to the lowest 
power of the literal quantity, and the result toill he the binomial 
factors required. Or, 

Find by inspection two factors of the absolute term, whose 
sum is eqvM to the coefficient of the middle term ; and connect 
each with its proper sign, to the literal quantity. 



2. 


a^ _ a; — 20. 


3. 


a» _ 7o + 12. 


4. 


a» _ 7o — 8. 


5. 


a^i _ a; — 30. 


6. 


a? + 7a;-18. 


7. 


aJ + lla; _ 42. 


8. 


a« + 2a; — 5. 


9. 


a:' — 8a; + & 
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EXA.MPLBa JFOR PBJLCTICB. 

Factor the following trinomials. 

Ans, {x — 5) (a: + 4). 

Ans. \a — 3) (a — 4). 

Ans. (fl — 8)(a + l). 

Ans. (a; — 6) \x + 5). 

^n«. (a: + 9) (ic — 2). 

^»«. (a: + 14) (a; — 3). 

^fW. {x — 1.449 + ) (a; + 3.449 + ). 

Ans. {x — 6.828 + ) \x — 1.172+). 

THE FOUB FORMS. 

338. In the general equation, a:^ + 2aa; = J, 2a, as we 

have seen, may be either positive or negative ; and h may be 

either positive or negative ; therefore, for a representation of 

every variety of quadratic equations, we have the four general 

forms, 

a?J + 2aa; = J (1), 

03 — 2aa? = i (2), 

a? — 2aa; = — J . . . (3), 

a^ + 'Hax =1 — J . . . (4). 

Solving these equations, we find the corresponding values 
of a; to be as follows : 



a? = — a ± Vcf+h . . . (1), ' 

a; = + a ± VcF+l . . . (2), 

x=: +a± Va^ — lf . . . (3), 

a; = — a db V^-^ . . . (4). 

EEAL AND IMAGINARY ROOTS. 

339. By examining the roots of the four forms given in 
the last article, we find that in the first and second forms, 
a^+i, the quantity under the radical, is positive; its root can. 
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therefore, always be found, either exactly or approximately. 
But in the third and fourth forms, a^ — h, the quantity under 
the radical will be negative when the term b is greater numer- 
ically than a^ ; in which case, the root cannot be extracted ' 
(184), and must be imaginary. Hence, 

I. In the first and second formsy both roots are always real. 

II. In the third and fourth formSy both roots are imaginary 

when the absolute term is numerically greater than the square 

of half the coefficient of the unknown quantity in the second 

term. 

Note. — Imaginary roots of an equation furnished by a problem, indi- 
cate that the conditions of the problem are impossible or absurd. 



PEOBLEMS 

PEODUCINa QUADRATIC EQUATIONS. 

230. 1. If four times the square of a certain number be 

diminished by twice the number, it will leave a remainder of 

30 ; what is the number? Ans. 3. 

NOTB. — The number 3 is the only nnmber that will answer the re- 
qoired conditions ; the alg:ebraic expression — f will also answer the 
conditions, but the expression is not a number in an arithmetical sense. 

2. A person purchased a number of horses for 240 dollars. 
If he had obtained 3 more for the same money, each horse 
would have cost him 4 dollars less ; required the number of 
horses. Ans. 12. 

3. A grazier bought as many sheep as cost him 240 dollars, 
and after reserving 15 out of the number, he sold the remain- 
der for 216 dollars, and gained 40 cents a head on the number 
sold ; how many sheep did he purchase ? Ans. 75. 

4. A company dining at a house of entertainment, had to 
pay 3 dollars and 50 cents ; but before the bill was presented 
two of them left, in consequence of which, those who remained 
had to pay each 20 cents more than if all had been present ; 
how many persons dined ? Ans. 7. 

21* 
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5. .The result obtained by sabtracting a certain number 
from 22, and multiplying the remainder by the number is 
117 ; what is the number? Ans. 13 or 9. 

6. In a certain number of hours a man traveled 36 miles ; 
if he had traveled one mile more per hour, it would have taken 
him 3 hours less to perform his journey ; how many miles did 
he travel per hour? Ans. 3 miles. 

7. A man being asked how much money he had in his 
purse, answered, that the square root of the number of dol- 
lars taken from half the number would give a remainder of 
180 ; how much money had he ? Ans. $400. 

8. If a certain number be increased by 3, and the square 
root of the sum be added to the number, the sum will be 17; 
what is the number? Ans. 13. 

9. If the square of a certain number be added to 11 times 
the number the sum will be 80 ; what is the number ? 

Ans. 6 or — 16. 

10. A poulterer going to market to buy turkeys, met with 
four flocks. In the second flock were 6 more than 3 times the 
square root of double the number in the first ; the third con- 
tained 3 times as many as the first and second ; the fourth 
contained 6 more than the square of one third the number in 
the third; and the whole number was 1938. How many were 
in ea<3h fiock ? Ans. 18, 24, 126, 1770. 

Note.— Let 2aj* equal the number in the first. Also see (223). 

11. The plate of a mirror 18 inches by 12, is to be set in a 
frame of uniform width, and the area of the frame is to be 
equal to that of the glass ; required the width of the frame. 

Ans. 3 inches. 

12. A square courtyard has a rectangular gravel walk 
round it. The side of the court is two yards less than six 
times the width of the gravel walk, and the number of square 
yards in the walk exceeds the number of yards in the periphery 
of the court by 164 ; required the area of the court, exclusive 
of the walk. Ans. 256 square yards. 
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13. A and B start at the same time to travel 150 miles ; A 
travels 3 miles an hour faster than B, and finishes his journey 
8J hours before him ; at what rate per hour does each travel ? 

Ans. 9 and 6 miles per hour. 

14. A company at a tavern had 1 dollar and 75 cents to pay ; 
but before the bill was paid two of them left, when those who 
remained had each 10 cents more to pay ; how many were in 
the company at first? Ans. 7. 

15. A set out from C toward D, and traveled 7 miles a day. 
After he had gone 32 miles, B set out from D toward C, and 
went every day ^ of the whole journey ; and after he had 
traveled as many days as he went miles in a day, he met A ; 
required the distance from to D. A^is. 76 or 152 miles. 



QUADRATIC EQUATIONS 

CONTAIKIKG TWO UNKNOWN QUANTITIES. 

231* In general, two quadratic equations involving two 
unknown quantities, depend for their solution on a resulting 
equation of the fourth degree. A solution may be effected, 
however, by the rule for quadratics, if the equations come 
under one of the three following cases : 

1st. When one of the equations is simple, and the other 
quadratic. 

2d. When the equations are similar in form, or the unknown 
quantities are involved and combined in a similar manner. 

3d. When the equations are homogeneous. 

We give illustrations of the three classes in succession. 

1st. Simple and Quadbatio. 
1. Given |^;[;^^"-33[ tofinda;andy. 
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OPERATION. 

^ +2y = 9 (1), 

xi + 2f = 33 (2). 

From (1), X = 9 — 2y (3). 

Squaring (3), a^ = 81 — 36y + 4^* • . . (4). 

From (2), a« = 33 — 2j^ (5). 

From (4) and (5), 81 — 36y -f 4/ = 33 — 2^* (6). 

Reducing, yS — 6y = — 8 (7) ; 

whence, y = 4 or 2 (8) ; 

hence from (1), a; = 1 or 5 (9). 

2d. Similar Equations. 

2. Given i i ^«. r to find a: and v. 
t a;y = 24 ) ^ 

operation. 

x + !f = 10 (1), 

xy = 2i. (2). 

Squaring (1), a^ + 2zy + y* = 100 (3). 

Multiplying (2) by 4, ^ 4zy =96 (4). 

Taking (4) from (3), a? — 2xtf + y^=z 4 (5). 

Extracting square root of (5), x — y = ± 2 (6). 

Bntin(l), a; + 2^ = 10 (7). 

Adding (6) to (7), 2a; = 12 or 8 . . . (8). 

Taking (6) from (7), 2y = 8 or 12 . . . (9) ; 

whence, a; = 6 or 4 • . . (10) ; 

hence, y = 4 or'6 . . . (11). 



3. Given l^ + ^-J^} to find.a;andy. 
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OPERATION. 

a; + y = 10 (1), 

ay> + yg = 58 (2). 

Squaring (1), a^ + 2xy + f =100 (3). 

Taking (2) from (3), 2xy =42 (4). 

Taking (4) from (2), a^^2xy + y^= 16 (5). 

Extracting. square root of (5), os — y = ± 4 .... (6). 

But in (1), x + y = 10 .. . . . (7) ; 

whence, a; = 7 or 3 ... (8) ; 

hence, y = 3 or 7 . . . (9). 

4. Given {^;J;^^35[ to&udxmiy. 

OPERATION. 

X +y = 5 (1), 

^ + f=^ 35 (2). 

Cubing (1), af^+dxh/ + 3xy^ + ys = 125 (3). 

Taking (2) from (3), dx^y + Sxy^ = 90 (4). 

Factoring (4), 3xy{x + y)= 90 (5). 

Dividing (6) by (1), 3xy=i 18 (6), 

or, ary = 6 . . . . . (7). 

Combinmg (1) and (7), ) a: = 3 or 2 . . . (8), 

as in 2d example, I y = 2 or 3 . . . (9). 

6. Given |^Z?8^728) ^^^^^^^^V- 

OPERATION. 

^-y= 8 (1), 

a:3-y8 = 728 (2). 

Dividing (2) by (1), a^ + xy-^fz=z 91 (3). 

Squaring (1), a;® — 2a;y + y^ = 64 (4). 

Taking (4) from (3), 3a;y = 27- (5), 

or, xy=: 9 (6). 

Adding (6) to (3), a^ + 2a:y + ^ = 100 .; (7). 

Extracting square root of (7), x + y z=z ±10 (8). 

But in (1), a? — y = 8 (9). 

Whence, a; = 9 or — 1 . . . (10) ; 

hence, y = 1 or — 9 . . . (11). 



f 
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3d. Homogeneous Equations. 
6. Gi^en {^^"g^Ig} to find a, and y. 

OFEBATIOK. 

2a« — xy =6 (1), 

2yg + 3a;y == 8 (2). 

Assume x = vy (3). 

Substituting vy in (1), 2vY — vf=z6 (4), 

and in (2), 2y^ + 3vy^ = S (5). 

From (4), y» = _!_... (6). 

From (5), y» = _^...(7). 

Equating (6) and (7), ^ = ^^ . . . (8). 

Eeducing (8), Sv^ — 13t; =6 (9); 

whence, v =2 (10). 

Substituting v in (7), f=l (11); 

whence, y = ± 1 .... (12). 

From (3) and (12), x = ±2 (13). 

Note. — For simplicitj, only one value of v was taken in equation (10). 

232. Bef erring to the three classes, we find that, 

Ist. When one of the equations is simple and the other quad- 
raticy they may be solved by ordinary elimination. 

2d. When the equations are similar, they may be solved by 
taking advantage of multiple form^y and of the relations of the 
sum, difference, and prodtict of tJie unknown quantities to each 
other. 

M. When the equations are homogeneous, they may be solved 
hy the use of an auxiliary quantity. 
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Find the values of x and y in the following equations. 
1. 



2. 



f2a;-y = 12) 
ia!» + 2y = 53r 

(a:_3y= 1) 
]a:»-3y» = 13) 

**• ( a;2^ = 35) 

*- 1 a;«= 42 5 



a; = 7 or — 11, 
34. 



j ar + y = 1125 ) 
(a:»-y»=1125) ' 

Sx-y= 4) - 

(a;» — y>=:124) 

(a? + y» = 19(a; + y)) 
'• I a; - V = 3 . ) 



5. 



6. 



8. 



a; ^ y 6 
a?"*" y»~36 



NOTH.— Put 



1 



= P.«nd^=e. 



. ( a; = 7 or — 
] y = 2 or — 

, ( a; = 4 or — 5, 
^'«-|y=lor-2. 

I y = 7 or 5. 

. ( a; = 6 or — 7, 
( y = 7 or — 6. 

. ( a; = 563, 
I y = 662. 

. ( a; = 6 or — 1, 
] y = 1 or — 5. 

. ( a; = 5 or — 2, 
( y = 2 or — 5. 



.a: = 



a; = 2 or 3, 
3 or 2. 



Am. \ ~ 

{y = 



a; = 5 or 3, 
3 or 5. 



(a:8 + y» = 152) 
**• la; +y = 8) 

10 p + y»-a5-y = 78) 

^"' ( a:y + a; + y = 39) 

,, ( 2ai» — 3ary = 50 ) ( a; = 10 or — 6 V^^ 

"• i a;»-2y»=.50r ^"*iy=6or 5^32. 



a; = 9 or 3, 
3 or 9. 
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PROBLEMS 

PRODUCING QUADRATICS WITH TWO UNKNOWN QUANTITiES. 

Note. — In several of the examples wbicli follow, the pupil may have 
the choice of usin^ two symbols, or one, in the solution. It will be use- 
ful to solve by bom methods. 

333. 1. Divide 100 into two such parts, that the sum of 
their square roots may be 14. Ans. 64 and 36. 

2. Divide the number 14 into two such parts, that the sum 
of the sqaares of those parts shall be 100. Ans, 8 and 6. 

3. Divide the number a into two such parts, that the sum 
of the squares of those parts shall be b. 

Ans. i{a± V'^b — a^, 

4. It is required to divide the number 24 into two such 
parts, that their product may be equal to 35 times their dif- 
ference. Arts, 10 and 14 

5. The sum of two numbers is 8, and the sum of their 
cubes 152 ; what are the numbers ? Atis. 3 and 5. 

6. Find two numbers, such that the less may be to the 
greater as the greater is to 12, and that the sum of their 
squares may be 45. Ans, 3 and 6. 

7. What two numbers are those, whose difference is 3, and 
the difference of their cubes 189 ? Ana. 3 and 6. 

8. What two numbers are those, whose sum is 5, and the 
sum of their cubes 35 ? Ans. 2 and 3. 

9. A merchant has a piece of broadcloth and a piece of 
silk. The number of yards in both is 110 ; and if the square 
of the number of yards of silk be subtracted from 80 times the 
number of yards of broadcloth, the difference will be 400. 
How many yards are there in each piece ? 

Ans. 60 of silk ; 50 of broadcloth. \ 
10. A is 4 years older than B ; and the sum of the squares 
of their ages is 976. What are their ages ? 

ilns. A'a age, 24 years ; B^s, 20 years. 
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11. Divide the number 10 into two such parts, that the 
square of 4 times the less part may be 112 tiore than the 
square of 2 times the greater. « Ans, 4 and 6. 

12. Find two numbers, such that the sum of their squares 
may be 89, and their sum multiplied by the greater may pro- 
duce 104. Ans. 5 and 8. 

15. What number is that, which being divided by the sum 
of its two digits, gives 6| ; but when 9 is subtracted from it, 
there remains a number having the same digits in an inverted 
order ? Ans. 32. 

14. Divide 20 into three parts, such that their continued 
product may be 270, and that the difference of the first and 
second may be 2 less than the difference of the second and 
third. Ans. 6, 6, and 9. 

15. A regiment of soldiers, consisting of 1066 men, forms 
into two squares, one of which has four men more in a side 
than the other. What number of men are in a side of each 
of the squares ? Ans. 21 and 25. 

16. A farmer received 24 dollars for a certain quantity of 
wheat, and an equal sum for a quantity of barley, but at a 
price 25 cents less per bushel. The quantity of barley ex- 
ceeded that of the wheat by 16 bushels. How many bushels 
were there of each ? 

Ans. 32 bushels of wheat, and 48 of barley. 

17. A laborer dug two trenches, one of which was 6 yards 
longer than the other, for 17 pounds 16 shillings, and the dig- 
ging of each trench cost as many shillings per yard as there 
were yards in its length. What was the length of each ? 

Ans. 10 and 16 yards. 

18. A and B set out from two towns distant from each 
other 247 miles, and traveled the direct road till they met A 
went 9 miles a day, and the number of days at the end of 
which they met was greater by 3 than the number of miles 
which B went in a day. How many miles did each travel ? 

Aks. A, 117 miles ; and B, 130. 
22 
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19. The fore wheels of a carriage make 6 revolutions more 
than the hmd Wheels, in going 120 yards ; but if the circum- 
ference of each wheel be increased 1 yard, the fore wheels will 
make only 4 revolutions more than the hind wheels, in the 
same distance : required the circumference of each wheel. 

Ana. 4 and 5 yards. 

20. There are two numbers whose product is 120. If 2 be 
added to the less, and 3 subtracted from the greater, the 
product of the sum and remainder will also be 120. What are 
the numbers ? Ans. 15 and 8. 

21. There are two numbers, the sum of whose squares 
exceeds twice their product, by 4, and the difference of their 
squares exceeds half their product, by 4 ; required, the num- 
bers. Ans. ^ and 8. 

• 

22. What two numbers are those, which being both multi- 
plied by 27, the first product is a square, and the second the 
root of that square ; but being both multiplied by 3, the first 
product is a cube, and the second the root of that cube ? 

Ans. 243 and 3. 

23. A man bought a horse, which he sold, after some time, 
for 24 dollars. At this sale he lost as much per cent, upon 
the price of his purchase as the horse cost him. What did he 
pay for the horse ? . Ans. 160 or $40. 

24. What two numbers are those, whose product is equal 
to the difference of their squares ; and the greater number is 
to the less as 3 to 2 ? Ans. Ko such numbers exist. 

25. What two numbers are those, the double of whose 
product is less than the sum of their squares by 9, and half 
of their product is less than the difference of their squares 
by 9 ? Ans. The numbers are 12 and 9. 
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SECTION V. 

AEITHMETIOAL PEOGEESSIOK 

234. An Arithmetical Progression is a series of 
numbers or quantities, increasing or decreasing by the same 
difference, from term to term. Thus, 2, 4, 6, 8, 10, 12, &c., 
is an increasing or ascending arithmetical series, having a 
common difference of 2; and 20, 17, 14, 11, 8, &c., is a 
decreasing series, whose common difference is 3. 

235. The JExtremes are the first and last terms of the 
series. 

236. The Means are the intermediate terms. 

Case I. 

237. To find the last term. 

To inyestigate the properties of an arithmetical progression, 
let a represent the first term of a series, and d the common 
difference. Then 

a, (a + d)y {a + 2(1), {a + 3d), (a + 4d), &c., 
represents an ascending series ; and 

a, (a — d), (a — 2d), (a — 3d), (a — 4d), &c., 
represents a descending series. And we observe, 
IsL The first term, a, is taken once in every term. 
2d, The coefficient of d in any term is one less than the num- 
ber of the term counted from the left. Therefore the tenth 
term would be expressed by 

a + 9d; 
the 17th term by a + 16d ; 

the 53d term by a + 62d ; 

the wth term by a + {n-^V^d. 
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When the series is descending, the sign of the term con- 
taining d will be minus ; the 20th term, for example, would be 

the nth term, a — (» — 1) d. 

If we suppose the series to terminate at the nth term, and 
represent this last term by I, we shall have the general formula, 

l = a±{n — l)d...{A), 

in which the plus sign answers to an increasing, and the minus 
sign to a decreasing series. Hence, to find the last term, we 
have the following 

Rule. — I. Multiply the common difference by the number of 
terms less one. 

II. Add the product to the first term, when the progression 
is an increasing series, and subtract it from the first term when 
the progression is a decreasing series. 

BXAMPZM8 rOB JPBACTICJB. 

If the series be increasing, 

1. When a = 2 and d = d, what is the tenth term ? 

Ans. 29. 

2. When a = 3 and (Z = 2, what is the 12th term ? 

Ans. 25. 

3. When cr = 7 and d = 10, what is the 21st term ? 

Ans. 207. 

4. When o = 1 and d = i, what is the 100th term ? 

Ans. 60J. 

5. When a = 3 and d = J, what is the 100th term ? 

Ans. 36. 

6. When a = and d = i, what is the 89th term ? 

Ans. 11. 
If the series be decreasing, 

7. When o = 56 and d = 3, what is the 15th term ? 

Ans. 14 
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8. When a = 60 and d = 7, what is the 9th term ? 

A718. 4. 

9. When a = 325 and d = 16, what is the 13th term. 

Ans. 133. 

10. When a = 6 and d = \, what is the 20th term ? 

Ans. — 3J. 

11. When a = 30 and d = 3, what is the 31st term ? 

Ans. —60. 

Case n. 

238. To find the sum of the series. 

It is manifest, that the snm of the terms will be the same 
in whatever order the terms are written. 

Take, for instance, the series 3, 5, 7, 9, 11 ; 

and the same inverted, 11, 9, 7, 5, 3. 

The sums of the terms will be 14, 14, 14, 14, 14. 

Take a a+ d, a+2d, a+dd, a+M . . . (1); 

inverted, a+4dy a+M, a+2rf, a+ d , a. 

Sums, 2a+4d, 2a+M, 2a+4d, 2a + 4:d, 2a + 4c?. . . (2). 

This resulting series (2) is uniform ; and we observe that 
each term is formed by adding either the extremes of the given 
series (1), or terms equally distant from the extremes ; and 
that the sum of its terms must be twice that of the given 
series. Hence, in an arithmetical progression, 

I. The sum of the extremes is equal to the sum of any other 
two terms equally distant from the extremes, 

II. Twice the sum of the series is equal to the sum of the 
extremes taken as many tim£s as there are terms. 

If, therefore, s represent the sum of a series, n the number 
^of terms, a the first term, and I the last term, we shall have 

2s z= n{a + l)'y 
whence, s z=. -{a + 1) . . . (B). 

22* E 
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Hence, to find the sum of the series, we have the following 
Rule. — Multiply the mm of the extremes by half the num- 
ber of terms. 

MXAMJPJCJBS FOB PRACTICE. 

1. The first term of an arithmetical series is 5, the last term 
92, and the number of terms 30 ; what is the sum of the 
terms ? Ans, 1455. 

2. The first term of an arithmetical series is 2, the number 
of terms 10, and the last term 30 : what is the sum of the 
terms? Ans. 160. 

3. The first term of an arithmetical series is 5, the number 
of terms 35, and the last term 107 ; what is the sum of the 
terms? Ans. 1960. 

4. The first term of an arithmetical series is 7, the last term 
207, and the number of terms 21 ; what is the sum of the 
terms? Ans. 2247. 

5. The first term of an arithmetical series is 6, the last term 
— 3|^, and the number of terms 20 ; what is the sum of the 
terms? Ans. 25. 

GENERAL APPLICATIONS. 

239. In an arithmetical progression there are fiye parts, 
as follows : 
1st The first term ; 
2d. The common difference ; 
3d. The number of terms ; 
4th. The last term ; 
5th. The sum of the terms ; 
The formulas, 

Z = a±(n-.l)rf...(A), 

^ = |(«+0 (B), 

contain all of the parts enumerated above ; and since these 
equations are independent of each other, they are sufficient to 
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determine any two of the parts which are unknown, provided 
the other three are known. 

1. The sum of an arithmetical series is 1465, the first term 
5^ and the number of terms 30 ; what is the common difference ? 

OPERATION. Analysis. — ^The example gives 

8 = 1455, 1455, 5, and 3, for the values of «, 

^ _. K a, and n, respectively. We sub- 

^ Btitute the given values of a and 

^--^^' n in formula (A), and obtain (1) ; 

I = u -{- 2da • • • • (1)5 likewise, substituting the values 

1455 = 15 (5 + Z) . . . (2). of « and 71 in (B), gives (2). We 

161 = 1380 (3) • *hus obtain two equations with 

J QQ /A\ two unknown quantities, d and L 

f, , OQ.H — oo )k\ ^^^^^S (2) gives (3), from which 

D + ^ya — y^ (O); ^^ ^^^^^^ ^^gg. Equating the 

29d = 87 (6) ; two values of I in (1) and (4), we 

rf = 3 (7). have (5), which gives d = ^. 

Note. — ^If only the last tenn had been required, formula (B) would 
have been sufficient. 

2. The sum of an arithmetical series is 567, the first term 
7^ and the common difference 2 ; what is the number of terms ? 

OPERATION. 

8 = 567, Analysis. — Substi- 

^ __ IV tuting the values of a 

, ' and d in formula (A), 

gives (1), and the values 

1=7 + 2n — 2 . . . (1) ; ©f « and a in formula 

Kftiy ^ /ly . A /o^ (B)>gives(2). Reducing 

^^^ = 2" V ^ + '^ V'^^ (1), weobtain (3). Sub- 

l=:6 + 2n.. (3). f !*^*!,^^ this value of 

' ^ ' * in (2), we obtain (4), 

567 = ^ (12 + 2n)... (4) ; ^^^^' ^^^"^ <>' ^^ 
2 ^ ' ^ ' ' tions, gives (5). Solv- 

n^+ 6n = 567 (5) ; ^^S> we have, finally, 

^2 . ( ) + 9 = 576 (6) ; ^ = 21, the number of 

« c^M /.*.^ terms. 

n+ 3 = 24 (7) ; 

n= 21 (8). 
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Hence, for the determination of any required parts in an 
arithmetical progression, we have the following 

EuLE. — Substitute in the formulas (A) and (B) the known 
quantities given in the example^ and solve the resulting equations. 



PROBLEMS. 

3. Find seven arithmetical means between 1 and 49. 
Note.— If there are 7 means, there must be 9 temu; hence, 

n = 9, a = l, and ^ = 49. 

Ans. 7, 13, 19, 25, 31, 37, 43. 

4. The first term of an arithmetical series is 1, the sum of 
the terms 280, and the number of terms 32; what is the com- 
mon difference, and what the last term P 

Ans. d = i,lz= 16^. 

5. Insert three arithmetical means between ^ and ^. 

Ans. The means are |, ^, ^. 

6. Insert five arithmetical means between 5 and 15. 

Ans. The means are 6f, 8^, 10, 11|, 13f 

7. Suppose 100 balls be placed in a straight line, at the 
distance of a yard from each other ; how far must a person 
travel to bring them one by one to a box placed at the dis- 
tance of a yard from the first ball ? 

Ans. 6 miles 1300 yards. 

8. A speculator bought 47 building lots in a certain village, 
giving 10 dollars for the first, 30 dollars for the second, 50 
dollars for the third, and so on; what did he pay for the 
whole 47? Ans. $22090. 

9. In gathering up a certain number of balls, placed on the 
ground in a straight line, at the distance of 2 yards from each 
other, the first being placed 2 yards from the box in which 
they were deposited, a man, starting from the box, traveled 
11 miles and 840 yards ; how many balls were there ? 

Ans. 100. 
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10. How many strokes do the clocks of Venice, which go 
on to 24 o'clock, strike in a day? Ans. 300. 

11. In a descending aiithmetical series, the first term is 
730, the common difference 2, and the last term 2 ; what is 
the number of terms ? Ans. 365. 

12. The sum of the terms of an arithmetical series is 280, 
the first term 1, and the number of terms 32 ; what is the 
common difference ? * Ans. J. 

13. The sum of the terms of an arithmetical series is 950, 
the common difference 3, and the number of terms 25 ; what 
is the first term? Ans. 2. 

14. What is the sum of n terms of the series 1, 2, 3, 4, 5, 

&c. ? J ^ /^ , \ 

Ans. 5 = ^ (1 + w). 



PROBLEMS IN AEITHMETICAL PEOGEESSION 

TO WHICH THE PRECEDING FORMULAS, (A) AND (B), DO NOT 
IMMEDIATELY APPLY. 

240. Since the sum of the extremes, in an arithmetical 
series, is equal to the sum of any two terms equally distant 
from the extremes (238, I), we have the following special 
properties : 

I. When three quantities are in arithmetical progression^ 
the mean is eqtuil to half the sum of the extremes. 

n. When four quantities are in arithmetical progression, the 
sum of the irteans is equal to the sum of the extremes. 

Take, for example, any three consecutive terms of a series, 
as 

a + 2cZ, a + dd, a + 4:d, 

and we perceive, by inspection, that the sum of the extremes 
is double the mean, or the mean is half the sum of the extremes. 
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Take four consecutive terms, 

a + 2dy a + 3dy a + 4d, a + 6d, 
and we have 

{a + 2d) + (a + 6d) = 2a + 7rf, sum of the extremes ; 
(a 4- 3c?) + (fl + 4d) = 2a + Hd, sum of the means. 

To facilitate the solution of problems, when three terms are 
in question, let them be represented by {x — y), x, {x + y), 
y being the common difference. 

When four numbers are in question, let them be represented 
by {x — 3y), {x — y), {x + y), (x + 3y), 2y being the com- 
mon difference. 

Such notation will often secure the formation of similar 
equations; and in applying the principles enunciated on the 
preceding page, the common difference wiU disappear by 
addition, 

1. Three numbers are in arithmetical progression; the 
product of the first and second is 15, and of the first and third 
is 21 ; what are the numbers P 

SOLUTION. 

Let y = common difference, 
X — y = first term, 

X = second term, Akaltsis.— We represent 

X + y = third term. the common difference by y, 

x{x — y) = 15 (1) ; and the first term by aj — y. 

ga *-^ __ 21 (2). Then x must be the second 

X -^ y 7 term, and a? + y, the third 

= -^ (3) ; term. From the given con- 

,. ditions we have (1) and (2). 

X = ^ (4). Dividing (2) by (1), we ob- 

^ tain (3), which reduced gives 

?^ — 1/8 = 21 . . (5) • (^^* Substituting this value 

4 ^ ^ ' ^ of aj in (2), we have (6), and 

21^ = 21 X 4 (6) ; solving this equation, we 

2^2 = 4 (7) ; findy = 2. Hence, from (4)/ 

y = 2 . . (8). we get aj = 6, &c 

a: = 5, 2d term . . . (9) ; 

a; — y = 3, 1st term . . (10) ; 

;2r -f ^ = 7, 3d term . • (IIV 
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2. There are four nnmbers in arithmetical progression ; the 
snm of the two means is 26, and the second number, multi- 
plied by the common difference gives 50 ; what are the num- 
bers? Ans. 5, 10, 16, and 20. 

3. There are four numbers in arithmetical progression ; the 
product of the first and third is 5, and of the second and 
fourth is 21 ; what are the numbers ? Ans. 1, 3, 5, and 7. 

4 There are five numbers in arithmetical progression ; the 
sum of these numbers is 65, and the sum of their squares 1006 ; 
what are the numbers ? 

NoTB. — ^Let X = the middle term, and y the common difference. Then 
« — ?y, aj — y, a?, a? + y, a? + 2y , will represent the nnmbers. 

Ans. 5, 9, 13, 17, and 21. 

5. The sum of three numbers in arithmetical progression is 
15, and their continued product is 105 ; what are the num- 
bers ? A71S. 3, 5, and 7. 

6. There are three numbers in arithmetical progression ; 
their sum is 18, and the sum of their squares 158 ; what are 
the numbers? Ans. 1, 6, and 11. 

7. Find three numbers in arithmetical progression, such 
that the sum of their squares shall be 56, and the sum arising 
from adding together once the first and twice the second and 
thrice the third, shall amount to 28. Ans. 2, 4, 6. 

8. Find three numbers, such that their sum may be 12, and 
the sum of their fourth powers 962 ; and the numbers have 
equal diflferences in order from the least to the greatest. 

Ans. 3, 4, 5. 

9. Find three numbers having equal diflferences, and such 
that the square of the least number added to the product of 
the two greater may make 28, but the square of the greatest 
number added to the product of the two less may make 44, 

Ans. 2, 4, 6. 
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10. Find three numbers in arithmetical progression, such 
that their sum shall be 15, and the sum of their squares 93. 

Ans. 2, 5, and 8. 

11. Find three numbers in arithmetical progression, such 
tliat the sum of the first and third shall be 8, and the sum of 
the squares of the second and third shall be 52. 

Ans. 2, 4^ and 6. 

12. Find four numbers in arithmetical progression, such 
that the sum of the first and fourth shall be 13, and the dif- 
ference of the squares of the two means shall be 39. 

Ans. 2, 5, 8, and 11. 

13. Find seven numbers in arithmetical progression, such 
that the sum of the first and sixth shall be 14, and the pro- 
duct of the third and fifth shall be 60. 

Ans. 2, 4, 6, 8, 10, 12, and 14. 

14. Find five numbers in arithmetical progression, such 
that their sum shall be 25, and their continued product 945. 

Ans. 1, 3, 5, 7, and 9. 

15. Find four numbers in arithmetical progression, such 
that the difference of the squares of the first and second shall 
be 12, and the difference of the squares of the third and fourth 
shall be 28. Am. 2, 4, 6, and 8. 
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GEOMETRICAL PEOGRESSIOK 

241. A Geometrical ^Progression is a series of num- 
bers increasing or decreasing by a constant multiplier. Thus 
2, 6, 18, 54, 162, &c., is a geometrical series, in which the 
first term is 2 and the multiplier is 3. 

The series 9, 3, 1, ^, ^, -^y &c,y is also a geometrical series, 
in which the first term is 9, and the multiplier is ^. 

When the multiplier is greater than 1, the series is ascend- 
ing, and when the multiplier is less than 1, the series is 
descending. 

242. The JRatio is the constant multiplier. 

Note. — ^The words, means and extremes, as defined m Arithmetical 
Progression, have the same application in Geometrical Progression, or in 
any series. 

Case I. 

243. To find the last term. 

If we represent the first term of the series hy a, and the 
ratio by r, then 

a, ar, ai^, ar^, ar^, &c., 
will represent the series ; and we observe, 

1st. The first term is a factor in every term. 

2d. The exponent of r in any term is one less than the num-t 
ier of the term ; thus, in the second term it is 1 ; in the .third 
term, 2 ; in the fourth term, 3 ; and in the nth. term it must 
be w — 1. 

Therefore, if n represent the number of terms ii^ any serieSj 
and I the last term, then 

I = ar^^ . . . (A). 
23 
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Hence^ the following 

EuLE. — ^I. Raise the ratio to a power whose eaponent is one 
less than the number of terms, 

IL Multiply the result by the first term. 

Note. — When any two snocesuve terms in the series are given, it is 
evident that the ratio may be found by dividing any term by the pie- 
oedingterm. 



BXAMBZBa VOB JPBACTICJS. 

1. The first term of a geometrical series is 3, and the ratio 
is 2 ; what is the 6th term of the series ? 

Ans. I = {2)» X 3 = 96. 

2. The first term of a series is 5^ and the ratio 4 ; what is 
the 9th term ? Ans. 327680. 

3. The first term of a series is 2^ and the ratio 3 ; what is 
the 8th term? Ans. 4374. 

4. The first term of a series is 1^ and the ratio |; what is 
the 6th term? . 81 

^^•266- 

5. The first term of a series is 2^ and the ratio 3 ; what is 
the 7th term? Ans. 1468. 

6. The first term of a geometrical series is 6, and the ratio 
4 ; what is the 6th term ? Ans. 6120. 

7. The first term of a series is 1 and the ratio 2 ; what is 
the 10th term ? Ans. 612. 

8. The first term of a series is 1^ and the ratio } ; what is 

the 8th term? . 128 

Ans. 



2187* 
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Gase IL 
24A. To find the sum of the series. 

Let 8 represent the sum of any geometrical series ; then we 

haye 

8 = a + ar + ar^ + ar«, &c., to ar^^ .... (1). 

Multiplying this equation by r, 

r8=zar + ar^ + ar^, Ac, to ar^^ + ar^. . . (2). 

Subtracting (1) from (2), 

(r — 1) s = ar* — a (3). 

But from Gase I, , 

and multiplying by r, 

rl = ar*. 

Therefore, by substituting the values of ar* in (3), 
(r — 1) 5 = W — a ; 

whence, 8 = — — j (B). 

Hence, the following 

EuLE. — Multiply the last term ly the ratio, and from the 
product eultract the firet term, and divide the remainder ly 
the ratio leee one. 

BXAMBIsBS rOM JPBACTICB, 

1. The first term is 5, the last term 1280, and the ratio 4 ; 
what is the sum of the series? 

Ans.s = ^^^\^-^ = im. . 
o 

2. The first term is 2, the last term 486, and the ratio 3 ; 
what is the sum of the series? Ans. 728. 
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3. The first tenn is 12, the last term 7500, and the ratio 5 ; 
what is the sam of the series? Aug. 9372. 

Note.— If the last tenn is not gi^en, it may fiist be found by Oase L 

4. What is the sum of 8 terms of the seriesi 2, 6, 18, &c.? 

Afis. 6560. 
6. Whatisthesnmof lOtermsof theseriesyi, 12, 36, &a? 

Am. 118096. 

6. What is the sum of 9 terms of the series, 5, 20, 80, ftc? 

Ans. 436905. 

7. What is the sum of 5 terms of the series, 3, 4^, 6f, &c.? 

Ans. 3iiV 

8. What is the sum of 10 terms of the series, 1, ^, -, &c ? 

d 9 

, 58025 
^"*' 19683- 

9. A man purchased a house, giving 1 dollar for the first 
door, 2 dollars for the second, 4 dollars for the third, and so 
on ; what did the house cost him, there being 10 doors ? 

Ans. $1023. 

10. A &rmer planted 1 bushel of com, and it produced 20 
bushels. The next year he planted the 20 bushels, and they 
produced at the same rate as the first bushel. If he planted 
each year's crop successiyely for 5 years, and it produced at 
the same rate, what would be the amount of the 5 years' 
harvest? 

NoTB. — As the 1 busliel was planted and the 20 bosbels were harvested 
the first year, the number of terms is 6. 

Ans. 3368420 bushels. 

INFINITE SERIES. 

245. By formula (B), and the rule subsequently given, we 
perceive that the sum of the series depends on the first and 
last terms and the ratio. Suppose, now, that we are required 
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to find the sum of a descending series^ as 1^ i^ ^, i^ &c. We 

perceive that the terms decrease in value as the series advances; 

the hundredth term would be extremely small^ the thousandth 

term would be very much less^ and the nth term nothing, if 

n is equal to infinity. 

Therefore, as I becomes 0, it follows that in any decreasing 

series, when the number of terms is conceived to be infinite, 

the sum of the series depends wholly on the^r^^ term and the 

ratio; and equation (B) becomes 

— a 

8 = r. 

r — 1 

By change of signs, 8 = t-^—- 

This gives for the sum of a decreasing infinite series, the 
following 

BuLE. — Divide the first term ly the difference bettveen unity 
and the ratio. 

JBXAMJPZJBa von BBACTICS. 

3 9 

1. Find the value of 1, j, j^, &c., to infinity. 

Note, a = 1, r = f . 

Ans. 4. 

2. Find the exact value of the series, 2, 1, ^, &c., to infinity. 

Ans. 4. 

3. Find the exact value of the series, 6, 4, &c., to infinity. 

Ans. 18. 

4. Find the exact value of the decimal .3333, &c., to 

infinity. 

Note. — ^This cirealating decimal may be expressed tlius : ^ + yj^^ + 
yJ^+, &c. Hence, a = A» *"^d ^ = ^' ^^ *^^ ^^^^ ^^ this kind, the 
repetend, taken with its local value, will be the first term ; and the order 
of its lowest figure will indicate the fractional ratio. 

Ans. g.' 
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5. Find the value of .323232, &c, to infinity. 

« = iOO' "'• = 100005 therefore r = j^. Am. ^^. 

7 

6. Find the value of .777, Ac, to infinity. Ans. 3. 

7. Find the sum of the infinite series, ^ + "^ + "^ + •^+> 
Ac. J ^ 



8. Find the sum of the infinite geometrical progression, 

a — JH i + -ji— > &c*j in wnich the ratio is . 

a a^ (r a 



Ans. 



a + b' 

GEOMETRICAL MEANS. 

246. If we take any three terms in geometrical progression, 

aa, 

a, ar, ar^, 
we have 

a X ar^ = ch^y product of the extremes ; 

{fLTf = oV, square of the mean. 

If we take four terms, 

a, ar, a'fly ar^, 
we have 

a X at^=: aV*, product of the extremes ; 

ar X ar^ = aV, product of the means. 

Hence, 

L When three numbers are in geometrieal progression^ the 
, product of the extremes is eqtial to the square of the mean. 
II. Whe7i four numbers are in geometrical progression, the 
product of the extremes is equal to the product of the means. 

Note. — ^This last prox>ert7 belongs also to geometrical proportion ; but 
the pupil must not ooidoxaiA, propwtion with series. 
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a : ar :: b : br, Bxe qusxiiiiiea m geometricaJ proportion, 
a : ar :: ar^ : ar^, are quantities in geometrical progression. 

247. To find the geometrical mean of two numbers, we 
have, from the principle enunciated above (I); the following 

BuLE. — Multiply the extremes together y and find the square 
root of the product. 
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1. Find the geometrical mean between 2 and 8. 



Ans. V2 X 8 = 4. 

2. Find the geometrical mean between 3 and 12. 

Ans. 6. 

3. Find the geometrical mean between 5 and 80. 

Ans. 20. 

4. Find the geometrical mean between a and b. 

Ans. {aby. 

1 3 

5. Find the geometrical mean between j and 9. Ans. ^. 

6. Find the geometrical mean between Za and 27a. 

A'hs. 9a. 

7. Find the geometrical mean between 1 and 9. Ans. 3. 

8. Find the geometrical mean between 2 and 3. 

An>s. V%. 

9. Find the geometrical mean between '^fc^ and \^a^. 
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APPLICATIONS. 

248* In a geometrical progression there are five parts^ as 

follows : 

1st. The first term ; symbol cu 

2d. The ratio; '' r. 

3d. The number of terms ; " n. 

4th. The last term ; " _ /. 

6th. The sum of the terms ; " s. 

Since the independent equations, 

I = ar*~' .... (A), 

« = 7z:i---(B)* 

contain all of the parts, any two may be determined when the 
other three are known. 

Note. — Since n enters into the above formulas only as an exponent, 
the process of determining it requires a knowledge of logarithms, and 
must be omitted here. 

1. The sum of a geometrical progression is 468, the number 
of terms is 4, and the ratio 5 ; what is the first term ? 

OPERATION. 

8 = 468, Analysis.— From the example, we 

^j __ ^ have 468, 4, and 6, for the values of - 

J s, n, and r, respectively ; n — 1 is 3, 

HI — ! and r»"' is, therefore, equal to 125, 

I = 125a (1) ; ^ijich substituted in formula (A), 

468 = ^^""^ (2). f^^^ (^)- '^^ ^^^^ ^^ **' suhsti- 

4 ^ ^* tuted in formula (B), gives (2). To 

- /»« 625a — a ,^v ^ eliminate I, we substitute its value, 

4b» — ^ . . . l^; ? 135^^ ij^ (2)^ ^^ ^>l,toin (3), which 

166a = 468 (4); givesa = 8. 

a= 3 (5). 

2. The sum of a geometrical series is 847, the ratio 3, and 
the number of terms 5 ; what is the first term ? Ans, 7. 
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3. The snm of a geometrical progression is 6220^ the ratio 
6^ and the number of terms 5 ; what is the last term ? 

Ans. 5184. 

4. The first and last terms of a geometrical series are 2 and 
162 ; and the number of terms 5 ; required the ratio. 

Note.— From formula (A) we have r = (-j 

Ans. 3. 

5. The first term of a geometrical series is 28^ the last term 
17500; and the number of terms 5 ; what is the ratio ? 

Ans, 5. 

6. The first term of a geometrical series is 32, the last term 
4000; and the number of terms 4 ; what is the ratio ? 

Ans. 6. 

7. Find two geometrical means between 4 and 256. 

Note.— Two means will require four terms. Hence, » = 4, from 
which data r may be foond, as above. 

Ans. 16 and 64. 

8. Find three geometrical means between 1 and 16. 

Ans. 2f 4t, and 8. 



PROBLEMS IN GEOMETEIOAL PEOGRESSION 

TO WHICH THE FORMULAS (A) AKD (B) DO KOT DIBECTLT 

APPLY. 

249* The general representation of the terms of a geo- 
metrical progression is made thus : 

«> «y, xf, ^f, &c., 

in which x is the first term, and y the ratio. But when par- 
ticular relations are giyen, it may become necessary to adopt 
a different notation. 
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When three terms are considered in the problem, they may 
be represented thus : 

or, aj», xy, y^; 

since, in each case, the product of the extremes is equal to 
the square of the mean (!346, 1). 

Wlien there are four terms, we may adopt the foDowing 
notation : 

yy * jf* g^ y 

for the product of the exti*emes is equal to the product of the 
means (246, II). 

1. The sum of three numbers in geometrical progression is 
7, and the sum of their squares is 21 ; what are the numbers ? 

SOLUTION. 

IHrst condition, x + ^xy + y= 7 (1). 

Second condition. a;^+ xy + y^=: 21 (2). 

Prom (1), a; + y = 7 — V^y (3). 

Prom (2), ^-^r f= 21 — a:y (4). 

Squaring (3), a? + %xy + y»= 49— 14v^+ xy . . (5). 
Taking (4) from (5), 2a;y = 28— 14v^+2ary . . (6). 

Eeducing (6), v^ = 2, the mean ...... (7). 

Prom (7), 3a:y = 12 (8). 

Taking (8) from (2), y«-.2a;y+a:^= 9 (9). 

Extracting square root of (9), y— a: = 3 (10). 

From (3) and (7), y+x= 5 (11). 

Prom (10) and (11), a; = 1, first term .... (12); 

and y = 4, third term . . . (13), 

Note.— In equation (9), ^ is put first because y is greater than x. 
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2. The product of three numbers in geometrical progression 
is 64, and the sum of their cubes is 584 ; what are the num- 
bers ? 

BOLUnON. 

Let , (jfi^ xyy y» be the numbers. 

First condition, oh^ = 64 (1). 

Second condition, of + oih^ + y* = 584 (2). 

Adding (1) to (2), jb« + 2aV + y* = 648 (=324-2) . (3). 

Extracting the square root, a:^ + y» = 18\/2 (4). 

Taking3times(l)from(2),a^— 2a:8y8+y«= 392 (=196-2) . (5). 

Square root, ^ — a;® = 14v^ (6). 

Equation (4), fJ^^^ 18\/2 (7). 

From (6) and (7), ^ = 2\/2 (8). 

Squaring (8), a:«= 8 (9). 

Cube root, a;^ = 2, 1st term . (10). 

From (6) and (7), y^ = 16^2 (11). 

Squaring (11), y« = 512 (12). 

Cube root, y» = 8, 3d term . (13). 

From (10) and (13), 7?fz=. 16 (14). 

Square root, xy = 4, 2d term . (15). 

3. Of three numbers in geometrical progression, the sum 
of the first and second is 90, and the sum of the second and 
third is 180 ; what are the numbers ? 

NOTB.— Bepiesent the numbers by x^ xy, and xi/*. 

Ans. 30, 60, and 120. 

4. The sum of the first and third of four numbers in geo- 
metrical progression is 20, and the sum of the second and 
fourth is 60 ; what are the numbers ? Ans. 2, 6, 18, 54. 

5. Divide the number 210 into three parts in geometrical 
progression, such that the last shall exceed the first by 90. 

Ans. 30, 60, and 120. 
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6. The sum of four numbers in geometrical progression is 
30, and the last term divided by the sum of the mean terms 
is H ; what are the numbers ? Ans. 2, 4, 8, and 16. 

7. The sum of the first and third of four numbers in geo- 
metrical progression is 148, and the sum of the second and 
fourth is 888 ; what are the numbers ? 

Ans. 4, 24, 144^ and 864. 

8. The continued product of three numbers in geometrical 
progression is 216, and the sum of the squares of the extremes 
is 328 ; what are the numbers ? An^ 2, 6, 18. 

9. The sum of three numbers in geometrical progression is 
13, and the product of the sum of the extremes by the mean 
is 30 ; what are the numbers? Ans. 1, 3, and 9. 

10. The sum of the first and last of three numbers in geo- 
metrical progression is 62, and the square of the mean is 100 ; 
what are the numbers ? Ans. 2, 10, 50. 

11. The sum of three numbers in geometrical progression 
is 31, and the sum of the squares of the extremes is 626 ; what 
are the numbers ? Ans. 1, 6, 25. 

12. It is required to find three numbers in geometrical pro- 
gression, such that their sum shall be 14, and the sum of 
their squares 84. ' Ans. 2, 4, and 8. 

13. The second of four numbers in geometrical progression 
is less than the fourth by 24, and the sum of the extremes is 
to the sum of the means as 7 to 3 ; what are the numbers ? 

Ans. 1, 3, 9, and 27. 

14. The sum of four numbers in geometrical progression is 
equal to their common ratio + 1, and the first term is ^V ; 
what are the numbers ? Ans. ^, ^, ■^, |^. 

15. How much will $500 amount to in 4 years, at 7 per 

cent, compound interest ? 

Note. — Since we have the principal at the commencement, and tHe 
first year's amount at the end of the first year, the number of terms is 5. 
The ratio is $1.07, equal to the amount of $1.00 for one year. 

Ans. $655,398. 
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PEOPOETION. 

250« Two quantities of the same kind may be compared^ 
and their numerical relation determined, by seeking how many 
times one contains the other. The relation otfour quantities 
may be determined by comparing the relation of two of like 
kind, with two others of like kind. These comparisons give 
rise to ratio BXid proportion. 

251. The Ratio of two quantities is the quotient arising 
from dividing the first by the second. 

There are two methods of indicating ratio. 
lat. By writing the dividend and divisor with a colon 
between them; thus, 

a : I 

is the indicated ratio of a to £, in which a is the dividend, and 
b the divisor. 
2d. In the form of a fraction ; thus, the above ratio becomes 

a^ 

y 

252* Proportion is an equality of ratios, both terms of 
each ratio being expressed ; thus, if two quantities, a and J, 
have the same ratio as two other quantities, c and rf, the /owr 
quantities, a, J, c, and rf, are said to \>Q proportioriah 

Proportion is written in two ways ; thus, 

a \Jf \i c \ dy 
which is read, a is to i, as e; is to eZ ; or thus, 

a I h =z c : dy 

which is read, the ratio of a to J is equal to the ratio of c to c?. 

Note. — The second is the modem method, and more fitly^ expresses 
the nature of proportion. 

24 
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253. A Couplet consists of the terms of a ratio. 

254. The Terms of a proportion are the four quantities 
which are compared. 

255. The Antecedewt8 in a proportion are the first 
terms of the two couplets ; or the^rs^ and third terms of the 
proportion. 

256. The Consequents in a proportion are the second 
terms of the two couplets ; or the second and fourth terms of 
the proportion. 

267. The Extremes in a proportion are the first and 
fourth terms. 

258. The Means in a proportion are the second and third 
terms. 

269. A Mean Proportional between two quantities 
is a quantity to which the first of the two given quantities has 
the same ratio as the quantity itself has to the second ; thus, if 

a \ I =:l : Cf 

the quantity^ l, is a mean proportional between a and c ; and 
the three quantities are said to be in continued proportion. 

260. A Proposition is the statement of a truth to be 
demonstrated; or of an operation to be performed. 

261. A Scholium is any remark showing the application 
or limitation of a preceding proposition. 

262. If in the proportion 

a : I =• c I d 
the 2d method of indicating ratio be employed^ we shall have 

-^=-j...(A), 
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which is the fundammtcH equation of proportion. And any 
proposition relating to proportion will he proved, when shown 
to be consistent with this equation. 



GENERAL PEINOIPLES OP PROPORTION. 
Pbopositiok L 

263. In every proportion, the product of the extremes is 
equal to the product of the means. 

Lot axi^cid, represent any proportion ; 

a c 
then by formula (A), T = 5* 

Glearing of fractions, be = ad. 

That is, the product of b and c, the means, is equal to the 
product of a and d, the extremes. 

S0H0LIT7M. — ^Prom the last equation, we have 

.(1). 



(2). 



Hence, 

1st. Either mean is equal to the product of the extremes 
divided by the other mean (1). 

2d. Mither extreme is equal to the product of the means 
divided by the other extreme (2). 



The first mean, 


b=^ 

c 


The second mean. 


ad 


The first extreme. 


be ^ 


The second extreme, 


a 
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Pboposition IL 

264. Conversely. If the product of two quantities be equal 
to the product of two others, then either two may be taJcen for 
the means, and the other two for the extremes of a proportion. 



Let 


ad=he...(l). 


Dividing by d. 


a = ^...(2). 


Dividing (2) by d. 


J = 5 ... (3). 



Hence by formala (A), a:b = c:d, 

in which the factors of the first product^ ad, are the extremes 
and the factors of the second product^ be, are the means. 



Pboposition in, 

265. If four quantities be in proportion, they will be in 
proportion by ALXEBJEfATiOK ; that is, the antecedents wiU be 
to each other as the consequents. 



Let 


a: b = c:d; 


then by fonnala (A), 


'b~d'" ^^^' 


Multiplying (1) by d, 


^=c...(2). 


Dividing (2) by a, 


f=^..(3). 


Hence, 


a:c = b:d, 



in which a and c, the antecedents of the given proportion, are 
proportional to b and d, the consequents of the given pro- 
portion. 
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Scholium. — ^A proportion and an equation may be regarded 
as but different forms for the same expression, and every 
equation may be converted into a proportion under various 
forms. For example. 

Let xy = a{a + i); 

then X : a=2a + b : y, 

or, xy : a=:a + b : 1, 

or, a : x = y : {a + b). 

Pboposition rV. 

266. If jour quantities be in proportion, they will be in 
proportion by ikvebsiok ; tJuit isj the second zvill be to the 
first, as the fourth to the third* 

Let aib = c:d. 

a c 
Then by formula (A), ^ = ^ . . . • (1). 

Clearing of fractions, bc = ad . . . (2). 
Hence by Prop. II., J : a = d : c 

PEOPOSITIOIsr V. 

267« If three quantities be in continued proportion, the 
product of the extremes is equal to the square of the mean. 

Let a:b=^b:c. 

By Prop. I, ac = bb = V. 

Scholium. — ^Extracting the square root of the last equa- 
tion, we have 

b = V^l hence, • 

The mean proportional between two quantities is equal to the 
square root of their product* 
24* 
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PEOPOsmoisr VI. 

268. Quantities which are proportional to the same quan- 
tities are proportional to each other. 

U a:b = P:Q... (A), 

and c:d=P:Q...{B); 

then ^ g ; t = g; A 

From (A), b~Q' 

From(B), | = ^. 

Hence (Ax, 7), S ~ ? 

or^ a:b=zc:d. 

Peopositiok Vn. 

269. If four quantities are in proportion, they tviU be in 
proportion by coMPOsmoiq^ or division ; thai is, the sum of 
the first and second will be to the second, as the sum of the third 
and fourth is to the fourth; or, the difference between the first 
and second will be to the second, as the difference between the 
third and fourth is to the fourth. 

U a:b=zc:d (A), 

we are to prove that a:a±b = c: c±d. 

From(A), | = | (1). 

Take 1 = 1 (2). 

Adding (1) to (2), 1 + 1 = 1 + 1 (3). 

Subtracting (2)from (1), | - 1 = | - 1 ...... (4). 

From (3), W=W' <«>• 

From(4), • ^ = ^ (6). 

Hence, from (5), a + b:b = c + d: d; 

and from (6), a — J:J = c — df:dL 
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Scholium. — This composition may be carried to almost any 
extent; as we see by the following investigation : 

Take the equation, j = 5 (^)* 

Multiplying by wi = m, 

fna tnc ^^^ 

T = T ^^^• 

Adding n = n, 

, ma , mc ,„* 

,. , . ni + ma nd + mc ... 
Eeducmg, r = • • • (4), 

Hence, nb + ma:i = nd + fnc:cL 

Subtracting (2) from n=zny and proceeding as before, we 

shall have 

nb — ma:i = nd'-mc:d. 



Pboposition Vin. 

270« If four quantities are in proportion, the sum of the 
two quantities which form the first couplet is to their difference^ 
as the sum of the two quantities which form the second couplet 
is to their difference. 

H a:i = c:d (A), 

we are to prove that a + bia-^b = c + d: c-^d. 
From (A), by Prop. VII, a + bib = c + d:d... (1), 
and a — J:J = c — rf:rf ... (2). 

From(l) ^ = 4^ (3). 

From (2), ^ = ^ W- 

Dividing (3) by (4), ^6 = 7=^ (5)5 

whence a + J :a — 5*= c + df : c— i? 
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Phoposition IX. 

271. If four quantities are in, proportion^ either couplet 
may be multiplied or divided by any number whatever, and the 
quantities will etui be in proportion. 

Let a:b=: cid; 

^^ 1 = 5 <^)- 

Multiplying both numerator and denominator of either of 
these fractions by any number, n (105, III), 

«? = £ (8). 

also, |=g....(3). 

Hence from (2)^ na:nb=i c:d; 

and from (3), a:b = nc:nd; 

in which, if n represent a whole number, the couplets are 
multiplied; and if n represent a fraction, the couplets are 
divided. 

PBOPOsmoN X. 

2112. If four quantities are in proportion, either the ante- 
cedents or the consequents may be multiplied by any number 
and the/our quantities will still be in proportion. 

Let a:b = c:d; 

then, h^^ "^ * * ' * ^^^* 

Take m = m.... (2). 

Multiplying (1) by (2) (106, 1), ^ = ^ • • • (3). 

Dividing (1) by (2) (106, II), ^ = ;^. • • (4). 

Hence from (3), ma:b=zmc:d; 

and from (4), aimb^c: nuL 
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PEOPOSmOK XI. 

273. If four quantities are in proportion, like powers or 
roots of the same quantities will be in proportion. 

Let a : i = c : df ; 

then, 1=1 (1), 

nth power of (1), T^^^ . . .* . (3). 

11 

nth root of (1), ^ = -^ (^)- 

ft* cf 

Hence, from (2), £t* : ft* = (f* : d» ; 

11 11 
and from (3), a*: ft'* = c*: d*. 



Pboposition XIL 

374. If four quantities in proportion ie multiplied or 
divided term by term by four others also in proportion, the 
products or quotients will be in proportion. 

If a:b=i Old (A), 

and a?:y = m:»...., (B) ; 

we are to prove that ax:by=:cm:dn, 

^^A a b c d 

and -.:_ = —:-. 

X y m n 
From (A), ad^^be ...... . (1). 

From (B), xn=iym (2). 

Multiplying (1) by (2), (aa?) (rf«) = (fty) (m) . . (3). 

DinaingCDlyp), ©© = (|)(i)...(4). 

From (3) by Prop. II, ax \ by = cm : dn ; 

andfrom(4), - : * = ^: 1 

^ X y m n 
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PBOPOsmoK XnL 

276 • If any number of proportionals have the same ratu), 
any one of the antecedents will he to its conseqtient as the sum 
of all the antecedents is to the sum of all the consequents. 

Let a:i = a:i . . . . (A), 

a: i= c: i2. . . . (B), 
a: b=zm: n. , . . (C), 
&c. = &c. 

We are to prove that a:b=i {a + c + m) : {i + d + n). 

From (A), aJ = fl&. 

From (B), ad = cb. 

From (C), an = mb. 

By addition, a{b + d + n) = b{a + c + m). 

By Prop. II, a:b={a + c + m):{b + d + n). 
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276. 1. Find two numbers, the greater of which is to the 
less as their sum to 42, and as their difference is to 6. 

SOLUTION. 

Let a; = greater; y = less. 

By the conditions, \x:y = x + y:42 (1^ 

^ ' lx:y = x — y: 6 . . . (2), 

Prop. VI, a; + y : 42 = a; — y : 6 . . . (3). 

Prop. Ill, a? + y : a; — y = 42 : 6 (4), 

Prop. VIII, 2a: : 2y = 48 : 36 (5), 

Prop. IX, a; : y = 4 : 3 (6), 

From (1), by Prop. VI, 4:3 = a; + y:42... (7), 
From (2), by Prop. VI, 4 : 3 = a; — y : 6 . . . (8). 

From (7), by Prop. I, x + y = 66 (9), 

From (8), by Prop. I, x-^y=: 8 (10). 

Hence, x = 32, 

and .V = 24 
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2. Divide the number 14 into two such parts, that the quo- 
tient of the greater divided by the less, shall be to the less 
divided by the greater, as 100 to 16. 

soLunoK. 
Let X = the greater ; 

y = the less, 

T> 4.1. ^-x- ( - : ^ = 100 : 16 . . . (1), 

By the conditions, ■{ y ^ 

( x+y = 14 (2). 

From (1), by Prop. IX, a?* : y»= 100 : 16 • . . (3). 
Prop. XI, a; : y = 10 : 4 . . . (4). 

Hence, from (4), 2x=:6y (5). 

But a; + y = 14 ... (6). 

Therefore, a; = 10, 

and y= 4. 

3. Find three numbers, in geometrical progression, whose 
sum is 13, and the sum of the extremes is to twice the mean 
as 10 to 6. 

BOLUnOK. 

Let X, xy, xy^, represent the numbers. 

By the conditions, \ *, ■*■ "'^ + ^'^^ = }^ V ' ' * SJ' 

•^ ' lxi^+ X : 2xy = 10 : 6 . . . (2). 

From (2), by Prop. IX, y* + 1 : 2y = 10 : 6 . . . (3). 

From (3), by Prop. VIII, 

(y»+2y+l) : {f-2y+l) = 16 : 4 . . . (4). 

Prop. XI, y + 1 : y — 1 = 4 : 2 . . . (5). 

Prop. VIII, 2y : 2 =a^ 6 : 2 . . . (6). 

Hence^ y = 3, 

and a; = 1. 
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4. The product of two nnmbers is 35, and the difference of 
their cubes is to the cube of their difference as 109 to 4 ; what 
are the numbers ? 

BOLimON. 

Let X = the greater^ and y = the less. 

^ ,^ ^.,. j ipy = 35 (1), 

By the conditions, i^__y.: (^.y). = 109 : 4 . . . (2). 

or, a^ + xy + j/^ : ofl '-2xy + y^ = 109 : 4: . . . (4). 

Prom (4) (Prop. VH), Sxy : a? '^2xy + f = 105 : 4: . . . (b). 
But, (1), 3xy = 105; 

hence, from (5), (a; — y)* = 4 (6) ; 

whence, a; — y = 2 (7). 

Prom (1) and (7), x + y=:12 (8). 

Hence, x=7, 

and y = 5. 

5. What two numbers are those, whose difference is to their 
sum as 2 to 9, and whose sum is to their product as 18 to 77? 

Ans. 11 and 7. 

6. Two numbers have such a relation to each other, that if 
4 be added to each, the sums will be to each other as 3 to 4; 
and if 4 be subtracted from each, the remainders will be to 
each other as 1 to 4 ; what are the numbers ? 

Ans. 5 and 8. 

7. Divide the number 16 into two such parts, that their 
product shall be to the sum of their squares as 15 to 34. 

Ans. 10 and 6. 

8. There are two numbers whose product is 320, and the 
difference of their cubes is to the cube of their difference as 
61 is to 1 ; what are the numbers ? Ans. 20 and 16. 
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APPROXIMATE EOOTS 

OF HIGHER DEGREES. 

211. A root of any number is one of the equal factors of 
that number. Thus, the square root of 25 is one of the two 
equal factors, 5x5, which produce 25. The fifth root of 32 
is one of the five equal factors, 2x2x2x2x2, which pro- 
duce 32. 

If a number is not composed of as many equal factors as 
there are units in the index of the required root, the number 
is an imperfect power, and the required root can only be 
obtained approximately. This may be done, as we have seen 
(195)> by extending the general method of extracting the 
root, to decimal periods. Another method, and the one we 
are now about to consider, is to resolve the number into fac- 
tors nearly equal, and average the result. 

2HS. If the number a be composed of 3 factors, each equal 
to a;, then 



X + X + X 



= a;= v^. 



3 

In like manner, if the number a be composed of three fac- 
tors, X, y, Zy nearly equal to each other, it is obvious that 

g = V a, nearly. 

o 

To illustrate this principle by numeral examples, we have 

2 X 3 X 4 = 24, 

2+3+4 ^ 
and o = 3. 

But '^24 = 2.88+. 

That is, one third of the sum of the three unequal factors, 
2, 3, and 4, which compose 24, is 3 ; while the cube root of 
24 is 2.88+, a number less than 3 by only .12. 
25 T 
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Again, take 5x7x8 = 280, 

and ^ + ^ + ^ = 6.66+. 

But -^^280 = 6.54+. 

Difference, .12+. 

Similarly, we shall find that if uxyz = a, 
then - 4 = "y^f nearly. 

Hence, in general terms. 

If a number be resolved into n factors^ nearly equal to each 
other f the nth part of their sum mil be nearly equal to the nth 
root of the number. 

279. K a number does not consist of factors nearly equal, 
or if it is a prime number, it may be decomposed into 
approximate factors. 

Thus, if xyz = a, 

then ^ = —9 

y^ 

in which, if y and z be assumed, x may be computed. 
1. Find the cube root of 100. 

OPERATION. 

Let xyz = 100. 



Assume 


y = i. 


and 


z = 5; 


then 


100 100 , 



Adding values of x+y + z, 4 + 5 + 5 = 14. 

Hence, dividing by 3, 'V^lOO = 4.66 + , 1st approx. 
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As the root sought is greater than 4.6, and less than 4.7, it 
must evidently be some number between these two. We will 
therefore 

next, assume y = 4.6, 

and z=- 4.7 ; 

then, a: = :^ = ^^^ =4.62503+. 

Adding the new values, x+y -{-%=. 13.92503 + . 
Hence, dividing by 3, ^i?^I5o= 4.64167 + , 2d approx. 

Next, assume y = 4641, 

and z=: 4.642; 

then, dividing, as before, x = 4.64176 + . 

Adding the new values, X'^y+z = 13.92476+. 
Dividing by 3, ^J^I^ = 4.64158 +, 3d approx. 

which is correct to the last decimal place. 

2. Find the square root of 3. 

OPERATION. 

Let xy = 3. 

Assume y = 1.6 ; 

then, ' a; = — ^ = 1.875 + . 

l.b 

Adding x + y = 3.475 + . 

Dividing by 2, VS = 1.7375, 1st approximation. 

Next, assume y = 1.732 ; 

then, X = j^-; = 1.7321016 +. 



Adding, x + y = 3.4641016 +. 

Dividing by 2, Vd = 1.7320508 +, 2d approx. 

which is correct to the last decimal place. 

Hence, to obtain the approximate nth root of a number, we 
have the following 

Rule. — I. Assume n — 1 factors as near the required root 
as may be found iy inspection. 

II. Divide the given number by the product of the assumed 
factors^ and the quotient will be the remaining factor. 
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III. Divide the sum of the n factors thus obtained, by n, and 
the quotient wiU be the first approximation to the required root. 

IV. Assume a second set 0/ w — 1 factors^ and proceed as 
before ; and thus continue, till the desired approxinuUion is 
obtained. 

Note. — 1. B7 inspectiiig the two examples given, it will be seen that 
the second aporoximation is lees than the first, and the third less than 
the second. Hence, every approximation is greater than the tnie root, 
and this principle will govern the selection of the factors to be assumed 
in each step. 

2. Also, Dj Inspecting the two preceding operations it will be seen that 
each approximation after the first obtains one or more correct decimal 
figures in the required root. 

XXAMrrXS WOM rMACTICJB* 

3. Required the 4th root of 18. 

OPERATION. 

Let uxyz = 18. 

Assume, ^ a: = 2, 

Then by (II), z = 2.25. 

Adding u+x+y+z=z 8.25. 

Diyiding by 4 (III), ^ = 2.0625, let approx. ' 

( u = 2.06, 
Next, assume <x=: 2.06, 

( y = 2.05. 
Then, as before, z = 2.069113 + . 



Adding, u+x+y+z = 8.239113 +. 

Dividing by 4, ^ = 2.059778 + , 2d approx. 

Note. — It will be observed, in the above example, that 16, a number 
near 18, is a perfect 4th power, whose root is 2. Hence, u, x, and y were 
assumed each as 2. 

4. Eequired the cube root of 130. 

6. Eequired the 4th root of 260. 

6. Eequired the 4th root of 640. 

7. Eequired the 5th root of 2. 

8. Eequired the 5th root of 38. 
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280. When the numbers are large, or the index of the 
root is higher than the 3d or 4th, the following table will be 
3f use in assuming the factors for the Ist approximation. It 
wrill be seen that the first column contains certain numbers, 
taken at intervals between 1 and 27000 ; the second column 
contains the squares of the numbers in the third ; the third 
3olumn contains the cube roots of the numbers in the first ; 
bhe fourth contains the 6th roots ; and the fifth, the 9th roots. 



A. 


A* 


A*. 


A^. 


A*. 


1 


1 


1 


1.0000000 


1.000000 


8 


4 


2 


1.4142136 


1.259921 


27 


9 


3 


1.7320508 


1.442250 


6^ 


16 


4 


2.0000000 


1.587401 


125 


25 


5 


2.2360680 


1.709976 


216 


36 


6 


2.4494897 


1.817121 


343 


49 


7 


2.6457513 


1,912933 


612 


64 


8 


2.8284271 


2.000000 


729 


81 


9 


3.0000000 


2.080084 


1000 


100 


10 


3.1622777 


2.154435 


1331 


121 


11 


3.3166248 


2.223980 


1728 


144 


12 


3.4641016 


2.289428 


2197 


169 


13 


3.6055513 


2.351335 


2744 


196 


14 


3.7416574 


2.410142 


3375 


225 


15 


3.8729833 


2.466212 


4096 


256 


16 


4.0000000 


2.519842 


4913 


289 


17 


4.1231056 


2.571282 


5832 


324 


18 


4.2426407 


2.620741 


6859 


361 


19 


4.3588989 


2.668402 


8000 


400 


20 


4.4721360 


2.714418 


9261 


441 


21 


4.5825757 


2.758923 


10648 


484 


22 


4.6904158 


2.802039 


12167 


529 


23 


4.7958315 


2.843867 


13824 


576 


24 


4.8989795 


2.884499 


15625 


625 


25 


5.0000000 


2.924018 


17576 


676 


26 


5.0990195 


2.962496 


19683 


729 


27 


5.1961524 


3.000000 


21952 


784 


28 


5.2915026 


3.036589 


24389 


841 


29 


5.3851648 


3.072317 


27000 


900 


30 


5.4772256 


3.107232 



25* 
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1. Find the 7th root of 2211. 

Referring this number to the table, we find the number 
nearest to it in column A is 2197, whose 6th root (A»), is 

3.6+, and whose 9th root (A^), is 2.3 + . Therefore, the 7th 
root of 2211 must be nearly equal to 3, and we will take this 
number for each of the six factors to be assumed. Thus, 

OPERATION. 

Let 3x3x3x3x3x3rg = 2211 

3)2211 
3) 737 

3) 245.666666 
3 ) 81.888888 
3 ) 27.296296 
3 ) 9.098765 

3.032921 = X. 

Hence, .^/^^ 3 + 3 + 3 + 3 +^3 + 3 + 3.032921 

_ 21.0329 21 

"~ 7 

= 3.004703, 1st approximation. 

For the second approximation, we may assume 3.004 for 
each of the 6 equal factors. As the method above used would 
be somewhat tedious, we may avoid the labor by an applica- 
tion of the binomial theorem. 

For this purpose let it be observed that the powers of a 
proper fraction are less than the fraction itselt Thus, 
(.1)« = .01, 
(.1)8 = .001, 
(.1)* = .0001. 
We have found that the 7th root of 2211 is greater than 3, 
by a small fraction. Let this fraction be represented by x \ 
and we shall have the following equation : 
(3 + xY = 2211. 
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Expanding the first member, indicating the powers of 3, we 
have 

2187 + 7 {Syx -H 21 {d)^ + 35 (3)^ + 35 (3)^ + 
21 (d)^ + 7 {d)xf^ + x' = 2211. 

Now as a? is a small fraction, the powers of x will be still 
smaller. And if the terms containing a^ and all the higher 
powers of x be omitted, the equation will still be approxi- 
mately true ; and we shall have 

2187 + 7 (3)«a; + 21 (3)^ = 2211 (1). 

Transposing, 7 (3)^ + 21 {3)'^ay^ = 24 (2). 

Dividing (2) by 3, H {3yx + 21{3ya^ = S ..(3). 

Expanding (3), 1701a: + 1701a:8 = 8 (4). 

Dividing (4) by 1701, a^ + x= .0047031 .... (5). 

Completing the square, 4:0^ + { ) + 1 = 1.0188124 (6). 

Extracting square root, 2a; -f 1 = 1.00936 (7). 

Eeducing(7), a;= .00468. 

Hence, v^2211 = 3 -[- a; = 3.00468, 2d approx. 

2. Find the 7th root of 2412. 

Eef erring to the table, we find this number in column A, 
between 2197 and 2744 ; and by examining the 6th and 9th 
roots of these numbers, we find that the 7th root of the given 
number must be a little greater, or a little less, than 3. 
Hence, ^ 



OPERATION. 


Let 


3 + a; = required root 


Put 


a = 3. 


Then 


(a + xy = 2412. 


Expanding, a' + Wx + 21a^x^ + 36a^a^ + &c. = 2412. 


Or, approximately, 


a7 + 7^6^ = 2412 . . . (1). 


Eestoring value of « in (1), 


2187 + 5103a; = 2412 . . . (2). 


Transposing, 


5103a; = 225 ... . (3) ; 


whence. 


x= .044+ ; 


hence. 


3 + a; = 3.044+. 
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That is, the seventh root of 2412 is very nearly 3.044; but 
this is a little too large. To find the root more accurately, 
we will place 3.04 for a, or (3 + m) in equation (1). Then 
that equation will become 

(3 + w)7 + 7 (3 + m)^ = 2412. 

Taking the higher terms of (3 + my, and (3 + my in 
separate columns, we have 



3» = 


2187 


3« = 


729 


7(3)«»i = 


204.12 


6(3)»»i = 


58.32 


21 (3)»m» = 


8.1648 


15{3)*m' = 


1.944 


35(3)*OT» = 


.18144 


20(3)«7«« = 


.03456 


35 (3)«m* = 


.0024192 


15 {BYm* = 


.0003456 




789.2989056. 


Adding, 2399.4686592 + 7 (789.2989056) x = 


2412; 


whence. 


x = 


12.5313408 
'7(789.2989056)" 


: .002268+; 


hence. 


^2412 = 


: 3.042268 +. 





JBXAMPZB8 TOB PItACTICJE, 

3. What is the cube root of 14000 ? 

4. What is the 6th root of 812 ? Ans. 3.81893. 
6. What is the 8th root of 1340 ? 

6. What is the 7th root of 9150 ? 
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a4/j + 2Vw5 

1. What is the value of — ^ , when a = 4, 

5 = 5,andm = 20? mVb^{l^7n)a ^^ 

2. What is the snm of {a + b)Vc^ + 12 (a + b)V^ — 
7 (a + b)V^ + 4zn{a + S) Va5 ? 

Ans. {6{a + b) + ^n{a + b)\Vax; 
Or, (6 + 4cn) {a + b)V^. 

3. What is the sum of {A + BY{x + y) and (A--B)3 
(x + y)? Am. 2 (A2 + B^) (^ + y). 

4. What is the sum ot^a^b+dar^V^c, QM+U-^Vc, +10aJ, 

Ans. 20a*J s-. 

5. Prom V^"~~p + 4 (a; + y) — ?\/a + x, subtract 
^{x + y) ^%{x^ ^ f)^ +l ^{a + x )^. 

Ans. 3 Va^ — y^ + ^ + y — 16V« + a;. 

6. From 17ar3 + 3ay + 10a, subtract 7flja;^ + ^y + 12a 
— 2Ja. ^/w. (lOa^ — y — 2 + 2ft) a. 

7. What is the value of (2a;) (— 2a^) (— 2mx) (— 2xf) 
{2nAcy) ? Ans. — (2wia;y)*. 

8. Multiply o^ — o2j + ^ja _ j8 by a + J. ^/w. a* — ¥. 

9. Multiply af* — (ff^^y + af^^^ _ y« by a; + y. 

Ans. x^^ — a;y** + af^^^s _ yw+i. 
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10. Expand (m — iP — 1) (m + 1) (m« + 1). 

Ans. m^ — wh — mh — mz — z — 1. 

11. Expand (3x*y — 3xy») {Sa^y — Sxf). 

Am. 9a:y — ISa^y _j. g^^jy*, 

12. Expand (c* + (-)((-• + c"). Ans. ^ + 2^**+* + c^*. 

13. Find two factors of a^ + y*. 

^n5. (a? + y) and a:* — a:«y + ay — a^ + y*. 

14. Find two factors of a^ — y*. 

-47W. (a;* + y*) and (a;* — y*) ; 
Or, {x-^y)^Si7^ + a?y + xh^ + xf^-y^. 

15. Multiply a^ - a** + aJ» — a^V + o*A* — J5 by o* + *. 

Prod, a^ — S«. 

16. Find the factors of a® — J*. 

Ans. {a^-b) (a^+a^b+a^l^+i^), or (a*+J2) (a4_j2). 

17. Find the greatest common factor of a* — 1, a^ + a*, 
«• + 1. ' ^n5. a« + 1. 

18. Find the greatest common divisor of a^ — 6ab + 4J2, 
and a' — a5 + 3oJ^ — 3aJ^. Ans. a^b. 

19. Find the snm of the following fractions ; indicating 
that sum by S, and condensing it to a single term : 

and 7 — r^T^' A^is. 1. 



20. What is the sum of the following fractions . 

^ — f X'\''jf x^y ^ — f 

21. Divide 51a2((? — l)«^ by 17o2(c_i)«-^ 

Ans, 3 ((? — 1)«». 

22. Divide 6 (a — 1) + 6 (1 — of by 1 - a. 

Ans. 1 — 6a. 
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23. Divide m — nhj Vm — Vn. Ans. V^ + Vn. 

24. Divide a^ + ab + Phj a + Vc^ + I. 

Ans. a — Vcib + 5. 

25. Factor a?y — xj^ — xy + x-—y, ^ 



Ans. {x - y) [(xy + 1) - ^^T 



26. What is the greatest common divisor of ^h—Vlamz^+ 
ScAcz, and Sa^/na; — 16mh^z + lObcmx^ 

Ans. c? — Zmz + %hc. 

27. What is the least common multiple of 3a^, ^(vxy, and 
16aa^? ^7w?. 4:Sa^y. 

28. What is the least common multiple of ac — 3m% a^c+ 
Zacm\ and a^c — 9cw*? ^W5. a% — ^acmK 

29. Reduce -5 — 7"^ . ,, to its lowest terms. 

Ans. 7- 

a — ^ 

30. Eeduce 7-^= — —i=sr4 to a^ entire form. 

^/^5. m{a + V) •— 2mVab. 

31. Find the value of r — V^ — rr + -7 — =-)• 

Ans* 



C2+1 



1 1 /J. 1 1 1 

32. From — + — + -^— r, subtra<3t - + 



7?'^ a;8 "^ a« + 1' °""""""*' a; ^ (a« + 1) 

iH-a; — a^ 

33. Divide 1 + ^""^ by 1 — ^^t" ^^^- ^• 

Note. — The product of the divisor and quotient must be equal to the 
dividend. Let Q = the quotient, then 



«('-:-^)='H-^T 
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«. T%. 'J oh? , / ax \ , c? 
34, DiYide -5 5 by \x ; — )• Arts. 



a — x 



a + X a — x 

-4- 

35. Simplify the fraction, — ; Ans. 



a -\- X a—'X 2ax 

a — x"' a + X 

36. Divide 2 -:^-^ by ^^^^. 

^ Ans. Vb — Vfl. 

37. What is the value of i^"*" ^2!"" i^"* ??I ? 

. 2a 

Ans. 



38. Whatistheyalneof if tS! — 7? — 8i? 
(1 + by — (1 — ^)' 



-4/w. 



3a8 + y 
3 + S2- 

39. Eaise Vfl + * to the fonrth power. -4w5. {a + hf. 

40. Baise oV— 1 to the third power. -4w5. «'V'— 1. 

41. Baise 2a + 3d to the 9th power. 

Ans. 512a»+256-27o8J+612-81a7J«+256-667a«*8+&c. 
Solve the following equations : 

42. {x + Vaf — (» — V«y = 2aVab. Ans. x = 5^- 

.„ a:V3am z^- . Vl2ac^ , m + 2c 

43. — ^^ = v3a + -^^ • -4w«. a; = — —=— 

« « Va^ 

_4 a: + la;+l ^, ,^ 

45. =- -. — = — i — . Ans. a; = ± 3. 

a: — 1 4 4 

46. -=— f^ = 5a; - 5. Ans. a; = ± 1.224744+. 
oa; + 



47. 
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a?-l 



— ti. Am. x=± ii/a ± 2V5. 



4a; 



48. V5a; — 9 = —===• Ans. a; = 9. 

V 5a: — 9 

49. (l-fic)« + (l— a;)« = 242. 

5. a; = ± ^ or ± V^^. 



50. Find the 6th power of V2 + V3, or expand {V2x + 
V^yY, and afterward suppress all the powers of z and y, on 
the supposition that each is equal to unity. 

Ans. 8+24V6 + 180 + 120V6+270 + 64V6 + 27. 

^ 9 

51. Given ^r- = 7 — v, to find the value of y. 

y + 3 ^ ^ 

Ans. y = 5. 

52. Given -= — ^^ = 7 — 6a?, to find the value of x. 

5a; + 3 ' 

Ans. a; = 1. 

53. Given | + 2 = |(^ - l) + ^^i^, to find the value 
of X. Ans. a; = 3. 

54. Given ic* + 2ar» + a; = (a;* + 3a;) (a; — 1) + 32, to find 
the value of x. Ans. x =zS. 

55. Given {x + 1)« — (a; — 1)« = 1344a;. 

Ans. a; = ± 3, or ± V— ■^. 

( a; + 5y = 10 ) ( y = !• 

57. \ax+cy = 2a^(? ) AnsA""^"^' 
' icx + ay=zac{(? + a^)S ( y = a^^. 

|a;+y--;?=:4) (i» = 3, 

58. -j 2a; + 2i? — y = 6 V • Ans. {y^"^, 
( 3y + 3« — a; = 6 ) ( « = 1. 

26 
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59. 



M + a; + y = 3a — 6m 
ti + X + z zzzSa—llm 
u + y-{-z=ida — Sm 



Ans. 



X =ia — 2m, 
y = a — 3m, 
« = a — 4m. 



60 \ ^+2ir= 7) 



^«..^=^«'•-?^ 






or 



H- 



61. j^t'^=''i- ^-r 

( «* + 2x^ = 35 ) \tf 



ar = 5, or V^l, 
1, or i V21. 






Ans. 



a; = 9, 
4. 



63. 



(a^ + y» = 106) 
I «»^= 45)' 



J«M. 






jirz=3, or 3\/^l, 
j y = 5, or — 5. 



64. Two men started from two towns. A, and B, and 
traveled toward each other. The first went i, and the second, 
I of the distance between the two towns, when the men were 
found to be 16 miles apart ; required the distance from A to B. 

Am. 60 miles. 

65. The sum of two numbers is 80 ; and if their difference 
be subtracted fi'om the less and added to the greater, the re- 
sults will be as 1 to 7 ; what are the numbers ? 

Ans. 30 and 50. 

66. What number is that whose fourth part exceeds its fifth 
part by A^? Ans. ^. 

67. There is a number whose 3 digits are the same; and if 
from the number, 4 times the sum of the digits be subtracted, 
the remainder will be 297 ; required the number. Ans. 333. 

68. A certain number increased by 1, is to the same num- 
ber increased by 4, as the square of the number is to its cube ; 
what is the number? Ans. 2. 



MISCELLANEOUS EXAMPLES. 303 

69. Fifty gallons of wine are to be put into casks of two 
sizes ; and 10 of the smaller casks and 2 of the larger, or 5 of 
the smaller and 6 of the larger, may be used; required the 
capacity of a cask of each size. 

Ans. Smaller, 4 gal. ; larger, 5 gaL 

70. Two men have the same income ; one saves one tenth 
of his, the other spends $150 per annum more than the first, 
and at the end of five years finds himself $100 in debt ; what 
is the income of each ? Ans, $1300. 

71. A man has 2 equal flocks of sheep ; from one he sells a 

sheep, and from the other l sheep, and then he has 3 times as 

many remaining in the latter flock as in the former ; how many 

did each flock originally contain ? Ans, \{^a — i) sheep. 

Note. — For a and b, take any number at pleasure, such that 3a — 6 
shall be divisible by 2, and form a definite problem. For instance, 
assume a = 12, and 6 = 2, then the number in each flock will be 17. 

In this manner numeral problems are formed. 

72. The sum of two numbers is 72, and the sum of their 
cube roots is 6 ; what are the numbers ? Ans. 64 and 8. 

73. The sum of the squares of two numbers, multiplied by 
the sum of the numbers gives 2336, and the difference of their 
squares, multiplied by the difference of the numbers gives 
676 ; what are the numbers ? Ans. 11 and 5. 

74. The product of t^o numbers multiplied by their sum 
gives 84; and the sum of their squares multiplied by the 
square of their product gives 3600 ; what are the numbers ? 

Ans. 4 and 3. 

75. A market man bought 15 ducks and 12 turkeys for 105 
shillings, and he obtained 2 more ducks for 18 shillings, than 
turkeys for 20 shillings ; what were the prices ? 

Ans. Ducks, 3 shillings ; turkeys, 5 shillings. 

76. The sum of three numbers is 12 ; one third of the sum 
of the first and second is equal to one fifth of the sum of the 
second and third ; and the second minus the first is equal to 
the third minus the second i required the numbers ? 

Ans. 2, 4, and 6. 
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77. There is a square tract of land containing 10 times as 
many acres as there are rods in the fence enclosing it ; how 
large is the square ? Ans. 20 miles square. 

78. A general wishing to draw up his regiment into a square, 
found by trial that he had 92 men oyer ; he then increased 
each side by two men^ and wanted 100 men to complete the 
square ; how many soldiers had he ? Ans. 2301. 

79. Some bees had alighted upon a tree ; at one flight the 
square root of half the number went away ; at another f of 
them ; and two bees then remained ; how many alighted upon 
the tree? Ans. 72, 

80. A May-pole is 66 feet high. At what distance above 
the ground must it be broken, in order that the upper part, 
clinging to the stump, may touch the ground 12 feet from the 
foot ? Ans. 264 feet 

81. Divide the number 20 into two such parts that the 
square of the greater diminished by twice the less, shall be 
equal to twice the square of the less. Ans. 12 and 8. 

82. Three numbers are in arithmetical progression ; their 
sum is 27, and the product of the extremes is 77 ; required 
the numbers. Ans. 7, 9, and 11. 

83. A gentleman has a garden 10 rods long and 8 rods 
wide ; he would lay out half the way round it a graveled walk 
of uniform width and to contain \ of the area of the garden. 
How wide shall the walk be laid out ? Ans. 13.4376 + ft. 

84. Two numbers are in the ratio of a to J, and when c is 

added to each, the sums are in the ratio of 5 to 6 ; what are 

the numbers? . ac j *c 

Ans. rr; tt-* and 



5 J - 6a* 66 - 6a 

86. A man sold a horse for 144 dollars, and gained as much 
per cent, as the horse cost him. What did the horse cost 
him? Ans. $80. 
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86. Two numbers are in the ratio of 5 to 8, and if 200 be 
added to the first, and 120 to the second, the sums will be to 
each other as 6 to 4 ; what are the numbers ? 

Ans. 60 and 80. 

87. A person bought two cubical stacks of hay for £41, each 
of which cost as many shillings per cubic yard as there were 
yards in a side of the other, and the greater stood on more 
ground than the less by 9 square yards. What was the value 
of ea<5h stack ? Ans. £16 and £25. 

Let a: = a side of the greater stack in yards ; 

and y = a side of the other ; 

then a:« — y2 = 9 = a (1); 

and ofiy + xf=: 4:1-20 =iS20 = b... (2). 

From (2), a^ + ^^2 = A (3). 

xy 

Squaring (3), x^ + 2a^f + i^ = ^ ....(4). 

Squaring (1), a^ — 2x^i/^ + y^z=za\ 

Difference, 4a^ =i—^-^a\ 

88. A farmer had 3 more cows than horses. He bought 2 
more cows and sold 3 horses ; and he then had 5 times as 
many cows as horses. How many had he at first? 

Ans. 5 horses and 8 cows. 

89. Some boys on a frolic incurred a bill of $12. If there had 
been two more in the company each would have been charged 
30 cents less. How many were in company? Ans. 8. 

90. A person residing on the bank of the Ohio, 15 miles 
above Cincinnati, can row his boat to the city in 2^ hours, 
but it requires 7^ hours to return. With what force can he 
row his boat in still water, and what is the velocity of the river ? 

Ans. Man rows 4 miles per hour; stream flows 2 miles. 

91. What is the value ot x -i ^ divided by a; ^ 

, K10 x — 3 ^ a; — 3 

when a; = 54 r ^ n 

* Ans. 9. 

26* u 
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92. I deposited $200 in a savings bank, which paid 6 per 
cent, on deposits, interest payable semi-annually. How much 
did my money amount to in 5 years, the interest being added 
to the principal at the end of every 6 months ? 

Note. — The principal is the first term ; $1.03, the semi-annual amount 
of $1 at the rate per cent, is the ratio ; and the number of terms minus 
1 is 2 times the number of years. 

Ans. $268.78+. 

93. What is the value of the expression ^r- -i -'-^t 

^, a; — 2a a; — 25 

when X = — -^^ Ans. 2. 

94. Find the geometrical mean between 2a^^ and 24^^5*0;*. 

Ans. ^^Vda X yfW x "^x. 

95. From a bag of money which contained a certain sum, 
was taken $20 less than its half ; from the remainder, $30 less 
than its third part ; and from the remainder, $40 less than 
its fourth part, and then there was nothing left. What sum 
did the bag contain ? Ans. $1080. 

96. Four numbers are in arithmetical progression ; the 
product of the first and third is 27, and the product of the 
second and fourth is 72. What are the numbers ? 

Ans. 3, 6, 9, and 12. 

97. A merchant gains the first year 15 per cent, on his capi- 
tal ; the second year, 20 per cent, on the capital at the close 
of the first ; and the third year, 25 per cent, on the capital at 
the close of the second ; when he finds that he has cleared 
$1000.50. Eequired his capitaL Ans. $1380. 

98. The sum of three numbers in arithmetical progression 
is 15, and their product is 80» Eequired the numbers. 

Ans. 2, 5, and 8. 

99. Find three numbers in arithmetical progression, such 
that the sum of their squares shall be 2900, and the product 
of the extremes shall be less than the square of the mean by 
100. Ans. 20, 30, and 40. 
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100. What nnmber is that which, if 4 be subtracted from 
it, ^ of the remainder will be 7 ? Ans. 25. 

101. What number is that to which, if 1 and 11 be added 
separately, the sums will be to each other as 1 to 3 ? 

Ans. 4 

102. Given 7 — -tto + / . / f- = ^> ^ ^^^ the value of x. 

{a+br {a+br ^ 

Ans. » = — — T- 
a + b 

103. What number is as much below 40, as three times that 
number is below 100 ? Ans. 30. 

104. Divide 400 into two such parts, that the sum of their 
square roots shall be 28. Ans. 256 and 144. 

105. A man sold a horse for a dollars, and gained as much 
per cent, as the horse cost him ; what did the horse cost him ? 

A71S. {Va + 25) 10 — 50 dollars. 

106. The product of three numbers in geometrical progres- 
sion is 1728, and the sum of the first and third is 40 ; what 
are the numbers ? Ans. 4, 12, and 36. 

107. Two quantities are to each other as m to ;^, and the 

difference of their squares is cP ; what are the quantities ? 

J md nd 

Ans. — — • - , — « 

^m^ — n^ y/m^ — n^ 

108. The sum of four numbers in geometrical progression 
is 85 ; and the sum of the first two is to the sum of the second 
two as 1 to 16 ; what are the numbers ? 

Ans. 1, 4, 16, and 64. 

109. The base of a right angled triangle is 20 rods, and the 
perpendicular and hypothenuse are to each other as 5 to 7 ; 
what is the length of the perpendicular and what the area of 
the triangle ? 

Ans. Perpendicular, 20.41 24 + rods; area, 204. 124+ sq. rods. 
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110. The extremes of a geometrical series are 2 and 3744, 
and the difference of the first and second term is to the differ- 
ence of the third and fourth as 1 to 9. Bequired the sum of 
the series. Ans, 5615. 

111. The sum of two numbers added to the sum of their 
squares gives 18^ and 10 times their product is 60 ; what are 
the numbers? Ans. 2 and 3, or \/3 — 3, and — Vd — 3. 

112. The sum of two numbers is to their difference as 4 to 
1^ and the sum of their cubes is 152 ; what are the numbers ? 

Ans. 3 and 5. 

1 13. Insert 9 arithmetical means between 6 and 36. 

Ans. 9, 12, 15, &c. 

114. At what rate per cent, will a dollars gain as much in 
4 years at simple interest, as in 2 years at compound interest ? 

Ans. 200 per cent. 

115. How many terms of the series, .034, .0344, .0348, &c., 
will amount to 2.748 ? Ans. 60. 

116. How much will 1230 amount to in 12 years, at 6 per 
cent., simple interest ? 

NoTB. — The number of terms will evidently be 1 greater than the 
number of years. 

Ans. 1395.60. 

117. What is the sum of n terms of the series, 3, 3^, 3|, &c. ? 

Ans. {n + 17)^' 

118. I lent a certain sum at 7 per cent., simple interest, and 
at the end of 5 years received, in principal and interest, 
$317.79 ; what was the sum lent ? Ans. $235.40. 

119. If 6 be the first term of a geometrical series, and 4374 
the 7th term, what is the ratio, and what are the other terms ? 

Ans. Ratio 3 ; whence 18, 54, &c., the other terms of 
the series. 
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120. Sold a horse for SI 75.50, taking a note drawing in- 
terest at 6 per cent. Not needing the money, I did not collect 
the note until the end of 6 years ; what amount did I collect ? 

Ans, 1238.68. 

121. The sum of the extremes of 4 numbers in geometrical 
progression is 35, and the sum of the means is 30 ; what are 
the numbers ? Ans. 8, 12, 18, 27. 

122. I own a mortgage of $875 on a farm, due in 6 years, 
at 6 per cent, interest, payable annually. If no part of the 
mortgage or interest is paid until the end of the 6 years, how 
much will be the amount due, at compound interest ? 

Ans. $1241.20+. 

123. Three times the product of two numbers is equal to 
their difference multiplied by the difference of their squares. 
Also, 45 times the square of the product is equal to the dif- 
ference of their 4th powers multiplied by the difference of 
their squares ; what are the numbers? Ans. 4 and 2. 

124. The principal is 1300, the time 3 years, and the rate 
6 per cent, compound interest, semi-annually ; what is the 
amount ? 

Note. — The namber of terms is 1 more than 2 times the number of 
years ; and the ratio is 1.08. 

Ans. $358.2156. 

125. The length of a plat of ground is 4 rods more than its 
breadth ; and the number of square rods in its area is equal to 
the number of rods in its perimeter. Eequired the length and 
breadth. j Length, 6.8284+ rods. 

i Breadth, 2.8284+ rods. 

126. Find the side of a cube which shall contain as many 
solid units as there are linear units in the distance between 
its two opposite comers. Ans. v^3. 

127. Find two numbers, such that their product shall be 
equal to 4 times their difference ; and the difference of their 
squares shall be 9 times the sum of the numbers. 

Ans. 3 and 12. 
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128. A and B together carried 90 eggs to market, and sold 
at different prices, each receiving the same snm. Had A 
taken as many as B, he would have received 32 cents for them. 
Had B taken as many as A, he woald have received 50 cents * 
for them ; how many did each take to market? 

Ans. A 50, B 40. 

129. Find two numbers, such that the difference of their 
squares shall be 12 ; and 3 times the square of the greater 
minus twice their product shall be 32. Afis. 4 and 2. 

130. The product of 5 numbers in arithmetical progression 
is 945, and the sum of the numbers is 25 ; what are the num- 
bers? Ans. 1, 3, 5, 7, 9. 

131. A man has two unequal measures. If he lay out a 
plat of ground having the greater measure for its length, and 
the less for its breadth, it will contain 40 square feet ; but if 
he lay out a plat having twice the greater measure and once 
the less for its length, and once the greater and twice the less 
for its breadth, it will contain 432 square feet. How many 
feet in length is each measure ? Ans. Less, 4 ; greater, 10. 

132. A carpenter agreed to live with a farmer during the 
winter, on the condition that for every day he worked he 
should receive $1.50, and for every day he was idle he should 
forfeit 65 cents. At the expiration of 129 days they settled, 
and the carpenter received nothing ; how many days did he 
work, and how many was he idle ? 

Ans. He worked 39 days, and was idle 90 days. 

133. Find three numbers such that the product of the first 
and second shall be 6 ; of the first and third, 8 ; and of the 
second and third, 12. Ans. 2, 3, and 4. 

134. In a plane triangle the base is 50 feet, the area 600 
feet, and the difference of the sides 10 feet ; required the sides 
and perpendicular. Ans. Sides, 30 and 40 ; perpen., 24 feet 
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135. There are four numbers, such that the product of the 
first, second, and third is a ; the product of the first, second, 
and fourth is I ; the product of the first, third, and fourth is 
c ; and the product of the second, third, and fourth is d, 
Bequired the numbers. 

"^abcd \fabcd ^fabcd ^/ahcd 



Ans. 



d ' 



136. A is a traveler 11 miles in advance of B, and travels 4 
miles per hour ; B starts to overtake him, and travels 4^ miles 
the first hour, 4i the second, and 5 the third, increasing his 
rate J of a mile per hour ; how many hours before he will 
overtake A ? Ans. 8. 

137. The base of a right angled triangle is 6, and the three 
^ sides are in arithmetical progression ; what are the sides ? 

Ans, 6, 8, 10, or 4J, 6, 7^. 

138. Two squares contain together an area of 52 inches ; 
and twice the difference of their area is equal to the number 
of inches in the perimeters of the two. Eequired the con- 
tents of each. . j Greater, 36 inches ; 

( Less, 16 inches. 

139. A certain number, consisting of two digits, is equal to 
twice the product' of its digits ; and if 27 be added to the 
number, the order of its digits will be inverted. Required the 
number. Ans. 36. 

140. The sum of three numbers in arithmetical progression 
is f, and the sum of their reciprocals is 7^; what are the 
numbers? Ans. i, i, and J. 

141. Find three geometrical means between \ and |. 

Ans. \^/l, i, and \V^. 

142. There are three quantities related as follows : the sum 
of the squares of the first and second, added to the first and 
second, gives 18 ; the sum of the squares of the first and third, 
added to the first and third, gives 26 ; and the sum of the 
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squares of the second and thirds added to the second and 
thirds gives 32. Beqoired the quantities. 

I 1st, 2, or — 3 ; 
2d, 3, or —4; 
3d, 4, or —5. 

143. The compound interest of a certain sum of money for 
3 years was $364 ; and the interest for the first year was to 
the interest which accrued the third year as 25 to 36. Be- 
quired the sum at interest. Arts. $500. 

144. Find 3 numbers in arithmetical progression such that 
their sum shall be 36, and 4 added to the product of the 
extremes shall be equal to the square of the mean. 

Ana. 10, 12, and 14. 

145. Find three numbers in geometrical progression whose 
sum shall be 52, and the sum of the extremes to the square of 
the mean as 10 to 36. Ans, 4, 12, and 36. 

146. There are three numbers in geometrical progression ; 
their continued product is 1, and the dijfference of the first 
and second is to the difference of the second and third as 1 to 
3 ; what are the numbers ? Ans. ^, 1, and 3. 

147. There are three numbers in geometrical progression, 
such that three times the first, twice the second, and once the 
third, taken in order, form an arithmetical series ; and also 
the first, the second increased by 8, and the third, taken in 
order, form an arithmetical series. What are the numbers ? 

Ans. 4, 12, and 36. 



APPENDIX. 



INEQUALITIES. 



1. An Inequality consists of two expressions connected 
by the sign of inequality. 

The First Member of an inequaKty is the expression on the 
left of the sign of inequality, and the Second Member is the 
expression on the right of the sign. 

3. Two inequalities subsist in the same sense when the first 
member is the greater in each, or the less in each. Thus, 
6 > 3 and 7 > 4 subsist in the same sense. 

Two inequalities subsist in a contrary sense when the first 
member is the greater in one, and the less in the other. Thus, 
2 > 1 and 4 < 8 subsist in a contrary sense. 

3. If the same quantity be added to, or subtracted from, each 
member of an inequality^ the resulting inequality mil subsist 
in the same sense. 

For, suppose a > S ; then a — S is positive. Again, since 
a±C'—(b±c)=a-^by it follows that a ± c — (5 ± c) is 
positiye ; 

a±c> b ±c. 
1. The rule for the transposition of terms in equations is 
applicable to inequalities. Thus, if 

a^ + ¥>2ab + (?; 
then a^ + l^^2ab>2ab — 2ab + (?, 

or a2 — 2a5 + J2 > (?. 
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2. If an equation be added to an inequality, member to 
member, or subtracted from it, member from member, the 
resulting inequality wiU subsist in the same sense. Thus, if 

ay by and xz=y, 

tlien fl ± a; > J ± y- 

4. If an inequality be subtracted from an eqtuition, member 
from member, the sign of inequality will be reversed. 

For, suppose x=zy, and ayb; 

then x^a-- (y^b) ^zb — a, 

and J — a is negative ; 

x — a<,y — b. 

6. If both members of an inequality be multiplied or divided 
by the same positive quantity, the resulting inequality will 
subsist in the same sense. 

For, suppose m to be positive, and a > S ; then, since 
a — 5 is positive, mia^-b) and — (a — 5) are positive ; 

ma>mb and — >— . 
m m 

6. If both members of an inequality be multiplied or divided 
by the same negative quantity, the resulting inequality will 
subsist in a contrary sense. 

For, suppose m to be negative, and o > S ; then, since 

a — 5 is positive, m (a — 5) and — (a — J) are negative ; 

ma<,mb and — < — . 
mm 
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3. If the signs of all the terms of an inequality be changed, 
the sign of inequality must be reversed. For changing the 
signs of all the tenns is equiyalent to multiplying each mem- 
ber by — 1. 

7. If two or more inequalities subsisting in the same sense 
ie added, member to member, the resulting inequality will sub' 
sist in the sams sense as the given inequalities. 

For, if a>b, a'>b', and a">b", 

then a — S, a' — b', and a" — b" are positiye ; therefore, 
a^b + a'-b' + a"'-V', or a + a' + a" --{b + b' + b'% 
is positive ; 

a + a' + a">b + b' + b". 

4. K one inequality be subtracted from another subsist- 
ing in the same sense, the result will not always be an 
inequality subsisting in the same sense as the given inequal- 
ities, or an inequality at all. 

Take the two inequalities 

4<7, 
and 2<3. 

By subtraction, 2 < 4. 

Here the result is an inequality subsisting in the same sense 
as the given inequalities. 

But take 9 < 10, 

and 6< 8 . 

By subtraction, 3 > 2. 

Here the result is an inequality subsisting in a sense con- 
trary to that of the given inequalities. 

Again, take 9 < 10, 

and 6< 7 . 

By subtraction, 3=3. 

Here the result is an equation. 
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8. The JRedtiction of an inequality consists in trans- 
forming it in such a manner that the unknown quantity may 
stand alone as one of its members. The other members will 
then denote one limit of the unknown quantity. 



BXAMPIiBS. 

Reduce the following inequalities : 
X 2a; 3a; 9 

Clearing of fractions, transposing, and reducing as in equa- 
tions, we haye 

a;>15. 

43J X 23/ 

2. y + 3 > -3- + 10. Am.x> 15^. 

Ans, X < 50. 



3. 


?-->!-- 


4. 


. + |-|>u. 


5. 


mx^n> px + q. 


6. 


a b 



Ans. X > 12. 

Am. X > — -^, 
m — p 



. a; < a. 



9. If there be given an inequality and an equation, involv- 
ing two unknown quantities, a limit of each unknown 
quantity may be found by elimination. 



BXAMBIsBa. 

Find a limit for a: and y in the following groups : 

(2a; + 5y>16 . . . (1), 
(2a;+ y = 12 . . . (2). 
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Subtracting (2) from (1), 

4y > 4 ; whence. 



y>i. 



If we substitute 1 for y in (2), the first member will be 
made less than the second ; hence. 



2a; + 1 < 12 ; whence, 

( 5a; + 2y > 48 ) 
1 2a; + 2y = 26 J 

( 8a; — 3y > 64 ) 
( 2a; + 3y = 35 J * 



a;<5i. 

( y < 5*. 






Ans. •) -^10 
( 



a; — 4 y — 10 
8 6 



>1 



^x — 'it^ x — y _ 

4 "^ 2 "" 



13 



Ans. 



\y< 



2^ 
17f 



5. The sum of two thirds and three fifths of a certain num- 
ber is greater than 152, and twice the same number diminished 
by seven eighths of it is less than 144 Eequired the number. 

Ans. Greater than 120 and less than 128. 

6. Three times a certain number increased by 50 is less than 
125, and four times the same number minus 7 is greater than 
21. What is the number ? Ans. a; < 25 and a; > 24. 

7. A boy being asked how many marbles he had, replied, 
one half my number plus 10 is less than one third of my num- 
ber plus 2C4-, and eleven twelfths of my number minus 15 is 
greater than three quarters of my number minus 5^ marbles. 
How many had he ? Ans. a; < 61 and x > 59. 

8. What number is that which being multiplied by 2 and 
the product diminished by 12, the remainder will be greater 
than 34 ; and four times the same number diminished by 15 
is less than three times the number increased by 12. 

Ans. a; > 23 and x < 27. 
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ADDITIONAL THEOEEMS IN MULTIPLICATION 
AND DIVISION. 

10. The product of any two binomials whose first terms are 
the same, is equal to the product of the first terms, plus the sum 
of the second terms multiplied by the first term, plus the product 
of the second terms. 

aA + B){A+C)^A^+{B + C)A + BC (1). 
I (a? + 7) (a; + 6) = a?* + 13a; + 42. 

i{A^B){A -(7) = A^ + {^B^C)A + BC (2). 
-*• ■[ (a; — 7) (ic — 6) = a;8 — 13a; + 42. 

{ {A + B) {A^C) = A^ + (B ^C)A^ BC (3). 
( (a; + 7) (a; - 6) = a« + a? - 42. 

((^-J5)(^+C)=^24.(_5 + 0)^-J?(7 (4). 
*• t (a; — 7) (a; + 6) = a?* — a; — 42. 

1. Eesolye ofi + 12a; + 27 into two binomial factors. 
This comes under the^rs^ form. 

We are to find two numbers whose sum is 12 and product 

27; hence, 

a« + 12a; + 27 = (a; + 3) {x + 9). 

2. Resolve a? — 12a; + 27 into two binomial factors. 

This comes under the second form. 

We are to find two numbers whose sum is —12 and product 
27 ; hence, 

2^8 _ 12a; + 27 = {x — 3) (a;— 9). 
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3. Eesolve a^ + 6x--27 into two binomial factors. 
This comes under the third form. 

We are to find two numbers whose sum is 6 and product 
27; hence, x^ + 6x -^21 = {x + 9) (a; — 3). 

4. Eesolye i?;^ — 6a; — 27 into two binomial factors. 
This comes under the fourth form. 

We are to find two numbers whose sum is — 6 and product 
— 27 ; hence, 

a^^Qx — 27 = {x — 9) {x + 3). 

The words sum and product are used in their algebraic sense. 

Eesolve each of the following expressions into two or more 
factors : 

Ans. {x + 6) {x + 4). 
Ans, {x — 6){X'— 4). 
Ans. {x + 5){x— 4). 
Ans. {x — 5){x + 4). 
Ans. {x + S){x± 5). 
Ans. (a; — 8) (a; — - 5). 
Ans. {x + 9) (a: + 1). 

Ans. {x + 4) (a; + i). 

Ans. {x — 8) (a? — 7). 

A71S. (a; — 7) (a; — I). 

Ans. {x + 7) (a:— 4). 

Ans. {x + 5) (a? — J). 

Ans. {x — 8) (a; + 1). 

Ans. (a^-i)(a^-i). 

Ans. 2x {x — 12) (a? + 5). 

Ans. a^(x — i){x-'i). 



5. 


3?+ 9x+ 20. 


6. 


x>— 9x + 20. 


7. 


aa+ x — 20. 


8. 


a«_ a; — 20. 


9. 


ar» + 13a; + 40. 


10. 


ar* — 13a; + 40. 


11. 


a« + l0a;+ 9. 


12. 


--■'I'-t- 


13. 


x> — 15x + 56. 


14. 


"^ 3+3' 


15. 


x^+ 3a;— 28. 


16. 


a^ + ^^^ ^ 


17. 


"^ 5 5- 


18. 


15 ^15 


19. 


2a;8 — 14a;2 - 1 


20. 


. 5a* , a;* 
^ 6+6- 
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11. The difference of the equal powers of any two quantities 
is divisible by the difference of the roots of those quantities. 

Thus, (a8 - J») -^ (a - 5) = (^ + «* + S*. 

(a4 __ j4) ^^a-b)=a^ + a% + a ja ^_ js. 

(a« - J8) ^ (a - 5) = a* + c^b + o^ja + «^ + 5*. 
(a« — 1) -=- (a — 1) = «» + a* + a« + a3 + flf + 1. 
(1 — ««) -;- (1 — a) = 1 + a + a^ + a« + a*. 
The signs of the terms in the quotients are all^Zw^. 

12. 7%« difference of the equal even powers of any two 
quantities is divisible by the sum of the roots of those quantities. 

Thus, 

(c? ^ jf) ^ (^a + b) = a -b. 

(a4_ j4) ^ (^ + J) ^ a«- a2& + aJ2- js. 

{cP^l^)-^{a + b)=:d^^al^b + aW-a^V + a¥-Ifi. 

(a**— 1) -^ {a + 1) z=z a^ -^ a^ + a ^1. 

(1 — a8) -^ (1 + a) = 1 — a + a^ — a^ + a* — a« + a« — al 

The signs of the terms in the quotients are alternately ^fes 
and minus, 

13. The sum of the equal odd powers of any two quantities 
is divisible by the sum of the roots of those quantities. 

Thus, 

(a8+ v^)^{a + b) =za^-ab-^I^. 

(a«+ V)^{a + b) =:a^^a^ + a!^V^-ab^ + b'. 

(fl8+ l)-^.(a + l) =za^^a + l. 

(1 + a?) -f. (1 + a) = 1 — fit + fl^a — a» + a* — a«^ + «•. 

(1 + 8a») ^ (1 + 2a8) = 1 - 2fl8 + 4a«. 



The signs of the terms of the quotients are the same as 
'he last case. 
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MISCELLANEOUS EXAMPLES IN FACTOEING. 

14. 1. %o^ — %%Q^ + 60a«. An%. 2x^ {x — 6) (a; — 5). 

2. a^ — a^ — 2a. Ans. a{a — 2){a + 1). 

3. 2^^ — 40a?8 + 128. 

Ans. 2 (ai* — 20a« + 64) = 2 (a« — 16) (a« — 4) 
= 2(0; + 4) (a;- 4) (a:+ 2) (a;-2). 

4. 2a^ — |. ^/i5. 2a {a + |) ((? — ^). 

5. a* — ¥. (Use first division theorem.) 

6. a* — J*. (Use second division theorem.) 

7. a^ — 6*. (Use theorem for sum and difference of two 
quantities, then second and third division theorems.) 

8. ac + ad + bc + M. Ans. {a +b){c + d). 

9. a?+4aP + 6x + 20. Ans. {a^ + 6) {x + 4). 

10. a^ + Sxi + 4:X + 12. Ans. {a? + 4) (a; + 3). 

11. a2 — a?» — y2 _ ^xy. Ans. a^—{x^ + 2xy + f) 

= a? — {x + yf = {a + X + y) {a — X — y). 

12. <? — m^'—n^ + 2mn. Ans. {c+m—n) {c^m+n). 

13. a2 + j2 «. 9 «. 2ab. Ans. (a — * + 3) (a — 5 — 3). 

14. a2 + J2 — ar^yJ + 2aJ. 

-4/15. (a + S + a?y) (a + 5 — a;y). 

15. 2bc — (? — l^ + a\ Ans. {a-'b + c){a + b — c). 

16. 225a2 — a^a + 2a;y - y\ 

Ans. (15a + a: — y) (15a — a; + y). 

17. 7a?» — 12a; + 5. Ans. W — 5a; — 7a; + 5 

= a;(7a; - 5) - (7a;-. 5) = (a;- 1) (7a; - 5). 

18. 6a« — 7a; — 20. 

Ans. 6a?»— 15a;+8a;— 20 =3a;(2a;— 5) + 4(2a;— 5) 
= (3a; + 4) (2a; — 5). 

19. a;3 + 4a?2 + 4a; + 3. Ans. (a; + 3) (a;^ + a; + i). 
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NUMEBICAL VALUE OP POLYNOMIALS. 

(See Art. 33, page 21.) 

15* Pind the numerical value of the following expressions^ 
in which 

o = — 10, b = S, c = — 6, 

d = 5, e=3, /=1, 

(lied ic 



Ans. 126. 



Se +11/ 6+ d' 
2. a (a — 1) (a — 2) + 3a {a + I). Ans. — 1260. 

{h — e) + af 

(^-.)(a-/)-(a^^y) 

Pind the value of the following expressions, in which 
a=z\, * = i, 6- = i, and d = \. 

Pind the value of the following expression^ in which 
a = 16, 5 = 8, and (?=5. 

7. 7 ^/dbc + iJ2c2 + 85 + 6c ^f^ + 35 ^2a5. 

Ans. 552. 
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EXAMPLES IN EQUATIONS. 
16. Eeduce the following equations : 

^ X 4- a X — a , J bed — ab — ac 

1. — i = d. Ans. 7 . 

DC c — o 

^ X — a ^ X — b ^ , ,, 

2. — r 1 = 2. Ans. xz=za + b. 

a 

3. ^^-^— :^ ^ = 0. Am.xz=zx^^ab + V. 

a 

a—h a-\-b 2b 

(a + b)x {a-b)x _l x- ^'-^ ' 

^' a^b a + b "-4- ^n8.x^ ^^^ . 

x — ax "s/x . 1 

6. 7^- = — . Ans. X = : 



V^ a? 1 — a 

7. ya; + V i + a; = . Ans. x = -^ i-. 

( 5a; — 4y = 65 ) ( y = — 10. 

10 j2a; + 3y=-19) Ans\'' = -^' 

lx + y + z= 4| fa; = -l. 

11. -ja; — y + 2 = — e?-. ^TM. •( y = — 5. 

( a; — y — 2 = 14 7 iz = — 10. 
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12. 



13. 
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x + 2y^ 21= If ) 
2a; + 4y — Sz = 4 >. 
3a: + 3y — 22f = 2t»r ) 




2ar by dx y 
T""l2 T~3 ^ 

7 23 -^ 

4 2 


> • 


, ( a; = 18. 

^'«-iy = ia. 


x — y_l 

x + y 5 J 







14. 



^^5. X = 



(J + c)a; + (a + c)y + (a + J)5; = 
Jca; + acy + aiz = l 

1 1 



•I 



2P = 



15. What fraction is that to the nmnerator of which if 4 
be added, the value is | ; but if 7 be added to the denomina- 



tor, its value is | ? 



Ans. 



— 106 

— 272* 



16. What fraction is that whose numerator being doubled 
and the denominator increased by 7, the value is | ; but the 
denominator being doubled and the numerator increased by 2, 



the value is J? 



Atis, 



?1 



17. What fraction is that to the numerator of which if 6 
be added, the value is 4^ : but if — 17 be added to the denom- 



inator the value is | ? 



Ans. 



— 5 



18. What fraction is that which becomes | when 1 is added 
to its numerator, and 4 when 1 is added to its denominator ? 

— 10 



Ans. 



— 15' 



7) 



V 



